ELEC 6131: Error Detecting
and Correcting Codes

Instructor:

Dr. M. R. Soleymani, Office: EV-5.125, Telephone: 848-2424 ext: 4103.
Time and Place: Thursday, 17:45 — 20:15.

Office Hours: Thursday, 16:00 — 17:00

LECTURE 6: BCH Codes




BCH Codes

Block Length n=2™-1 for some m>3
Number of Parity-check bits n — k < mt

Minimum Distance d,_; >2t+1

» The generator polynomial 1s defined in terms of its roots over GF (2™).

» For a t-error correcting BCH Code, g(x) 1s the lowest-degree polynomial with
roots a, a? ... ,a?t.

» Let ¢;(x) be the minimal polynomial of a'for i = 1,2, ..., 2t.Then:
g(x) = LCM{p1(x), p2(x), ..., 2 (x)}

Where LCM stands for least Common Multiple.




BCH Codes

If i is even then we can write i = i’. 2!,

Where i’ isoddand [ > 1 . Then:

al = (ai')ZZ

So a' and a' are conjugate of each other and have the same minimal polynomial and:

g(x) = LCM{p1(x), p3(x), ..., 92t—1 (x)}

»  Since the degree of each of @; (x),i = 1,3, ... is less than or equal to m, the degree of g(x) is less than or equal
to mt So,

n—k<mt
as the degree of g(x) isn — k.
» Table 6.1 lists BCH Codes for lengths 2™ — 1, m = 3,..10 that is length 7 to 1023.

» Refer to Appendix C for the list of BCH Codes and their generating polynomial.

» These are narrow sense or primitive BCH Codes. In general, a does not need to be primitive and roots can be
non- Consecutive.
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Relationship with Hamming Codes

» Consider a single error correcting BCH Code of length n=2™-1. Then:

g(x)= ¢, (x)

» ¢, (x)1s polynomial of degree m. So,

n—k=m-k=2"-1-m

So, a Hamming Code is just a single error correcting BCH code.




BCH Codes: Example

» Example: Design a triple error correcting BCH Code of length 15.

n=15=2"M-1-m=4

» So, we need to find primitive element o over GF(2*) and form:

g(x) = LCM{p1(x), p3(x), ¢5(x)}

» From table 2.9, we have:
P (X)= 1+x+x*
03 (X)= 1+x+x2+ x3 + x4
95 ()= 1+x+x2
So,
g(x)= (1+x+x*)( 1+x+x2+ x3 + x¥)( 1+x+x2)

:1+X+X2 + X4 + XS + X8 + XIO
Therefore, n — k = 10 — (15,5) BCH Code with d,,,;;, = 7 — t=3.

« See Appendix B for minimal polynomials form = 2, ..., 10.

TABLE2S: Minimal polynomials of the
elements in GF(2*) generated by p(X) =
X+X+1
Conjuguie roofs  Minimal polynomials
0 X
| X+1
oo, ot X4x4l
PUPUPUPC I (S (S NS
o ol XX+
u’.n‘“.d".u“ I‘+Ia+l




BCH Codes Over GF(2°)

» Do this derivation of g(x) for all BCH Codes of length 25-1=63 in order to become

familiar with concepts involved.

» First, using the primitive polynomial p(x)= 1+x+x%, generate all elements of GF (2°).
They are listed below, but I strongly encourage you to create the table yourself

manually (don’t use a computer program).

TABLE 6.2: Galois field GF(25) with ple) = 1 4 o + of = 0,

o o (000000
1 1 (100000)
o o , (010000)
art o (00 1000)
o a? (000100)
o} ot ool
- a (000001}
ot 1 + a (110000)
o L (011000)
u-: ot + ot (001100)
ol et ot (00T 10)
n'u o 4+ ol (00001 1)
- I + + e (1100013
a 1 4+ e (101000
- o wt (10100)
. o? +af (O01010)
o a’ — (000101}
o 1 e + et (110010)
o & o+ ot + of (011001)
P | o 4+ ot o+ &f (111100)
el? e+ w4 e ot 011110)
a® ol e 4a' + o (o1111)




BCH Codes Over GF(2°)

:

TABLE 6.2: (continued)
el o + o 4ot 4 & 110111}
e 1 + ol +ot 4 of (101011)
e + ot + o (100101)
o™ 1 +at (10001 0)
ot @ + o @1o0071)
a1 o + ol (111000
il o + o 4 af (011100
o & + @ ot (001110)
¥ ot at 4 oaf {O00111)
! o {110011)
e + ot + o (101001)
a? g + ot (100100
od o at 010010
o™ a? + @ [0010071)
P | @ + o (110100
o o + ot + o 11010
L at o’ + o [o0110i)
«® ® + o ¢ e 11110
o a + af + o + o pllo11)
PR | e + ol 4 o + o (111101)
atl g + o 4+ & o+ ot 101110)
ot o + @' o+ et 4 & (010111)
a? e + o + &+ & (11101
a1 + o & o + o (101101)
e* + o 4+ g (100110
ats o + o' + &% (o10011)
| a 4+ o + & (111001
w1 + & 4+ of (10110m
P o + ot 4+ ot 010110
a¥ ot + ot a  [001011)
el g s + ot + o [110i01)
e + ol + & (101010
s @ + o + o @10101)
| e + ol + o (111010
a® e + o 4+ o + «  ([011101)
o® e + e+ a' + o (111110)
P ¢ + & + oo 4 o g G m11111)
L @ + o + o 4+ ot o (L1111D)
«® + ot + 0 4 a4 o (o1111)
Pl | + 0+ &+ 2 00111
ol g + & + & [100011)
aft + of  (100001)




BCH Codes Over GF(2°)

» From the above table you can find minimal polynomial for all elements of GF (2°)

TABLE 6.3: Minimal polynomials of the slements jm

G,

Elements Mkndsmol polyvmominls
- - L I+ X+ &%

erd | el o120 a8 ]-I-.EII:-I-E'—J-I‘
or®, o1l @20 ot L 1T .34 14 X% 4 X% 4 &% 5 x%
B i e e L e 1+ X34 x5

¥, LB %6 1+ X% 4 x3
Ell,ﬂﬂ,ﬂ",nﬁ,ﬂw,ﬂ'ﬂ 1+:2+xﬂ+35+xﬁ-
ol 26 o852 adl 19 38 14 X 4+ X% 4 % 5 x6
orlS oM G0 ST Sl 3T 14+ X4 XY 4 x% 4 X5
ﬂ:;ﬁwn 5B oS3 43 PX o+ xT

L - - = 14 X &+ X% 4 5% 4 x¢
L L 14 %+ x%

ot B Bl o SR 85 T 1+ X5 4 x%

Finally for any value of t generate
g(x) = LCM{p,(x), p3(x), ..., P2t-1 (X)}

TABLE 6.4 Generator polynomials of all the BCH codes of length 63,

" k t glxd

[ 1 gpiXy=1+X4Xx®
51 1m0 =04 XX+ X4 X x4 X5
45 3 piX=(1+ X+ X4+ 354 X000
W 4 mX=0+X 4 X5gx
¥ 5 X =0+X+ Xpin
a0 6 gt =14+ X4+ X+ X5 4 X g
4 7T pXi=+X 45X+ X+ XX
1B 10 g =0+X2+ X+ X+
16 11 (X =14+ X+ XglX)
10 13 galXi =i+ X+ X+ X+ XX
T8 gislX) = (14 X+ Xl




Parity Check Matrix of BCH Codes

» We know that each code polynomial v(x) is divisible by g(x) and that g(x) is:
g(x) = LCM{g,(x), g2(x), ..., g2 (x)}

2t .
» So, a,a?,a3,..,a are the root of v(x), i.e.,

Viah) =vy + viat + vy a?t + o4 vy, a@® Dt =0
fori =1,2,...,2t
» If we form

i 1 04 az oo an_l
. 1 o? (@?)? .. (a?)n1
1 a.Zt (aét)z (azt')n—l_
we have
v.HT =0

for any code vector v = (v, V4, ..., Vp_1)




Parity Check Matrix of BCH Codes

» Since if a’ is conjugate of @’ then v ( @' )=0 implies v( o/ )=0 and vice versa. So, we can drop even
rows and write:

r 1 « az (Z3 an—l
1 CZ3 ((Z3)2 (a3)3 . (a3)n—1
H= 1 a5 (CZS)Z (a5)3 . (aS)n 1
2t—1
I ]_CZ ( 2t 1) (aZt 1)3 (aZt 1)11 1

» Example: Consider double- error correcting BCH Code of length 15.
15=2%-1- m=4 and from table 2.9:
0, (X)= I+x+ x4, @5 (x)= 1+x+x>+ x3+ x*
So, g(x)= 0, (X) @5 (x)= 1+x*+ x%+ x"+x® and we haven —k =8 >k =15—-8=7
» So, this is the BCH Code (15,7) with d,,;;, = 5, 1.e., t=2.

Hzlla a?a® a* a® af a a a a a Lol a13a14]

3
1a” q®a® al? a5 al8 a2l q24 @27 @30 @33 @36 @3° @*?




Non-primitive BCH Codes

» Substituting a'’s, so we get:
11000100110101117

010011010111100
001001101011110
~1000100110101111
100011000110001
000110001100011
001010010100101
1011110111101111-

» Example of a non-primitive BCH Code:

Consider GF(2°) and take B=a’. B has order n=21: p2!= (a3)?! =03 =1
» Let g(x) be the minimal degree polynomial with roots: B, 2, B3, p*
» B, p?and B*have the same minimal polynomial:

0, (x)=1+x+x2+x*+x6




Decoding of BCH Codes

and B3 has: @5(x)=1+x2+x3. S0 g(X)= @4(X) @3(X)= T+x+x*+x> +x7+x8+x?

It can be easily verified that g(x) divides x?'+1. The code generated by g(x) is a
(21,12) non-primitive BCH Code that corrects two errors.

» Decoding of BCH Codes:

» Let codeword v represented by code polynomial
v(x) = vo+vix +vpx® + v xns
be the transmitted codeword. i
» The received polynomial is:
r(x) = 1o+ rx+rx’totr xn

» Denoting the error polynomial by e(x), we have:

r(x)=v(x)+e(x)
» The syndrome is calculated multiplying r by H:
S = (51; 52, ""SZt) = T. HT




Decoding of BCH Codes

» This means that the i — th component of s 1s:
S; = T'(O(i) = 19+ rlai + T2a2i 4ot rn_la(n—l)i

fori = 1,2, ..., 2t.

» Let’s divide r(x) by ¢;(x), i.e., the minimal polynomial of a’*:

_ r(x) = a;(x)p;(x) + b;i(x)
» @;(a') = 0, therefore,

Si = r(a") = b(a")

» Example: Consider (15,7) BCH Code. Let the received vector be (100000001000000).
So, 1(x)=1+x8. Let’s find, S= (s4, S, S3, S4).The minimal polynomial for a, a?, a*is the
same,

P1(0) = 9;(0) = Pa(x) = 1+x +x*

and for a3 we have,
P3(x) =1+x+x*+ x3 +x*




Decoding of BCH Codes

» Dividing r(x)=1+x3by ¢, (x) we get,

by (x) = x?
» Dividing r(x) by ¢3(x), we get
bs(x) =1+ x3

So,

s, = bi(a) = a?, s, = a*, S, = a®
and

ss=b3(a@®) = 1+a’=14+a+a3 = a’
Therefore,

§ — (aZI CZ4, C(7, a8)




Decoding of BCH Codes

» Since
Vieh) =0, fori=12,..,2t

we have
S; = r(a') = v(a') + e(ab) = e(at)
» Now, assume that we have v errors at locations j; j,  j,, Thatis,

e(x) =x/1+x/2 +. 4 xV

» Then we have,
Si=alt + alz+ ..+ alv
S, = (@)’ +(a?)",  (a?)

Spe= (@) +(a2)", , (@)”




Decoding of BCH Codes

Let B, = et ,,82 =e/2 | v By = elv, By, B,, .-, B,are called error location numbers.
Then we have:
Si=B+ Bt ... t By
S,= B2+ Bt By

Sy= BBt By
These 2t equations are symmetric function of B; B, ..., B,
» Define the following polynomial
o(x) = (14 B1x) (1 + B2x) (1 + f3x) ... (1+Byx)
This is called the error locator polynomial and has 1 1 By L ... B! as its roots. 6(X) can
also be represented as: ' '

o(x) = 0y + oyx + oux% + -+ g xY




Decoding of BCH Codes

It is clear that:
0y =1
O B+ Byt .. + B,
0,- By By + By Byt oo + By By

0,-B1B; ... By
» 0; s can be shown to be related to syndromes as follows:
S1 + 01 = 0

Sy +O'1$1+ 20'2=0
S3 +O'1$2+O'251 + 353=0

Sy +01Sy-14..40y_1 51 + vo, =0
Sy+1 + 01 Sy4..40y_1 Sy + vs; =0

» These are called Newton identities.
» For the binary case

.o foroddi
i =10 for eveni




Berlekamp Algorithm

» Berlekamp Algorithm is an Iterative Algorithm for finding Error-Location
Polynomial:

This algorithm tries to generate polynomials of degree 1,2, .. that has 3, B, ... as it roots.

» First we define o (V) (x) that satisfies the first Newton equality: c((x)=1+S,x

Since S,+6,=0—>c6,=S,

» Then we check whether o (V) (x) satisfies the second Newton equality or not. If it

satisfies we let 0 @ (x) = ¢ W (x) otherwise we add another term to o (P (x) to form
o (2)(x) that satisfies the first and second equalities.

» Then for o ®)(x): if 0 @ (x)satisfies the third equality we let ¢ 3 (x) =
o @ (x)otherwise add a correction term that makes o (3) (x)satisfy the first three
equalities.
We continue this iterative approach until we get ¢ @9 (x)and set o(x) = o @9 (x).

» Now let’s see how we can go from one stage say p to pu+1.




Berlekamp Algorithm

>

Assume that at stage 1, the polynomial is

cWx) = 1+ al(”)x + 02(“)x2 L GL(Z)XL”
If o (W (x) satisfies also (u + 1)st equality then, S,+1 should be

(w) () ()
o Syt 0,y s 1t .+ O'L” Su+1-L,

We compare this with actual s, 41 .That is why we add this to S, and check whether

we get zero or not Let the sum be denoted by d,, and call it discrepancy.

o 1(M)

— u u
dﬂ = Sﬂ+1 + SP" + 0-2( )Sﬂ_l + ... + Géu)sﬂ+1_Lu

If this is zero, then o ¥ (x) also satisfies the p+1-st equality and therefore,
O-(M'l'l) (x) = O'(”) (x)
But if d, # 0, then oM (x) does not satisfy the p+1-st equality.




Berlekamp Algorithm

» Note that
d - * )S, 1
» Now, let’s go to a previous stage say, p, ‘where ;Z 0.
_ Xte
d i_00) S 1
and oo

oPx)=1+ a(p )x-i—a(p 2+ +0L(z)
» Let’s form oD (x) as:
oW (x) = cW(x) + AXHPc(P)(x)
» Then
r_ (ﬂ) (P)
dl«l_zl =00 Su+1l+zl 09; S

p-p+1-i
or
d,=d,+Ad,
» In order for dll=0 we need
A=d,/d,




Summary of Berlekamp Algorithm

» In summary, Berlekamp algorithm is as follows:

» Initialization: start with first two rows according to the following table:

_ Berlekamp’s iterative procedure for
finding the error-location polynomial of a BCH code,

[ ] #m[x} d#_ 'fll #,-._!‘!
-1 1 1 0 -1
0 1 5

1 1 0 0
2

2

» Iteration: For each pu formd, = s,41 + 01(“)5” + .- +0L(Z) Su+1-L,,

Where L, is the degree of o™ (x)




Summary of Berlekamp Algorithm
1) Ifd, = 0 then oD (x) = e (x)
2) Ifd, # 0 then:

g u+1) (x) = g (x) + dﬂdp‘lx“‘pa(p) (x)
Where p is the row (the stage) where d,, # 0 and is closest to , i.e. , p-p is the smallest

» Termination:

» Continue until you find o2 (x) and let:

a(x) = 0@ (x)




Example

» Consider the (15,5) code we saw previously assume that,
v=(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) is transmitted
and r=(000101000000100) 1s received.
Then 7(x) = x3 + x° + x12.
» The minimal polynomial for a,a ?and a * is
P1(x) = @2(x) = @a(x) =1+ x + x*
» Fora3and a®
P3(x) = ps(x) =1+ x +x%+x° + x*
» Fora?,
ps(x) =1+ x + x?
» Dividing r(x) by ¢4 (x), we get
bi(x) =1
» Dividing r(x) by @3 (x), we get
bs(x) =1+ x% + x3
» And dividing by @< (x),
bs(x) = x?




Example

So:

S1 =S, =5,=1
ss=1+a®+a’=al®
se =1+a'?+al®=a’

sg = alY

Using Berlekamp method, we get o(x) = a®(x) = 1 4+ x + a5x .

13 ﬂ'wm ‘p. lp #—[_

-1 1 1 ] -1

0o 1 1 0 0

1 1+Xx o 1 0 (take p = ~1)
2 14X o’ 1 1

3 14 X +a’x? 0 2 1(take p =10)
4 1+ X +a’x? erl0 2 2

5  1+X+4a°X* 0 3 2 (take p = 2)
6 1+X+e’x? - - —_




Example

» We can verify that >, a'® and a? are the roots of o(x).
(a,3)—1= a12
(a10)—1= aS

and
(a12)—1= a3

» So:
e(x) = x3 +x° + x1?




Error Correction Procedure

)
2)

3)

>

)

(If 6(x) has degree less than 2t, i.e., u < 2t then 6,41 = 0}4 =

)

>

Calculate syndrome.
Form error- location polynomial 6(x)

Solve o(x) to get error locations (Chien Search)
Chien Search:

Load 0q 0, 0y In 2t registers.

The multipliers multiply o; by @ and the circuit generates

oa + 00?4+ -+ g,at

If a is a root of o(x) then

1+oa+o0a?++o,at =0

=0y = 0)




Chien Search

Cyelic error location search unit.

Load 0, 0, 0y 1n 2t registers.

(If 6(x) has degree less than 2t, i.e., u < 2t then 0,44 = 042 =

The multipliers multiply o; by e and the circuit generates
oa + 00?4+ -+ g,at
» Ifaisaroot of o(x) then
1+oa+o0a?++o,at =0

= 0yt = 0)




Error Correction Procedure
» Or the output of Ais 1.

» Soifoutput of Ais 1 then o isarootand ¢t = a™1

be corrected.

is error location and r;,_4 should

» Multipliers are clocked so we get

a?, (a?)?, ..., (a®)*

Or the output of A is

oya® + oy (@?)?+ - o, (a®)#

If this is 1, r,,_, should be corrected and so on for 3,..,v.
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