Chapter 4

4.1 A parity-check matrix for th€15, 11) Hamming code is

—_

0o001001101O0T1T171
0100110001 11O01T1
060100110101 1T1O0°1
00010011 0101T1T171

Letr = (ro,71,-..,7r14) be the received vector. The syndromera$ (sg, s1, sq, $3) With

So = To+Trat+rr+rs+rio+riz+riz+r,
S1 = 7”1—|—T’4+7’5+7’9+T10+7’11+T13+7’14,
So = To+r5+re+rs+ri0+rin+ ri2 + ra,
S§3 = T3+ 7rg+1r7+ 19+ 111+ 12+ 13+ T4

Set up the decoding table as Table 4.1. From the decoding table, we find that

€9 = S0S15253, €1 = 50815283, €2 = 50515253,

€3 = S9S15283, €4 = S0S15253, €5 = 50515253,

..y €13 = 50815253, €14 = S0S15253.
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Table 4.1: Decoding Table
S0 S1 S2 S3|€p €1 €2 €3 €4 €5 € €7 €3 €9 €190 €11 €12 €13 €14
O 0O 0O0OjOOOOOOOOOOU O O o0 o0 o

0O 0 0 O

0O 0 O
1

1

0
0
1

0
1

r14

100 01 00O0O0OO0OO0OO0OOOOOTG OO OUOTO

010 001 0O0O0O0OO0OO0ODO0OO0OUO OO0 O0 O

001 0001O0O0O0O0OO0OLO0OOUOTGOTGOTGOUDO

0 001 00010O0O0OO0OO0ODO0O0OO0OTO0OO0 O

110 00O0O0O0O1O0O0OO0OO0OOTOTOOTOTUO

01100O0O0O0O0O0O010O0O0O0OOTUOTGO0OTUO0OTO

0O 01 110 000O0O0O1O0O0OO0OUOTUOTGOOTO

100 10 00O0O0OO0OO1O0O0OO0OTOTOOTFUO

101 00O0O0O0O0OO0OO0OO0O1O0TO0OTOO0OTO0OTFDO

010 1000000000110 O O OO

111000O0O0O0O0O0O0OO0OTO0O?1

01110 0O0O0O0O0O0O0O0O0OTGOO

101 10 0O0O0O0OO0O0CO0O0OO0OTGO O

11010 00O0O0OO0OO0OCOOOTGOTO O

111 100O0O0O0OO0O0CO0OO0OO0OTO0OTO OO

Buf f er Regi ster

Sp5:5,5;

$51 5,5,

Sp 5,5, 5;

Sp515,5;

Y

Decoded bits

16



4.3 From (4.3), the probability of an undetected error for a Hamming code is

PJ(E)=2""{1+ (2" - 1)(1 - 2p)*" '} — (1 —p)*"~!

=274 (1-2"(1-2p)”" (1 -p)*" (1)
Note that
(1—p)*>1-2p, (2)
and
(1—27") >0. (3)

Using (2) and (3) in (1), we obtain the following inequality:

2m—1

P(E)<2m+(1-2"")[1-p?]" —(@1-p*"

=27+ (1-p" {1 -2 (1 -p) — 1}
=27 —(1-p" A -(1-p@a-2"")} (4)

Notethatl <1—-p<land0<1-2"<1.Clearly0<(1—-p)-(1—-2"™) < 1,and
1-(1-p)-(1-27) 0. 5)

Since(1 — p)*"~! > 0, it follows from (4) and (5) thaP’,(E) < 27™.

4.6 The generator matrix for the 1st-order RM code RM(1,3) is

Vo 11111111
V3 000011171
Vo 001100171
Vi 01010101

The code generated by this matrix i&a4) code with minimum distance 4. Léi, as, as, a;)
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be the message to be encoded. Then its corresponding codeword is

b = (bo, b1, ba, bs, ba, bs, bg, b)

= agVo + asvs + asvy + a1vy. (2)

From (1) and (2), we find that

bozao,bl:a0+a1,b2:ao+a2,b3:a0+a2+a1,

b4:ao+a3,b5:a0+a3+a1,b6:ag+a3+a2,
by = ap + az + as + a. (3

From (3), we find that

a; = by + by = by + b3 = by + b5 = bg + by,

ag = by + by = by + b3 = by + bg = b5 + by,

az = by + by = by + bs = by + bg = b3 + br,
ag=byg =b; +a; =by +ay =bs+ay +a; = by + as
=bs+az3+a; =bsg+az+as = by +az+as + ay.

Letr = (ro,71,79,73,74, 75,76, 77) D€ the received vector. The check-sum for decoding.
andas are:

Ago):TO—FTl B§0)2T0+7"2 050):7"04—7"4
AgO)ITQ—FTg BéO)ITl—i—Tg C§0)2T1+7’5
Aéo) =14+ 75 B?(,O) =14+ 76 C'?EO) =79+ T¢
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After decodingu,, a, andas, we form

I'(l) = I —Qa1Vvy —agVvVy — agVvs

oW O 1 1) (1) 1)
= (r[(] ),7"5 ),7’5 ),ré ),rfl ),ré ),ré ),rg )).

Thena is equal to the value taken by the majority of the bitsh.
For decoding01000101), the four check-sum for decoding, a, andas are:

1) A” =1,4Y =0,4Y =1, A =1,
@) B =0,B =1,B" =0, B” =0;

@) ¢V =0,0" =0, =0,0 = 1.

Based on these check-sums, a; andas are decoded as 1, 0 and 0, respectively.
To decodey,, we form

e

(01000101) — A1V]1 — A2Vy — A3Vs
= (00010000).

From the bits of("), we decode, to 0. Therefore, the decoded messag@i®1).

4.14

RM(1,3) ={ 0,1, Xy, X5, X3,14+ X3,1+ Xy,
1+ X3, X+ Xo, Xy + X35, Xo 4+ X5,
T+ X+ Xo, 14+ X1 4+ X3, 1+ X5 + X,
Xi+Xo+ X3, 14+ X3 + Xo + X3}

4.15 The RM(r,m — 1) and RMr — 1, m — 1) codes are given as follows (from (4.38)):

RM(r,m—1) = {v(f): f(X1, Xs, P(r,m —1)},

cos Xmo1) €
RM(r—1,m—-1) = {v(g):9(X1,X2,..., X;m 1) €EP(r—1,m—1)}.

Then
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RM(T, m):{v(h) ch= f(Xl, XQ, c. ,Xm_l) + Xmg(Xl, Xg, c. ,Xm_1>
with f € P(r,m —1)andg € P(r — 1,m — 1)}.
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4.20a
s =(001110001001)

w(s) > 3 so, we try to find a row of P, p; such that w(s + p;) < 3. We cannot find such p;. Therefore
we go to step five and find s. P.

s.P =(100011101110)

Again w(s. P) > 3. So, we look for a p; such that w(s. P + p;) = 2. We find that if we choose p,, we get
s.P +p, =(100011101110) + (100011101101) = (000000000011)
So, w(s.P + py) = 2 and:
e = (u®,s.P+p;)=(100000000011)
Finally,

v=r+e=(001101110010000011000000)



