ELEC 261 - COMPLEX VARIABLES

C

(MID TERM TEST)
DATE: Feb 17, 2006 MARKS: 15
TIME: 60 mins
NAME: ID No.:
1. Solve the following equation for z:
(A+i)z° +i-1=0 (3 marks)
Express the result in the polar form and sketch it in the complex z-plane.
. Solve sinh(z + Logi) = 3cosh(z + Logi) (3 marks)
. Determine all possible points at which the following function is analytic:
f (@) =(x+i)exy, x#0
x
Give reasons for your answers. (3 marks)
— s, |
. Evaluate ‘j‘ D) dz  4long the following paths:
ci 7w
a. C:|z—i|=3in the counterclockwise direction
b. C:|z—4|=3in the counterclockwise direction. (3 marks)
2, 4
. Evaluate J| 2| @2 along the upper half of the path C: |z - 1| = 1. (3 marks)
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1. Given
2 +37+8

J2) (z=3)(z-1D*(z+1+i)*"
(a) Determine the different regions for Taylor and Laurent expansions around the point
z =1 and sketch the various regions in the z-plane. Also, state the type of series you get
in each of these regions. DO NOT OBTAIN THE SERIES.
(b) Are all the singularities for f (z) poles? If so, determine the order of each pole.

(5 marks)
2. (a) Find the center and radius of convergence of the power series:

i n®(z+i)™"

—~(2n+3)8"

Sketch the region of convergence in the z-plane.

(b) Determine if the following series is convergent or divergent:
z (n+2)n+3)

0 (n+1D(2n-1) (5 marks)

around the point z =-1
(5 marks)

. ; z-1
3. Find the Taylor’s series for the function f(z)=e Serl

and find the region of convergence.
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1. (@) Find all the roots of the equation sinz =2
‘ . (3 marks)

(b) Given f(2)= 21/4, find all the values of f(-2+i2y/3) in polar form

and sketch them in the complex plane.
(3 marks)

2. (@)  Show that u(x, y) = x> — y* —x is a harmonic function. Also determine
its conjugate harmonic function, v(x, y).

(4 marks)
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(b) . Find the centre and radius of convergence for the power series:
oo (2_2i)n+3 -\ ~3n
—(z+2i
zo: (n+3)°8" ( )
(3 marks)

3. Integrate j ‘/— along the following contours:

(@) C: the upper half of the circdle |z| = 1 in the counter-clockwise
direction. :

(b) C: the lower half of the circle |z| = 1 in the clockwise direction.

()  Are theresultant solutions in parts (a) and (b) the same?
Give reasons to support your answer.

(6 marks)

4. Given the region bounded by [z| =1, [z]| =2, the line §=7/4 and the line
€ =x/8 in the z — plane, find the image of this region in the w — plane for
the transformation w = z%¢"™. Show clearly the given region in the z-plane

and its corresponding image in the w-plane.
(6 marks)

e‘dz
5. Evaluate J a+2y where C is a contour in the counter-clockwise direction
and is given by
M lz|=2

@ii)  atriangle with verticesat i,-1 -4, 1-1.
(6 marks)
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6. Given f(z)=

(@)

(b)

(b)

(b)

(©)

1

z2—1

Find the Taylor series around the point z = i. Determine its radius of

convergence.
(5 marks)

Expand f (z) in Laurent series valid in the region 0 < |z~1| < 1. Using
this series determine the residue of f (z) at z = 1.

(6 marks)

Given L{f(t)} = F(s), show that L{f " (®)} = SzF(S) -sfO)-f'(0
(4 marks)
Solve the following differential equation using Laplace transforms:

y'"+4y=0, y(0)=1, y'(0) =6.
(4 marks)

If L{f(®)}="F(s), show that L{e” f(t)} = F(s—a)
(2 marks)

Using the above result, find the inverse Laplace transform of

35s—1
(s=2)2

(4 marks)

Using the convolution theorem, find the inverse Laplace transform of

1

(s=2)(s+3)
(4 marks)
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