
Chapter 4

4.1 A parity-check matrix for the(15, 11) Hamming code is

H =




1 0 0 0 1 0 0 1 1 0 1 0 1 1 1

0 1 0 0 1 1 0 0 0 1 1 1 0 1 1

0 0 1 0 0 1 1 0 1 0 1 1 1 0 1

0 0 0 1 0 0 1 1 0 1 0 1 1 1 1




Let r = (r0, r1, . . . , r14) be the received vector. The syndrome ofr is (s0, s1, s2, s3) with

s0 = r0 + r4 + r7 + r8 + r10 + r12 + r13 + r14,

s1 = r1 + r4 + r5 + r9 + r10 + r11 + r13 + r14,

s2 = r2 + r5 + r6 + r8 + r10 + r11 + r12 + r14,

s3 = r3 + r6 + r7 + r9 + r11 + r12 + r13 + r14.

Set up the decoding table as Table 4.1. From the decoding table, we find that

e0 = s0s̄1s̄2s̄3, e1 = s̄0s1s̄2s̄3, e2 = s̄0s̄1s2s̄3,

e3 = s̄0s̄1s̄2s3, e4 = s0s1s̄2s̄3, e5 = s̄0s1s2s̄3,

. . . , e13 = s0s1s̄2s3, e14 = s0s1s2s3.
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Table 4.1: Decoding Table
s0 s1 s2 s3 e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
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4.3 From (4.3), the probability of an undetected error for a Hamming code is

Pu(E) = 2−m{1 + (2m − 1)(1− 2p)2m−1} − (1− p)2m−1

= 2−m + (1− 2−m)(1− 2p)2m−1 − (1− p)2m−1. (1)

Note that

(1− p)2 ≥ 1− 2p, (2)

and

(1− 2−m) ≥ 0. (3)

Using (2) and (3) in (1), we obtain the following inequality:

Pu(E) ≤ 2−m + (1− 2−m)
[
(1− p)2

]2m−1 − (1− p)2m−1

= 2−m + (1− p)2m−1{(1− 2−m)(1− p)− 1}

= 2−m − (1− p)2m−1{(1− (1− p)(1− 2−m)}. (4)

Note that0 ≤ 1− p ≤ 1 and0 ≤ 1− 2−m < 1. Clearly0 ≤ (1− p) · (1− 2−m) < 1, and

1− (1− p) · (1− 2−m) ≥ 0. (5)

Since(1− p)2m−1 ≥ 0, it follows from (4) and (5) thatPu(E) ≤ 2−m.

4.6 The generator matrix for the 1st-order RM code RM(1,3) is

G =




v0

v3

v2

v1




=




1 1 1 1 1 1 1 1

0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1

0 1 0 1 0 1 0 1




(1)

The code generated by this matrix is a(8, 4) code with minimum distance 4. Let(a0, a3, a2, a1)
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be the message to be encoded. Then its corresponding codeword is

b = (b0, b1, b2, b3, b4, b5, b6, b7)

= a0v0 + a3v3 + a2v2 + a1v1. (2)

From (1) and (2), we find that

b0 = a0, b1 = a0 + a1, b2 = a0 + a2, b3 = a0 + a2 + a1,

b4 = a0 + a3, b5 = a0 + a3 + a1, b6 = a0 + a3 + a2,

b7 = a0 + a3 + a2 + a1. (3)

From (3), we find that

a1 = b0 + b1 = b2 + b3 = b4 + b5 = b6 + b7,

a2 = b0 + b2 = b1 + b3 = b4 + b6 = b5 + b7,

a3 = b0 + b4 = b1 + b5 = b2 + b6 = b3 + b7,

a0 = b0 = b1 + a1 = b2 + a2 = b3 + a2 + a1 = b4 + a3

= b5 + a3 + a1 = b6 + a3 + a2 = b7 + a3 + a2 + a1.

Let r = (r0, r1, r2, r3, r4, r5, r6, r7) be the received vector. The check-sum for decodinga1, a2

anda3 are:

(a1) (a2) (a3)

A
(0)
1 = r0 + r1 B

(0)
1 = r0 + r2 C

(0)
1 = r0 + r4

A
(0)
2 = r2 + r3 B

(0)
2 = r1 + r3 C

(0)
2 = r1 + r5

A
(0)
3 = r4 + r5 B

(0)
3 = r4 + r6 C

(0)
3 = r2 + r6

A
(0)
4 = r6 + r7 B

(0)
4 = r5 + r7 C

(0)
4 = r3 + r7
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After decodinga1, a2 anda3, we form

r(1) = r− a1v1 − a2v2 − a3v3

= (r
(1)
0 , r

(1)
1 , r

(1)
2 , r

(1)
3 , r

(1)
4 , r

(1)
5 , r

(1)
6 , r

(1)
7 ).

Thena0 is equal to the value taken by the majority of the bits inr(1).

For decoding(01000101), the four check-sum for decodinga1, a2 anda3 are:

(1) A
(0)
1 = 1, A

(0)
2 = 0, A

(0)
3 = 1, A

(0)
4 = 1;

(2) B
(0)
1 = 0, B

(0)
2 = 1, B

(0)
3 = 0, B

(0)
4 = 0;

(3) C
(0)
1 = 0, C

(0)
2 = 0, C

(0)
3 = 0, C

(0)
4 = 1.

Based on these check-sums,a1, a2 anda3 are decoded as 1, 0 and 0, respectively.

To decodea0, we form

r(1) = (01000101)− a1v1 − a2v2 − a3v3

= (00010000).

From the bits ofr(1), we decodea0 to 0. Therefore, the decoded message is(0001).

4.14

RM(1, 3) = { 0, 1, X1, X2, X3, 1 + X1, 1 + X2,

1 + X3, X1 + X2, X1 + X3, X2 + X3,

1 + X1 + X2, 1 + X1 + X3, 1 + X2 + X3,

X1 + X2 + X3, 1 + X1 + X2 + X3}.

4.15 The RM(r,m− 1) and RM(r − 1,m− 1) codes are given as follows (from (4.38)):

RM(r,m− 1) = {v(f) : f(X1, X2, . . . , Xm−1) ∈ P(r,m− 1)},
RM(r − 1,m− 1) = {v(g) : g(X1, X2, . . . , Xm−1) ∈ P(r − 1,m− 1)}.

Then
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RM(r,m)={v(h) : h = f(X1, X2, . . . , Xm−1) + Xmg(X1, X2, . . . , Xm−1)

with f ∈ P(r,m− 1) andg ∈ P(r − 1,m− 1)}.
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4.20 a 

𝑠𝑠 = (001110001001) 

𝑤𝑤(𝑠𝑠) > 3  so, we try to find a row of 𝑃𝑃, 𝑝𝑝𝑖𝑖 such that 𝑤𝑤(𝑠𝑠 + 𝑝𝑝𝑖𝑖) ≤ 3. We cannot find such 𝑝𝑝𝑖𝑖. Therefore 
we go to step five and find 𝑠𝑠.𝑃𝑃.  

𝑠𝑠.𝑃𝑃 = (100011101110) 

 

Again 𝑤𝑤(𝑠𝑠.𝑃𝑃) > 3. So, we look for a 𝑝𝑝𝑖𝑖 such that 𝑤𝑤(𝑠𝑠.𝑃𝑃 + 𝑝𝑝𝑖𝑖) = 2. We find that if we choose 𝑝𝑝0, we get  

𝑠𝑠.𝑃𝑃 + 𝑝𝑝0 = (100011101110) + (100011101101) = (000000000011) 

So, 𝑤𝑤(𝑠𝑠.𝑃𝑃 + 𝑝𝑝0) = 2 and: 

𝑒𝑒 = �𝑢𝑢(0), 𝑠𝑠.𝑃𝑃 + 𝑝𝑝𝑖𝑖� = (100000000011) 

Finally, 

𝑣𝑣 = 𝑟𝑟 + 𝑒𝑒 = (001101110010000011000000) 


