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Image Segmentation and Selective Smoothing
by Using Mumford–Shah Model

Song Gao and Tien D. Bui, Member, IEEE

Abstract—Recently, Chan and Vese developed an active contour
model for image segmentation and smoothing by using piecewise
constant and smooth representation of an image. Tsai et al. also
independently developed a segmentation and smoothing method
similar to the Chan and Vese piecewise smooth approach. These
models are active contours based on the Mumford–Shah varia-
tional approach and the level-set method. In this paper, we develop
a new hierarchical method which has many advantages compared
to the Chan and Vese multiphase active contour models. First, un-
like previous works, the curve evolution partial differential equa-
tions (PDEs) for different level-set functions are decoupled. Each
curve evolution PDE is the equation of motion of just one level-set
function, and different level-set equations of motion are solved in a
hierarchy. This decoupling of the motion equations of the level-set
functions speeds up the segmentation process significantly. Second,
because of the coupling of the curve evolution equations associated
with different level-set functions, the initialization of the level sets
in Chan and Vese’s method is difficult to handle. In fact, different
initial conditions may produce completely different results. The hi-
erarchical method proposed in this paper can avoid the problem
due to the choice of initial conditions. Third, in this paper, we use
the diffusion equation for denoising. This method, therefore, can
deal with very noisy images. In general, our method is fast, flex-
ible, not sensitive to the choice of initial conditions, and produces
very good results.

Index Terms—Curve evolution, image segmentation and de-
noising, level-set methods, Mumford–Shah functional.

I. INTRODUCTION

IMAGE segmentation and smoothing are two popular prob-
lems in image processing and computer vision. The Mum-

ford and Shah variational model [15] is one of the most widely
studied mathematical models that can achieve both goals si-
multaneously by using a piecewise smooth representation of
an image [19], [20]. Mumford–Shah variational methods have
been extensively used in image processing because of their flexi-
bility and various advantages in numerical implementation. The
basic idea of variational methods is to minimize an energy func-
tional that contains a boundary and the region of
an image. If is a closed curve, the image domain is parti-
tioned into two subdomains and . A classical approach to
solve the minimization problem is to solve the corresponding
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Euler–Lagrange equation, which is a second order partial dif-
ferential equation (PDE). Variational methods have been used
in many areas such as image segmentation, object tracking, tex-
ture synthesis, and vector field visualization [2].

Based on the variational method, different image segmenta-
tion approaches have been developed, such as classical snakes
based on gradient [9], geodesic active contours [4], curve evo-
lution based on the Mumford and Shah functional method [19],
and active contours without edges [6], [20]. A problem related
to image segmentation is the object detection problem by snakes
or active contours. An initial curve evolves in an image and
stops at the boundaries of objects within the image. In most of
those region based models, both the image information near the
evolving contour and the image statistics inside and outside the
contour have been used in order to improve the performance
[25], [26]. The classical active contour models [4], [9] use the
gradient of the image for stopping criteria. The active contours
(or snakes) stop on the boundaries where the magnitude of the
gradient of the image is large. These active contour models are
usually called boundary-based models. A review on those topics
can be found in [2], and the applications in multimedia such as
motion segmentation and tracking can be found in [8], [13].

For image smoothing, the techniques developed from
PDEs have become an active field of research. Particularly the
anisotropic diffusion model originally introduced by Perona and
Malik [16] and further developed by [1], [5]. Other anisotropic
diffusion techniques such as curve evolution methods based on
geometric scale space [10]–[12], and the construction of diffu-
sion tensors that contain the information of both the modulus
and directions of the gradients [21]–[23] have also been devel-
oped. The basic idea of most anisotropic diffusion techniques
is to employ the gradient (both modulus and direction) of the
intensity to detect the edges between regions then smooth the
image within the homogeneous region and along the edges but
not across the boundaries of such regions.

Recently, Chan and Vese developed an active contour model
to deal with the problem of image segmentation and smoothing
by using piecewise constant representation in [6], and piecewise
smooth representation in [20]. Tsai et al. [19] also independently
developed segmentation and smoothing method very similar to
the Chan and Vese piecewise smooth approach. These methods
are based on the Mumford–Shah variational method and applied
to solving image segmentation and smoothing problems that can
be formulated by the level-set methods introduced by Osher and
Sethian [17]. We can consider these models as active contours
based on the Mumford–Shah model with level-set methods. The
energy functional contains a closed segmenting curve

and image data . The region inside is denoted by and

1057-7149/$20.00 © 2005 IEEE



1538 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 14, NO. 10, OCTOBER 2005

the outside region by . Minimizing the energy functional
with respect to , and , we can obtain the curve evolution
PDE, and the optimal estimation equations for and . The
motion of the curve is obtained by solving the curve evolution
PDE. The curve stops on the edges of objects within the given
image. The optimal estimation equations for and have a
smoothing effect on the original image [20]. Therefore, and

obtained by solving the corresponding optimal estimation
PDEs are piecewise smooth approximations of inside and
outside the curve , respectively. The curve evolution PDE
together with the optimal estimation PDEs produce piecewise
smoothing and segmentation of an image simultaneously [19],
[20], but shortcomings also exist in this approach. Because of
the coupling between the curve evolution PDE and the optimal
estimation PDEs for and , the solutions of and are
needed for each step of the solution to the curve evolution PDE.
Therefore, it involves solving the optimal estimation PDEs for

and at each curve evolution step, and as a consequence
this approach is very slow. To see the inefficiency of this
approach it is noted that the segmentation of an image only
finishes at the final iteration, and only the final solutions of

and are needed in the piecewise smooth reconstruction
of the image. However, all the intermediate solutions of
and before the final step are required for solving the curve
evolution PDE. Furthermore, the optimal estimation PDEs for

and are Poisson equations, their capability of denoising
is limited.

Apart from the computational costs and the low denoising
capability mentioned above, handling the initial conditions
correctly is another problem of this multiphase approach. As
mentioned in [20], in the implementation through the level-set
method with one level-set function, we can represent only two
phases in an image. In order to represent images with more
complicated features, multiple level-set functions should be
used. Because the Mumford–Shah problems are nonconvex,
and because there is no uniqueness for the minimizer, the final
segmented results may depend on the choices of the initial
curves. The multiple seed initialization used by Chan and Vese
[20] cannot always produce good results (see Fig. 1). We will
discuss the initialization problem further in Section IV.

In this paper, we propose a new algorithm for image segmen-
tation and smoothing. Based on the Chan–Vese piecewise con-
stant segmentation model and the level-set method, we propose
a new hierarchical method of multiphase level-set framework
for piecewise constant segmentation of images. Our multiphase
segmentation method is divided into different stages; at each
segmentation stage only one curve evolution equation (equiva-
lent to one level-set equation) is used. The next segmentation
stage begins after the previous stage has been completed. This
continues until the last stage. The number of stages is the same
as the number of level-set functions. This hierarchical segmenta-
tion method makes the algorithm fast and initial conditions easy
to handle. We use diffusion equation for image denoising be-
cause it can deal with very noisy images. The proposed method
actually works in two steps: for a given image, we first apply
the hierarchy piecewise constant segmentation method to parti-
tion the image, then apply diffusion filtering to different regions
independently, but not across the boundaries of such regions.

Fig. 1. Segmentation by using Chan–Vese multiphase model. The first and
third rows show different initial conditions: white curves for � and black
curves for � . The second and fourth rows are the corresponding segmentations.
Synthetic image: CPU = 28:2 s (� = 343). X-ray hand image: CPU = 60:1 s
(� = 431). Image size: 256� 256.

This method is fast, more flexible, and not sensitive to the ini-
tial conditions.

This paper is organized as follows. In Section II, we present
different image segmentation (and smoothing) algorithms
based on the concepts of the Mumford–Shah model, namely
the Chan–Vese piecewise smooth active contours model [20]
(also the algorithm of Tsai et al. [19]) for image segmentation
and denoising, the piecewise constant image segmentation
algorithms including the Chan–Vese level-set approach, and
the direct energy computation method. In Section III, we re-
view the basic idea of the anisotropic diffusion techniques for
image smoothing and denoising. In Section IV, we propose the
combined hierarchical segmentation and selective smoothing
method for images with and without noise. Experimental results
are in Section V, and the final section is our conclusion.

II. SEGMENTATION METHODS BASED ON

MUMFORD–SHAH FUNCTIONAL

Mumford and Shah proposed and studied the properties of
variational problems which are widely applied to the image seg-
mentation problem [15]. The variational principle is essential
in this method and its applications. We first present the main
idea of the Mumford–Shah segmentation method followed by a
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brief review of different forms of the Chan–Vese active contours
model in this section.

A. Mumford–Shah Model

The Mumford–Shah method is an energy-based method in-
troduced by Mumford and Shah in 1989 via an energy functional
[15]. The basic idea is to find a pair for a given image ,
such that is a nearly piecewise smooth approximation of ,
and is a set of edges between regions within the image. The
general form of the Mumford–Shah functional is

length (1)

where and are nonnegative constants, bounds an open
set of (image domain), the curve , , and

is the initial image. is the piecewise smooth
function approximation to with discontinuities only along the
curve . To solve the Mumford–Shah problem is to minimize
the functional over and .

The difficulties in studying are that it involves two
unknowns and of different natures: is a function in an

-dimensional space ( in our consideration), while
is an -dimensional set. The other difficulty is that the
functional is not convex, and may have numerous
local minima. Therefore, it is not easy to minimize the Mum-
ford–Shah functional (1) in practice. There are some alternative
solutions to this problem, such as the elliptic approximation to
the weak formulation of the Mumford–Shah functional method
[2], the active contours without edges model proposed by Chan
and Vese [6], [20], and the curve evolution based approach [19].

B. Chan–Vese Piecewise Smooth Model

From the general form of the Mumford–Shah functional (1),
if we consider that there is a closed curve (active contour) in
the image domain , then is partitioned into and corre-
sponding to the image subdomains inside and outside the curve

, respectively. Minimizing (1) becomes the minimization of
the following problem [20], [19]:

length (2)

where and are the smooth functions approximating the
image function inside and outside the curve, respectively,
and are constants. When we apply the level-set method to this
model by replacing the unknown curve by the level-set
function , and consider that if the point

is inside ; if is outside , and
if is on . Minimizing the functional

with respect to , and , we obtain the equa-
tions for , and as the following:

inside on (3)

outside on (4)

(5)

where is the Dirac function. The image functions and
are obtained by solving the damped Poisson equations (3)

and (4) for any given curve . This is the piecewise smooth
case of the Chan–Vese model [20]. Very similar idea has been
also developed independently by Tsai et al. [19]. The smoothing
and denoising effect on the image comes from solving the
PDEs for and , which are inside and outside the curve,
respectively. Therefore, diffusion filtering only happens within
different homogeneous regions, but not across the boundaries
of such regions. The smoothing approach is very similar to the
idea of “anisotropic diffusion” [1], [16], [21]–[23]. Many ad-
vantages can be achieved for image segmentation and denoising
in this piecewise smooth approach, such as simultaneous seg-
mentation and smoothing of noisy images, detection of triple
junctions by using multiple level-set functions [20] (or the ap-
proach in [18]), and smoothing the images with complex fea-
tures [19], [20]. However, in this piecewise smooth approach,
there are some disadvantages we would like to address.

i) The capability of denoising is limited because of the
damped Poisson equation used for denoising. Further-
more, because the Poisson equations for and have
the same form and parameters, the same amount of noise
will be removed in the homogeneous regions inside and
outside the curve . In some applications, this restriction
may limit the flexibility of the method.

ii) Since the method does segmentation and denoising si-
multaneously, when the image is very noisy, and noise
may destroy some parts of the edges, one may not be able
to obtain good segmentations of the image.

iii) Computation cost is another problem in this algorithm.
There are three PDEs to be solved (3)–(5), and solving the
curve evolution (5) involves the other two (3) and (4) in
each iteration step. However, only the solutions of (3) and
(4) at the final step are the values of the smoothed image.
Although many speedup methods have been proposed in
[19], it may not work well in practice when the image size
is large and the noise ratio is high.

iv) Like the Chan–Vese multiphase piecewise constant ap-
proach, if we apply this piecewise smooth method to
multiphase segmentation, handling the initial condition
is also a problem.

Based on the idea of the Chan–Vese piecewise constant seg-
mentation method [6], [20], we propose a hierarchical approach
for multiphase segmentation of an image, and a two-step algo-
rithm for image segmentation and denoising all together. At the
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first step, we use the proposed hierarchical segmentation ap-
proach to find the boundaries of regions within an image. Then,
we apply diffusion filter to each homogeneous region indepen-
dently but not across the boundaries of such regions. Before we
present the proposed method in detail, we review the Chan–Vese
piecewise constant method as follows.

C. Piecewise Constant Segmentation Methods

The active contour model proposed by Chan and Vese is a
particular case of the Mumford–Shah model. It minimizes the
energy functional

length (6)

where is the average value of in each connected re-
gion , and . is a positive constant. Using

the Heaviside function : , the en-

ergy functional (6) can be represented by the level-set approach
with corresponding to the zero level set .
For -phase image, level-set functions
are needed.

1) Two–Phase Segmentation ( ): In this case, ,
we can use only one level-set function to represent the two-
phase energy [6] as

(7)

The curve evolution equation can be obtained by minimizing
the energy (7) with respect to as

(8)

where and are the average values in regions and
, respectively. After solving (8) with the help of , ,

we obtain the evolution of , which is the boundary between
the sets and . Therefore, the original image

is segmented into two parts and .
2) Four–Phase Segmentation ( ): In this case, ,

two level-set functions and are needed. Use the same ap-
proach as in the two–phase case, we can get the level-set formu-
lation of the four–phase energy functional. The Euler–Lagrange
(curve evolution) equations for and can be obtained, re-
spectively, by minimizing the energy functional with respect to

and as the following [20]:

(9a)

(9b)

where , , , and are the average intensity values in
each corresponding region

mean in and

mean in and

mean in and

mean in and (10)

Solving the above PDEs (9) for and and calculate the
average values , , , and for each time step, we can
obtain the evolution of the curves and . The moving curves
will stop at the boundaries of the objects within the image,
hence, we partition the image.

Although this algorithm works well for image segmentation,
solving the Euler–Lagrange equations (8) or (9a) and (9b) costs
a lot of CPU time, especially for real images with large size.
There is another method to solve the variational segmentation
problem without the need to solve the Euler–Lagrange equation
but to calculate the energy directly [18]. The main idea of the
direct energy computation algorithm for two-phase segmenta-
tion is as follows. 1) Construct an initial partition using an ini-
tial curve ( ) which divides the image into two parts
( and ) and determine two constants and
which are the averages inside and outside . 2) Change the sign
of associated with each pixel in the image in a given order and
compute the energy, if the energy decreases, then accept the new
sign of and update and , otherwise remains unchanged.
This method improves the computational speed drastically but
can also develop spurious stationary states. In order to eliminate
certain spurious stationary states, very recently, a multiscale ver-
sion of the direct energy computation has been proposed by up-
dating all pixels (instead of only one) in an neighborhood
of the visited pixel [7].

The main disadvantages of the above active contour methods
are their computational costs and the initialization problem. For
a multiphase (we use the four-phase case as an example) seg-
mentation approach, because of the coupling between the curve
evolution equations for and [see (9a) and (9b)], the algo-
rithm is slow, and the final results depend on the choice of the
initial curves. Although the direct energy computation method
speeds up considerably, it is still a problem to obtain “good” ini-
tial curves, especially for images with complicated features (see
Fig. 1).

In Section IV, we will propose a hierarchical implementation
method for multiple phase segmentation in order to overcome
the above shortcomings of the Chan–Vese model.

III. ANISOTROPIC DIFFUSION METHOD FOR IMAGE SMOOTHING

PDE–based, nonlinear anisotropic diffusion techniques are
an effective way to smooth and denoise images. The smoothed
image can be obtained by the solution of the diffusion
equation at a specific time , with initial conditions

, where is the original noisy image. The
general formula of a diffusion equation can be written as

(11)
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where is the diffusivity. According to the property of the di-
vergence operator, the diffusivity can be a scalar function (or
constant) or a tensor (or a tensor-valued function).

The simplest diffusion filter is the linear isotropic diffusion,
where the diffusivity is a scalar constant. It smoothes the noise in
an image and blurs the edges of objects within it as well. In order
to avoid blurring of edges, the nonlinear isotropic diffusion uses
a scalar function of the gradient instead of a constant diffu-
sivity, where is the convolution of the original image with
a Gaussian filter that is and .
This diffusivity function satisfies and for

. Therefore, it behaves as linear diffusion in the interior
of a region ( ) and inhibits diffusion at strong edges
( ). The nonlinear isotropic diffusion can avoid blur-
ring of edges, but it cannot eliminate noise at edges.

The anisotropic diffusion technique, first introduced in [16]
and further developed in [1] and [5], takes into account both
the modulus of the gradient and its direction. Here,

is generally a symmetric positive definite diffusion tensor.
It smoothes the image within the homogeneous regions and
along the edges depending on the choice of the diffusion
tensor, but not across the boundaries. The key point of the
anisotropic diffusion approach is how to construct the diffu-
sion tensor . Weickert proposed two different ways to choose
the diffusion tensor for different diffusion goals, namely
the edge-enhancing and coherence-enhancing anisotropic dif-
fusions [21]–[23]. Among the PDE diffusion approaches for
image denoising, the anisotropic approach gives the highest
performance. The most important advantage of the anisotropic
diffusion technique is that it selectively smoothes an image
while preserving and relatively enhancing the edges of regions.

In the methods mentioned above, the edge detector is based
on the gradient of the convolved image . In the next section,
we will present our proposed method in which the edge detec-
tion is not based on the image gradients, and can smooth noisy
images anisotropically.

IV. SEGMENTATION PRIOR TO DENOISING METHOD

In this section, we present the hierarchical implementation
of multiphase piecewise constant segmentation model, followed
by a two-step method for image segmentation and smoothing.

A. Hierarchy Segmentation Method

1) Remarks on Chan–Vese Model: As we mentioned in
Section II, the segmentation results obtained by using the
Chan–Vese method are dependent on initial conditions. In
Fig. 1, we show two experimental examples obtained from
the Chan–Vese segmentation algorithm with different initial
conditions, we also give the CPU times for later comparison
by running our C++ programs on Pentium IV 2.40-GHz PC.
For both the synthetic image (the first two rows) and the
medical image (the last two rows), we get different results of
segmentation for different initial curves. For example, when we
use four initial circles for the synthetic image (see the far left
figure in the first row), we can get the correct segmentations,
but we cannot get the correct segmentations when more initial
circles are used. For the X-ray hand image, the segmentation

results obtained by using different initial circles are different.
Chan and Vese suggested that multiple initial conditions should
be used [20], but we cannot always get better segmentations
by using multiple initial conditions (see the last column of
Fig. 1). Therefore, it is a big challenge to find an efficient way
to handle the initial conditions in the Chan–Vese multiphase
segmentation model.

As mentioned in Section II, the other problem of the
Chan–Vese segmentation algorithm is the computation cost. It
involves solving multiple coupled PDEs for the curve evolution
when multiple level-set functions are used.

2) Weight Parameters in the Two–Phase Segmentation
Method: It is well known that using one level-set function in
the Chan–Vese model we can segment an image into different
regions with two distinct means. If we consider the parameters
associated with the “fitting energies” in the energy functional,
(7) and (8) can be written as

(12)

(13)

where and are parameters associated with the energy in-
side and outside the segmenting curve, respectively. Actually,
the energy inside (or outside) the curve is the statistical mea-
surement of an image within the region inside (or outside) the
curve. Parameters and behave as weight factors in the
statistical measurement. If , the energy functional in-
side the curve is more important than the one outside the curve;
therefore, we can get more detailed segmentations inside the
curve, and vice versa. Fig. 2 shows the experimental results for
two given images. The first row in Fig. 2 presents (a) a syn-
thetic image with one initial curve, (b) the segmented image
by choosing , and (c) the segmented image by
choosing , . Those results show that when we use
the same weight factors ( ) in both regions, we can only
detect two objects out of three. If we want to emphasize the re-
gion for by choosing the weight factors , we can
detect the three objects with the same initial curve. Fig. 2(d)
shows an original MRI knee stir image with one initial curve,
and (e)–(i) are the segmented results of the MRI image obtained
by fixing , and varying . It can be seen that we can get
more details of the segmented results by increasing the weight
parameter to a certain limit. When the parameter becomes
too large, some features are lost [see Fig. 2(i)]. Using different
parameters in different regions allows us to obtain more detailed
segmentations in specific regions. From our experimental re-
sults, the best choice of is , where

and similarly for .
Subscripts and denote the segmented regions with
and , respectively. This ratio is usually between 1 and 5.
From (13), we see that when the parameter becomes larger
(e.g., ), the first term on the RHS becomes more sig-
nificant and the method becomes less sensitive to the setting of
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Fig. 2. Two–phase segmentation results with different parameters � and � , � = 1. (a) Original synthetic image with one initial curve. (b) � = 1 and � = 1.
(c) � = 2 and � = 1. (d) Original MRI knee stir image with one initial curve. (e)–(i) � = 1. (e) � = 1. (f) � = 3. (g) � = 5. (h) � = 10. (i) � = 50.

. Because this ratio can only be obtained after the segmen-
tation has been completed, it is not very useful in practice, and,
moreover, we cannot completely segment an image with mul-
tiple distinct means by just changing this ratio. Therefore, we
do not recommend this approach of using one level-set function
and changing the ratio. In order to obtain detailed seg-
mentations of an image and better performance of the algorithm,
we propose a hierarchical approach of multiphase segmentation
which is faster than the Chan–Vese algorithm. Furthermore, the
initial conditions are much easier to handle in our method.

3) Hierarchical Multiphase Segmentation Method: Using a
piecewise smooth representation of the Mumford–Shah model,
Tsai et al. have proposed a hierarchical approach for multiphase
segmentation [19]. In this approach, they first apply the piece-
wise smooth algorithm to the original image. Then the same al-
gorithm is applied to the particular subregions which require
additional segmentation. This method has many disadvantages
because only one level-set function is used, and it cannot detect
in advance which parts require additional segmentations. We
now present our hierarchical approach for multiphase piecewise

constant segmentation model. This approach works in multiple
segmentation stages. At the first stage, we apply the Chan–Vese
piecewise constant segmentation model with one level-set func-
tion to a given image. At the end of the first segmenta-
tion stage, we get two resulting subregions. It should be noted
that each subregion may contain many isolated parts. Then the
second stage starts by applying the same model with another
level-set function to each of the subregions independently.
After the second segmentation, we get four resulting sub-sub-
regions. Next, we apply the same model with the third level-set
function to each of those sub-subregions, and so on. Our ex-
perimental results show that most gray level real images require
two level-set functions. The four-color theorem can be used to
justify the partition by using two level-set functions [20], but, in
practice, a third level-set function may be needed for images
with very complicated features, because of the local minima
problem.

We now illustrate our multiphase hierarchical approach
through the case of the four–phase (two level-set functions)
segmentation. Like the Chan–Vese model, there are two
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evolution curves and , which are represented by the
corresponding level-set functions and . At the first seg-
mentation stage, the evolution of the curve is governed by
the motion equation of the level-set function

(14)
where is the average of inside ( ) and is
the average of outside ( ). At the end of the
first segmentation stage, we obtain two subregions, defined by

, and . At the second segmentation stage,
we apply the curve evolution PDE of (represented by )
to these two subregions separately; therefore, for subregion I

, we have the curve evolution PDE

(15a)
where is the average of in subregion I and also inside the
curve ( , ) and is the average of in
subregion I but outside the curve ( , ).

For subregion II , the curve evolution PDE is

(15b)
where is the average of in subregion II and also inside
( , ) and is the average of in subregion II but
outside ( , ). After the second segmentation,
we obtain the final four segments of a given image.

Unlike the Chan–Vese multiphase active contour model [20],
in our hierarchical method instead of applying the level-set func-
tions and simultaneously to an image, we apply and

one after another. Thus, the motion equations of (14)
and (15) are completely decoupled. The decoupling of the
curve evolution PDEs we use here is similar to the operator
splitting or fractional steps techniques developed by Yanenko
[24] for the numerical solutions of coupled PDEs. Each equa-
tion alone behaves the same as the curve evolution PDE in the
simple two–phase (one level-set function) segmentation model;
therefore, it is fast. The decoupling of the motion PDEs also
allows us to choose different values of the parameters , ,
and for different stages. Since the first term in the Mum-
ford–Shah model (1) is actually the least square fitting of en-
ergy; therefore, we can choose these parameters in the following
way: The variance of a region in the image can be calcu-
lated by , where is the mean
value of in . At the first stage, one can choose the parameter

, where is a constant between 0 and 1.5. The smaller
the value of the finer the segmentations and the faster the al-
gorithm. If we do not want to detect smaller objects like points
created by noise, then should be larger [6]. At the end of the
first stage, we have two regions I and II , we
can calculate the variances and in these two regions. If
the variance is larger than then region I needs more de-
tailed segmentations than region II. Based on this fact, we can
set parameters and . Our observations are as
follows: For images with small amounts of noise, we can choose

and ; for images with large

Fig. 3. Four–phase segmentation using our hierarchical method. Left column:
Original synthetic image with the initial curve of � . Middle column: Results
after the first segmentation (see the white lines indicated by arrows) with the
initial curve of � . Right column: Final segmented images. (� = 0, CPU =

1:7 s, image size 256� 256 for both images).

amount of noise, we have to set and ,
. The direct energy computation approach can be im-

plemented in exactly the same way.
We show how the proposed hierarchical segmentation method

works through an example as shown in Fig. 3. The left column
contains two original synthetic images with the initial curve of

(white). The middle column contains the segmented images
at the end of the first stage with the initial curve of (black) su-
perimposed. The right column contains the final segmentations
of the two given images which show that the triple and multiple
junctions within the image are detected. From Fig. 3, we can see
that the first segmentation is like a coarse segmentation of an
image, while the second does more detailed segmentation. Ac-
tually, this hierarchical method starts with a crude segmentation
and refines the segmentation down to the different subregions in
order to capture finer and finer details in a given image.

The initial condition is easy to handle in our hierarchical
method because curve evolution equations are decoupled. At
each segmentation stage, only one curve evolution equation rep-
resented by a single level-set function is involved. Therefore,
just one level-set function needs to be initialized. In one level-set
evolution case, we can get sufficient result by using one single
initial curve [6], [18]. In our implementation, we use a single
initial curve for the level-set function at the first segmenta-
tion stage to get a crude segmentation. Although we also use
a single curve to initialize for the second segmentation, the
actual initial condition of is multiple curves because of the
presence of the final stage of . The edges obtained by the first
segmentation (white curves in the middle column of Fig. 3) to-
gether with the initial curve of (the black curve in the middle
column of Fig. 3) make the actual initial condition of .

In this hierarchical approach, edges obtained from the first
stage together with the initial curve of the second level-set
function automatically construct the real initial condition of the
curve evolution equation at the second stage. Edges obtained
at the end of second stage together with the initial curve of the
third level-set function construct the actual initial condition of
the curve evolution equation at the third stage, and so on. We
can get sufficient segmentations by using single initial curve for
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Fig. 4. Segmentation and smoothing of noisy synthetic images using different approaches. (a), (d) Original noisy images. (b), (e) Reconstruction by Chan–Vese
piecewise smooth approach. (b) � = 1:5� = 2714, CPU = 103:5 s, error = 0:59. (e) � = 11086, CPU = 181:1 s, error = 0:50. (c), (f) Reconstruction by
our proposed approach. (c) � = 1:5� = 2714, CPU = 7:3 s, error = 0:51. (f) � = 1:5� = 16629, CPU = 25:0 s, error = 0:42. Image size: 256� 256.

each individual level-set function, as long as the initial curve
contains the regions (objects) we want to segment.

As we already mentioned in Section II, the piecewise con-
stant segmentation method represents each segment of an image
by a constant. The more general Mumford–Shah segmentation
method is the piecewise smooth representation of an image,
which has been addressed in [20], [19]. In order to get better
performance for denoising and segmentation of an image, we
propose a new two-step segmentation and smoothing method as
follows.

B. Two–Step Segmentation and Smoothing Method

The basic idea of the segmentation and denoising algorithm is
to obtain different subregions within a given image by using our
hierarchical segmentation method first, then use each subregion
of the original noisy image as the initial condition (input) of
the diffusion equation for denoising. Therefore, we can smooth
each subregion separately but not across the edges between the
subregions. This algorithm works in the following steps.

i) Apply our hierarchical segmentation
method to the noisy image and partition
the image into different regions.
ii) The result of segmentation in step i)
(i.e., values) is applied to the orig-
inal image . Let be the original image
in region for , and be the orig-
inal image in region for . We then
apply the diffusion filter to the dif-
ferent regions of independently. In

order to solve the diffusion equations
in different regions properly, we need to
extend to the region and to
the region . For instance, to ex-
tend to the region , we can use
the average constant approximation of in
region . Other extension method can
be found in [20]. Attention must be paid
to the boundaries between the regions. We
can use the Neumann boundary conditions

or ( is the normal
of the curve ) when we extend or
across the edges between regions. There-
fore, the diffusion does not cross the
boundaries of different regions.

Our proposed method is fast since detecting the boundary
of the regions only requires updating the average values in-
side and outside the active contours. This method is more flex-
ible since we can choose different diffusion parameters (or dif-
ferent smoothing methods) for different subregions depending
on the applications. So, it can process very noisy images without
difficulties. This may be useful in applications such as med-
ical image segmentation and smoothing. The previous piece-
wise smooth algorithm [20], [19] does not perform well for very
noisy images.

We use the signal-to-noise ratio SNR to estimate the quality
(or the amount of noise) of the image with respect to a ref-
erence image (usually, the “clear” image) . It is defined by
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Fig. 5. Smooth and edge-enhancement of a medical image. (a) Slice of an MRI image. (b) After anisotropic edge-enhancing diffusion filtering by Weickert [23].
(c) Final result after segmentation and smoothing of the image. (d) After segmentation and smoothing, segmenting curves are superimposed on the image.

SNR , where denotes the
Euclidean norm.

In Fig. 4, for comparison, we show the segmentation
and denoising results obtained from piecewise smooth al-
gorithm developed by [20], [19] and our proposed method.
We also compare the CPU time (in seconds) and the error
ratio for these two algorithms. The error ratio is defined by

, where is “clear” image,
is noisy image [e.g., (a) and (d)] and is denoised image.

For an image with small amount of noise (a) (SNR dB),
the smoothing image (b) obtained by the piecewise smooth
algorithm [20], [19] is acceptable. If the image is very noisy
(d) (SNR dB), the smoothed image (e) obtained by
the Chan–Vese piecewise smooth approach is not as good
as desired. Our proposed two-step method is better than the
Chan–Vese method both in performance (see the error ratios)
and in efficiency (see the CPU times). The proposed algorithm
first segments the given image into subregions, then the diffu-
sion equation is applied within each subregion but not across
the edges; therefore, the edges are preserved. This is very
similar to the smoothing process in anisotropic diffusion [1],
[21], [22].

As we already mentioned, the proposed segmentation and
smoothing method which adapts itself in an anisotropic way to
the evolving image is well suited for smoothing noise while si-

multaneously preserving important features such as edges. This
characteristic may be important in medical image processing.
In Fig. 5, we show an example where a denoising and edge en-
hancing process has been applied to an MRI brain image. The
result obtained by using our proposed method is shown in (c).
Compared with the result using the edge enhancing anisotropic
diffusion filter developed by Weickert [23] which is shown in
(b), the proposed method gives better edge enhancing results.
We attribute this to the fact that the edge detection is not based
on the gradient of the image in our method. Fig. 5(d) shows the
segmenting curves superimposed on the resulting image.

V. EXPERIMENTAL RESULTS

We present the segmentation results of the images without
noise, followed by the segmentation and smoothing results of
the proposed algorithm for noisy images.

A. Segmentation Results

Since the energy functional which is minimized in the Mum-
ford–Shah model is not convex; the segmentation algorithm may
not converge to the global minimum for some given initial con-
ditions. As we have shown in Fig. 1, it is difficult to handle the
initial conditions in the Chan–Vese multiphase active contour
model [20]. In the following examples, we show that it is easy
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Fig. 6. Our segmentation results with different initial conditions. First and
second rows show different initial conditions (white curves for � , while
black curves for � ) for images as shown in Fig. 1. The last row shows
the segmentation results using different initial curves. Synthetic image:
� = � = � = 1, CPU = 1:5 s. X-ray hand image: � = � = � = 1,
CPU = 21:4 s. Image size: 256� 256.

to deal with the initial conditions in our hierarchical segmenta-
tion method.

In Fig. 6, we present the segmentation results for a synthetic
image and a real X-ray hand image with different initial condi-
tions. These are the same images used in Fig. 1. The detected
edges are superimposed on top of the resulting images. In each
case, all those different initial curves give the same segmenta-
tion results. We also tested on other images and obtained the
same segmentations for different initial conditions. Our obser-
vation is that, as long as the initial curve contains (or partially
contains) the regions we want to detect, we can obtain the same
segmentation results regardless of the positions and sizes of the
initial curves.

In the next example, we demonstrate how the proposed hier-
archical segmentation method works for medical images. The
segmentation results of different medical images with multiple
distinct regions are shown in Fig. 7. The left column contains the
original images which are MRI chest (contains small amount of
noise) and ultrasound (contains large amount of noise) from top
to bottom, and the initial curves of and superimposed on
them. The middle column contains the final results using our
hierarchical segmentation. The right column contains the same
final results with the segmenting curves superimposed. With this
simple choice of initial curves, we can obtain good segmenta-
tion results.

B. Segmentation and Denoising Results

We now demonstrate how the proposed algorithm works for
the noisy images. Both synthetic images and real medical im-
ages with additive Gaussian noise are used in our experiments.

Fig. 7. Segmentation of medical images. Left column: Original images with
initial curves, white curves for � while black curves for � . Middle column:
Final results using our hierarchical segmentation method. Right column: Final
segmentations and the segmenting curves superimposed. MRI chest: � = 1,
� = � = min(� ; � ) = 610, CPU = 34:8 s, image size: 256� 256.
Ultrasound image: � = 0:5� = 996, � = � = 1368, � = � = 447,
CPU = 79:5 s, image size: 256� 320.

The segmentation and denoising result of a noisy synthetic
image with multiple distinct means is shown in Fig. 8. In this
case, in order to obtain better performance, two level-set func-
tions are needed. For comparison we present the denoising result
by using one level-set function (after the first stage) in Fig. 8(b).
We get two regions of the image at that stage, one region is the
black triangle while the white rectangle and the background are
assigned to the other region. Then we apply our diffusion proce-
dure that behaves as an isotropic diffusion in each homogenous
region. Since the triangle and the background belong to different
regions, the edges of the triangle are preserved as expected, but
the edges of the rectangle are blurred because they belong to the
same region of the background, and the diffusion in this region
is isotropic. Fig. 8(c) shows the result by using two level-set
functions. Since two different objects and the background are
in three different regions and diffusion filtering is applied to
each region separately; therefore, all edges of the objects are
preserved. Because the objects within the image are big, we can
simply choose .

Since medical image segmentation and denoising is an im-
portant problem in image processing, in the next experimental
example, we show the performance of our hierarchical multi-
phase segmentation method in real medical images. In Fig. 9, we
present an MRI chest image with additive Gaussian noise and
an ultrasound image with “natural noise” from top to bottom in
the left column, and the denoised results by using our two-step
smoothing method. The segmentation and reconstruction of the
two images are shown in the middle column. The right column
contains the final resulting images with the segmenting curves
superimposed on them. It should be noted that the proposed al-
gorithm removes noise very well and preserves and enhances
the edges of different regions.

In the last example, we demonstrate how the combined hi-
erarchical segmentation and selective smoothing method works



GAO AND BUI: IMAGE SEGMENTATION AND SELECTIVE SMOOTHING 1547

Fig. 8. Segmentation and smoothing of a very noisy synthetic image. (a) Image with Gaussian noise (SNR = 10:49 dB). (b) Reconstructed image using the
proposed method with one level-set function. (c) Reconstructed image using the proposed method with two level-set functions (� = � = 4302, CPU = 67:3 s,
SNR = 13:8 dB).

Fig. 9. Segmentation and smoothing of noisy medical images. Left column:
(Top, SNR = 11:06) Original chest image with Gaussian noise and (bottom)
original ultrasound image with natural noise. Middle column: Final segmented
and reconstructed image based on the proposed method with two level-set
functions. Right column: Segmenting curves are superimposed on final
reconstructed images. Noisy MRI chest: � = � = 4448, � = � = 2584,
� = � = 1901, CPU = 43:5 s. Size: 256� 256), and the parameters are
same as in Fig. 7 for the noisy ultrasound image (CPU = 82:9 s).

for a real MRI knee stir image. The original image is shown in
Fig. 10(a) with initial curves for and , and (e) shows the
final reconstruction of the image and the segmenting curves su-
perimposed on it. It can be seen from this resulting image some
details within the image, such as the white stripe in the upper
part and two small round white matters in the lower part which
cannot be detected by the Chan–Vese method or our method
with . In order to get more details within the region
of interest, as discussed in Fig. 2, we can choose different values
of the weight parameters and in the first segmentation
stage. It is easy to specify the parameters with a single initial
curve at the first stage. For example, for the initial (white) curve
as shown in Fig. 10(a), we can get more details inside the curve
by choosing . In (b) and (c), we use piecewise con-
stant representations to show the final gray segmentation maps
corresponding to the final reconstruction results of (e) and (f),
respectively.

These figures demonstrate that our segmentation and
smoothing method provides better details in different regions,
relatively enhances the edges between regions, and highlights
the regions of interest.

VI. CONCLUSION

In this paper, we have proposed and implemented a new
image segmentation and smoothing algorithm based on the
Chan–Vese active contour model and PDE–based diffusion
techniques. The level-set method is employed in our numer-
ical implementation. This algorithm works in two steps, first
segmenting the noisy image by using hierarchical piecewise
constant segmentation method, then using PDE-based diffusion
method to smooth and denoise each segmented region of the
original image separately but not across the boundaries.

Because of the coupling of different curve evolution PDEs
associated with different level-set functions in the Chan–Vese
multiphase segmentation algorithm, the initialization of the
level-set functions becomes a difficult problem. The proposed
hierarchical approach decouples the curve evolution PDEs
makes the initialization problem easy to handle and also speeds
up the algorithm. In Table I, we show the CPU times and
errors (for noisy images) of the Chan–Vese method and our
proposed method, our method is more efficient and has better
performance for noisy images than the Chan–Vese method.

Compared with the previous simultaneous segmentation and
smoothing methods [20], [19], the proposed method is more
efficient and flexible. First, we separate the segmentation and
smoothing processes and use hierarchical piecewise constant
segmentation algorithm in the segmentation process. Therefore,
it improves the computational speed drastically and makes the
initial condition easy to handle. Second, the proposed method
allows us to apply different smoothing algorithms in different
regions in an image; therefore, it is very convenient when the
applications need to highlight some special regions in an image.
In this paper, isotropic diffusion was used for denoising. How-
ever, other denoising approaches, such as wavelet thresholding
[3], can also be employed. The wavelet–based denoising algo-
rithms are very different in technique from the PDE denoising
methods, but they are quite close in spirit and in experimental
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Fig. 10. Segmentation and smoothing of real MRI knee stir image. (a) Original image with initial curves; white curve for� and black curve for� . (b) and (c) Final
segmented images represent in piecewise constants with different ratio of � =� . (b) � =� = 1, (CPU = 30:5 s). (c) � =� = 3, (CPU = 49:3 s). (d) Final
reconstructed image (� =� = 3, CPU = 49:5 s). (e) and (f) Final segmented and reconstructed image with segmenting curves. (e) � =� = 1, (CPU = 31:2 s).
(f) � =� = 3, (CPU = 49:5 s). Parameters: � = 1, � = � = 816, � = � = 1096.

TABLE I
CPU TIMES (IN SECONDS) OF THE CHAN–VESE

METHOD AND OUR PROPOSED METHOD

results [14]. Like anisotropic diffusion methods, the proposed
algorithm only smoothes the image within the homogeneous re-
gions but not across the boundaries; thus, edges are preserved
during the denoising process.

The proposed method can process very noisy images well.
Our experimental results show that, for a very noisy image [see
Fig. 4(d), for instance], we can still detect the objects and pre-
serve the boundaries of the objects within the image when re-
moving noise. Actually, this model can perform active contours,
denoising, segmentation and edge detection in a unified way.

Regularization by convolving a Gaussian filter with the
original noisy image is widely used in PDE–based denoising
methods [5], [21]. Throughout this paper, we do not apply
the regularization to the noisy images; however, for very
noisy image, preprocessing, the image by regularization is
recommended.
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