ELEC 6131: Error Detecting and Correcting Codes
Lecture 7: BCH Codes

e Block Length n=2"-1

e For some m>3

e Number of Parity-check bits n — k < mt
e Minimum Distance dmin>2t+1

The generator polynomial is defined in terms of its roots over GF (2™).
For a t-error correcting BCH Code, g(x) is the lowest-degree polynomial with roots a, a? ..., a?t.
Let ¢, (x) be the minimal polynomial of a‘for i = 1,2, ...,2t.Then:

g(x) = LCM{p1(x), p5(x), ..., 92 (x)}
Where LCM stands for least Common Multiple.

If iiseven thenwe canwrite i = i’.2!,
Where i’ is odd and L>1. Then:
al = (ai’)u
Soat and a''are conjugate of each other and have the same minimal polynomial.
So,
g(x) = LCM{@;(x), 93(X), ..., P2¢-1(x)}

Since the degree of each of &; (x),i = 1,3, ... is less than or equal to m, the degree of g(x) is less
than or equal to mt So,

n—k<mt

As the degree of g(x) is n-k. Table 6.1 lists BCH Codes for lengths 2™-1, m = 3,..10 that is length
7 t0 1023.

These are narrow sense or primitive BCH Codes. In general, a does not need to be primitive and
root can be non- Consecutive.



TABLE 6.1: BCH codes
elements of order less than 219,

" E ~n k ¥ ] i___f

7 4 1| 127 S0 13| 25 71 29

15 11 1 43 14 63 30

7 2 36 14 55 31

5 3 29 21 47 42

31 26 1 22 23 45 43

21 2 15 27 37 45

16 3 &8 31 29 47

11 5| 255 247 1 21 55

& 7 29 2 13 59

63 57 1 31 3 @ 63

51 2 223 4| 510 s02 1

45 32 215 5 493 2

39 4 207 6 484 3

» 5 199 7 475 4

a0 6 191 8 466 5

24 7 187 9 457 6
TABLE 6.1: (contimued)
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18 10 17 [yl 445 7
16 11 171 11 435 8
10 13 163 12 &30 o
7 15 155 12 421 1

127 130 1 147 14 a1z 11
113 139 18 i 12
10 3 131 k=] 354 13
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oz 5 115 =2 IT6 15
BE & 107 z3 36T 14
= T o Z24 358 18
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54 10 BT 26 340 20
57 11 T 27 331 21
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286 27 430 55 GEd 4
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202 42 i 95 BH3 14
193 43 31 L1 T3 15
1854 45 28 111 B63 16
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10ZE3 Sag 18 103 555 52 1023 268 103
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HIE 1D 533 54 240 107
a1s 1 | 523 55 2%8 109
B8 22 | 513 57 228 110
TeE I3 =203 5B 218 111
TRE 24 | 03 L1 N 115
TIE 25 SR 60 208 117
THE 26 | 473 61 193 118
TSE 2T 4535 (] 183 119
TAE 2R 453 53 173 122
FIg 19 443 73 163 123
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TABLE 6.1: {cormtinuwed)

n & r | m & | = ik i
728 30 433 T4 153 125
T8 31 423 75 143 126
TOE 34 413 T7 133 127
GOF 35 403 )3 123 170
GHERE 36 393 79 121 171
678 37 383 B2 111 173
668 38 3TE B3 101 175
G358 39 368 8BS 91 1E1
G4E 41 358 85 856 183
63E 42 3R H27 76 18T
828 43 33g BO 66 189
618 44 2R o) 56 191
608 45 318 o1 46 219
508 46 308 93 s 223
58BE 47 208 94 26 290
578 49 ZER 95 16 147
573 50 2TE 102 11 255
563 51

Refer to Appendix C for the list of BCH Codes and their generating polynomial. Relationship to
Hamming Codes.
Consider a single error correcting BCH Code of length n=2"-1. Then:

9(¥)= 91(x)

@1 (x) is polynomial of degree m. So,
n-k=m— k=2"-1-m

So, a Hamming Code is just a single error correcting BCH code.

Example:

Design a triple error correcting BCH Code of length 15.
n=15=2"-1 — m=4

So, we need to find primitive element o over GF(2*) and form:

g(x) = LCM{p,(x), p3(x), ps(x)}



From table 2.9, we have:

01 (X)= 1+x+x*
@3 (X)= 1+x+x%+ X3+ x*
@5 (X)= 1+x+x2

So,

TABLE2S: Minimal polynomiak of the
clements in GF(2*) generated by p(X) =

XX+l
Conjugate roots ~ Minimal polynominls
0 X
1 X+1
u',l:rl.n".n:rﬂ_ Y¥4x4l
o, o, e’ ull PR C L N
o ol Xix+l
o ol gl gl ¥exi4l

9= (L+x+X)( Lhxx® + x5+ x)( 14x+x?)

=1+x+x2 + x4+ X0 + xB + x10

S0 n-k=10 — (15,5) BCH Code with d,;, = 7 — t=3.

* See Appendix B for minimal polynomial for m = 2, ...,10.

BCH Codes Over GF(2°):

Do this derivation of g(x) for all BCH Codes of length 26-1=63 in order to become familiar with

concepts involved.

First, using the primitive polynomial p(x)= 1+x+x®, generate all elements of GF(2°). They are
listed below, but I strongly encourage you to create the table yourself manually (don’t use a

computer program).



TABLE 6.2: Galois ficld GF(25) with pla) = 1 + o + &% = 0.
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(00000
(100000)
(010000)
(001 000)
{0001 00)
(D00010)
(OO0001)
(110000}
(011000
(001100)
(0001 10)
(000011}
(1100013}
(101000}
(0101009
(D01010)
000101}
(110010
(011001)
(111100
011110)
(001111}



TABLE 6.2: [continued)
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From the above table you can find minimal polynomial for all elements of GF(2°) :

(110111
(101011)
(100161)
(10001 0)
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(311100
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TABLE 63: Minimal polynomials of the elements in

RS,
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L X+ X2 x9 4 x¢
14 X 4 X2 4 x% 4 x6
1+ X% 4 &6
1+ X% 4 x93
14 X2 X3 4 x5 4 x6
14 K4+ X% 4 &% 5 xt
14 X243 2% 4 x5 4 X6
1+ X 4+ X2
14+ X 4+ X% + x5 4 x%
14X+ x3
1+ X5 4 x®




Finally for any value of t generate
g(.’X’) = LCM{‘:Dl (.X), @3 (.X'), ey (pZt—l(x)}

TABLE 6.4: Gienerator polynomisls of all the BCH coder of length 63,

n & f gl
&3 57 i gl =1+X4 X8
s 7 mX=04+X+ X004+ X+ 0400405
45 3 piX e+ X+ 5+ X5+ X5min
39 4 gelX) =114+ 27+ XBg(a)
' 5 gslX) =1+ X+ Xga(X)
a0 6 BtA)=(1+X 420+ X5 4 XPge)

24 7 pm=u+x+xﬂ+x*+ﬁ?tx1

1B 10 gl =0+ X0+ X+ X5 5 X0

6 11 g =(l+X+ X3gulX)

10 13 galX)=(l+ X+ X'+ X5 5 XhgyiX)

715 pslX)e={l+ X+ X))
Parity-Check matrix of BCH Codes:

We know that each code polynomial v(x) is divisible by g(x) and that g(x) is:

g(x) = LCM{g,(x), go(x), ..., g2t (x)}

So, a,a?, a3, ..., a?t are the root of v(x), i.e.,
V@) =vy + via* + vya? + ..+ v,_,a® Vi =0

Fori=1,2,..,2t

If we form
1 «a a? o g"!
T G
i :a2t (;Zt)z_:_ (a:zt)n—l
We have
v.HT =0

For any code vector v = (vg, V1, -, Vp_1)
Since if a' is conjugate of ' then v ( a® )=0 implies v ( o )=0 and vice versa.

So, we can drop even rows and write:



2 3 n-1

1 «a a a a
1 CZ3 (a3)2 (a3)3 (a3)n—1
H=1 1 a.5 (a5)2 (a5)3 (a5)n—1

| : : : :
l 1a2t—1(0(2t_1)2 (aZt‘1)3'“(a2t_1)"_1J

Example:

Consider double- error correcting BCH Code of length 15.
15= 2*-1- m=4 and from table 2.9:

91 (X)= 1+x+x*

03 (X)= 1+x+x%+ X3+ x4

S0, g(X)= @1 (X) 3 (X)= 1+x*+ x8+ x" +x8

So n-k=8 -» k=15-8=7

So, this is the BCH Code (15,7) with d,,,;, = 5, 1.e., t=2.

1 a (12 (13 (X4 aS (X6 a7 a8 a9 CZlO all a12 a13a14]

= 3
1a” a®a® al? a'® a'® a?! a?* a?” a30 a33 3% a3% a*?
Substituting a’s, so we get:

11000100110101117
010011010111100
001001101011110
~|000100110101111
~{100011000110001
000110001100011
001010010100101
10111101111011114

Example of a non-primitive BCH Code:

Consider GF (2°)

Take B=a?.

B has order n=21.

B2= (032 =g =1

Let g(x) be the minimal degree polynomial with roots: B, B, B, B*
B, p?and p* have the same minimal polynomial:

P1(X)=1+x+x%+x* +x°



and p* has:
@3(X)=1+x%+x3
So
2(X)= 01(X) P3(X)= L+X+XHHXE +XT+HxC+x

It can be easily verified that g(x) divides x?*+1. The code generated by g(x) is a (21,12) non-
primitive BCH Code that corrects two errors.

Decoding of BCH Codes:
Let codeword v represented by code polynomial
v(x) = vy + VX + vpx% + -+ v x™T
Be the transmitted codeword.
The received polynomial is:
r(x) = rg+rx +mnx? 4+ o+ x"?t
Denoting the error polynomial by e(x), we have:
r(x)=v(x)+e(x)
The syndrome is calculated multiplying r by H:
s = (Sq, Sgyw,Spp) = 1. HT
That is, the i — th component of s is:
si=r(@) = g+ nat + na? + -+ 1 @@
fori= 12, ..,2t
Let’s divide r(x) by ¢; (x)i.e., the minimal polynomial of a':
r(x) = a;(x);(x) + b;(x)
@;(a") = 0, therefore,
Si = r(a') = bi(a')
Example: Consider (15,7) BCH Code. Let the received vector be (100000001000000)
So,
r(x)=1+x8
Let’s find, S= (54, 52, 53,54)

The minimal polynomial for a, a?, a*is the same,



P1(x) = @a(x) = @s(x) = 1+ x +x*
And for a3 we have,
P3(x) =1+x+x*+ x> +x*

Dividing r(x)=1+x8 by ¢, (x) we get

by (x) = x?
Dividing r(x) by ¢ (x), we get
by(x) =1+ x3
So,
s; =bj(a) =a? s, =a* s,=ab
and
ss=by(a®) =1+a’=14a +a3 = a’
So,
S =(a?a*a’,a®)
Since
V@) =0,fori=1,2,..,2t
we have

S; = r(a)) = v(a') + e(al) = e(a))
Now, assume that we have y errors at locations ji, j,, ..., jy - That is,
e(x) =x/1+x/2 4.4 xlr
Then we have
Si=a’t + a2+ ..+ aly

S, = (a1)? + (af2)? + -+ (alr)?

Sy = (@)t + (al2)?t + -+ (alr)?
Denote B, = e’r,B, = e’z ,..,B, = eJr
B1, B2, ..., Byare called error location numbers.

We write:



S1=P1+ P2t ... + By

So= B+ P22+ ... + By ?

Sor= B2+ B2+ ...+ By 2
These 2t equations are symmetric function of Bs, B2, ..., By
Define the following polynomial
o(x) =1+ p1x) (14 Box) (1 + B3x) ... (1+pyx)

This is called the error locator polynomial and has B, 857, ... By * as its roots. o(X) can be also
represented as:

o(x) = 0y + oyx + 0x* + -+ g,x7
Itis clear that:
co=1
o1= P1+ Pot+ ... + By

02=P1 B2+ P2 B3+ ... + By-1 By

ay=P1P2 ... By

o;’ s can be shown to be related to syndromes as follows:
s+ 0,=0

S, +0y81 + 20, =0

53 +O-1$2+O-2$1 + 353=O

Sy + 01Sy_1 + -+ 0y_48; +yo, =0
Sys1 Oy, + o+ Vp 4S5, 0,5, =0
These are called Newton identities.

For the binary case
. {ai foroddi
9% =10 for eveni



Iterative Algorithm for finding Error-Location Polynomial:

This algorithm (Berlekamp Algorithm) tries to generate polynomials of degree 1,2, .. that has
B1B2 ... as it roots.

First we define o (V(x) that satisfies the first Newton equality: c®(x)=1+S1x
Since S1+01=0-»01=S1

Then we check whether o @ (x) satisfies the second Newton equality or not. If it satisfies we let
o @ (x) = 0 W(x) otherwise we add another term o () (x) to form o ) (x) that satisfies the first
and second equalities.

Note that for the case of ¢ @ (x) always o (P (x) satisfies the second equality as:
So+ 615142 62= S+ S1. S1+ 0= Sz + S12 =0
So, always o @ (x) = o D (x).

Similarly, it can be shown that if the first and third Newton equalities are satisfied then the
second and fourth are satisfied. In general, it can be shown that if the first, third, ..., (2t — 1)th
equalities are satisfied then so are the second, fourth, ..., (2¢t)th. This is the basis of a simplified
Berlekamp algorithm. You may read it in the text (Section 6.4). We do not use it here as the
original one is more pedagogically beneficial.

Then for o @) (x): if ¢ @ (x)satisfies the third equality we let ¢ @ (x) = ¢ @) (x)otherwise add a
correction term that makes o ® (x)satisfy the first three equalities.

We continue this iterative approach until we get ¢ ?)(x)and set o(x) = o @) (x).
Now let’s see how we can go from one stage say p to pt1.

Assume that at stage L, the polynomial is

cWHx) =1+ Jl(“)x+ Uz(ﬂ)xz + .. + JL(Z)xL#

If o (x) satisfies also u + 1 — st equality then, S+ should be

oMs,+ oMs, + .+ O'L(Z)S”_l_l_Lu

We compare this with actual s,,,; .That is why we add this to Su+1 and check whether we get zero
or not. Let the sum be denoted by d,, and call it discrepancy.

d” = SH+1 + O-]FM) S[l. + O-Z(M) Su—l + ... + O-IFZ)SH‘l'l_Ly,

If this is zero, then al(“) (x) also satisfies the p+1-st equality and therefore,
oW (x) = oW (x)

But if d,# 0, then ¢ (x) does not satisfy the p-+1-st equality.



Note that:

Lp (W)
dy= 2200 Su+i-i

Now, let’s go to a previous stage say, p, where d,# 0.

L
dp = %2 Ui(p) Sp+1-i
and,
oP(x) =1+ al(p)x+02(p)x2+ ...+0L(fo))pr

Let’s form o “+V (x) as:

a(““)(x) = oW (x) + AXH=P o® (x)

Then
dj= T 008,043 0 S
Or
d, =d, +Ad,
In order for d;,=0 we need
A=d,/d,

So, the procedure is as follows:

Initialization: start with first two rows according to the following table:

Berlekamp’s iterative procedure for
finding the error-location polynomial of a BCH code.

a oM (x) d, Iy w1,
-1 1 1 0 -1

0 1 5 0 0

1

2

2

Iteration:
_ ()] )
Foreach p formd, = 544 + 0y s + - +0,,°x

Where L,is the degree of a(()’;)) .

1) Ifd, = 0then c®* I (x) = oW (x)
2) Ifd, # 0then:



ot (x) = o—(ll)(x) + dudglx“‘pa(")(x)
Where p is the row (the stage) where d, # 0 and is closest to , i.e. , u-p is the smallest
Termination:
Continue until you find @9 (x) and let:
o(x) = 0@ (x)
Example:

Consider the (15,5) code we saw previously assume that, v=(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) is
transmitted and r= (000101000000100) is received. Then r(x) = x3 + x5 + x12.

The minimal polynomial for a,a 2and a * is
P1(x) = @(x) = @u(x) =1+ x + x*
For a 3and « ©

@3(x) = pg(x) =1+ x+x*+x3+x*

For a ®,
Ps(x) =1+ x + x?
Dividing r(x) by ¢, (x), we get
bi(x) =1
Dividing r(x) by ¢5(x), we get
by(x) =1+ x? + x3

And dividing by @< (x),

bs(x) = x?
So:
S;=85,=85,=1
And
ss=1+a®+a®=al®
se =1+a'?+a'®=ab
And



Using Berlekamp method, we get o(x) = a®(x) = 1 + x + a°x

a

o (X))

1l dy I =1l
=1 1 1 0 =1
0 1 1 0 0
1 1+X 1} 1 0 (take p = -1)
2 1+Xx o’ | 1
3 1+X+0°X 0 2 1(take p =10)
4 1+ X +a'X? all 2 2
5  1+Xx4e'%x* 0 3 2 (take p = 2)
6§ 14+X+a°X? - _ —
We can verify that a3, a° and a'? are the roots of 6(X).
(a3)—1 = 12
(a1o)—1 — (15
And
(a12)—1 = 3
So:
e(x) = x3 + x5 + x12
Error Correction Procedure:
1) Calculate syndrome.
2) Form error- location polynomial 6(X)
3) Solve o(x) to get error locations (Chien Search)
L frem——
&y & &y
L L 3 L J
3 =i El'rﬂfu
L ¥ ¥
X = ’
o o o'
Input
P—" BHHE[

Chien Search:

Output
-.-@-.

Cyclic error location search unit.

1) Load oy 0, 0, in 2t registers.

(If o(x) has degree less than 2t, i.e., u < 2t then 0,1 = 0,4, = - = 05 = 0)



2) The multipliers multiply o; by a® and the circuit generates
oa + oa” + -+ g at
If o is a root of o(x) then
1+oa+oa*++o,at=0
Or the output of Ais 1.

So if output of A is 1 then a is a root and @~ = a™ 1 is error location and r,,_; should be
corrected.

3) Multipliers are clocked so we get
a?, (a?)?, ..., (a@®)H
Or the output of A is
o a® + o,(a?)? + - g, (a®)H

If this is 1, r,,_, should be corrected and so on for 3,..,y.



