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James Joseph Sylvester

Prove that it is not possible to arrange any finite number 

of real points so that a right line through every two of them 

shall pass through a third, unless they all lie in the same 

right line.

Educational Times, March 1893

Educational Times, May 1893

H.J. Woodall, A.R.C.S.

A four-line solution … containing two distinct flaws
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What iceberg 

is the Sylvester-Gallai theorem a tip of?
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B lies between A and C,

C lies between B and D,
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line AB consists of E,A,B,C

line AC consists of A,B,C

no line consists of all points

no line consists of two points
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Definition: A pin is a set of three points such that

one of these three points lies between the other two.

Definition: A set is called affine if, and only if,

with any two points of a pin, it also contains the third.

Observation: Intersection of affine sets is affine.

Definition: The affine hull of a set is

the intersection of all its affine supersets.

Definition: The closure line AB is 

the affine hull of the set consisting of the two points A and B.

Remedy: An alternative definition of a line
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Pins:  {A,B,C},

{B,C,D},

{C,D,E},

{D,E,A},

{E,A,B}.
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Every closure line here

consists of all five points A,B,C,D,E 

Pins:  {A,B,C},

{B,C,D},

{C,D,E},

{D,E,A},

{E,A,B}.
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Theorem (Xiaomin Chen 2003)

In every finite metric space,

some closure line consists of two points or else

some closure line consists of all the points.
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Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.

“Closure lines” in place of “lines” do not work here:

For arbitrarily large n, there are metric spaces on n points,

where there are precisely seven distinct closure lines

and none of them consist of all the n points.
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With Manhattan betweenness, 

precisely seven closure lines



Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.



Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.

Partial results include:



Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.

Partial results include:

(Xiaomin Chen, V.C.)



Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.

Partial results include:

(Xiaomin Chen, V.C.)

(Ehsan Chiniforooshan, V.C.)



Conjecture (Chen and C. 2006):

In every metric space on n points,

there are at least n distinct lines or else

some line consists of all these n points.

Partial results include:
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(Ehsan Chiniforooshan, V.C.)

(Ehsan Chiniforooshan, V.C.)





Abstract convexity



Abstract convexity

A finite convexity space is a pair (X, C ) such that



Abstract convexity

A finite convexity space is a pair (X, C ) such that

--- X is a finite set



Abstract convexity

A finite convexity space is a pair (X, C ) such that

--- X is a finite set

--- C is a family of subsets of X, which are called convex



Abstract convexity

A finite convexity space is a pair (X, C ) such that

--- X is a finite set

--- C is a family of subsets of X, which are called convex

--- the empty set and the “ground set” X are convex



Abstract convexity

A finite convexity space is a pair (X, C ) such that

--- X is a finite set

--- C is a family of subsets of X, which are called convex

--- the empty set and the “ground set” X are convex

--- intersection of any two convex sets is convex.
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Interval convexity in partially ordered sets
A set  is called convex if, with every two points A and C,

it includes all the points B for which A < B < C or C < B < A.

2

4

20

1

5

Hasse diagram

Here, all the convex sets are:

the empty set;

the five singletons {1},{2}, {3},{4},{5};

{1,2}, {2,4}, {4,20}, {1,5}, {5,20};

{1,2,4}, {2,4,20}, {1,2,5}, {2,4,5}, {4,5,20};

{1,2,4,5}, {2,4,5,20};

the whole ground set {1,2,3,4,5}.
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the convex hull of its extreme points.

Theorem (Minkowski 1911, Krein & Milman 1940):

Definition: 

A convex geometry is a  convexity space with the 

Minkowski-Krein-Milman property:

Every convex set is the convex hull of its extreme points.

Interval convexity in partially ordered sets         

is a convex geometry.
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Monophonic convexity in graphs

A set of vertices is called convex if, with every two vertices A and C,

it includes all vertices of every chordless path from A to C. 

Set  {A,B,C} is not convex:

it does not include vertices D,E 

of the chordless path A-E-D-C
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A graph is called triangulated if, and only if,

It contains no chordless cycle of length at least four.

Monophonic convexity in triangulated graphs

is a convex geometry.

Theorem (Farber & Jamison 1986):
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A set  is called convex if, with every two points A and C,

it includes all the points B that lie between A and C.

What do we mean by betweenness?

Any ternary relation B such that 
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defined by betweenness

convex geometries

The problem of 

recognizing betweennesses that define convex geometries

is coNP-complete.

Theorem                                                                                   

(Laurent Beaudou, Ehsan Chiniforooshan, V.C. 2008):

{(A,B,C),(C,B,A),                       
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?



interval convexity

In partially ordered sets

convex geometries

monophonic convexity

In triangulated graphs

convex 

geometries 

defined by 

betweenness



interval convexity

In partially ordered sets

convex geometries

monophonic convexity

In triangulated graphs

convex 

geometries 

defined by 

betweenness

???



A convex geometry is said to have

Caratheodory number k

if, and only if, every point of every convex set C

belongs to the convex hull of some set of

at most k extreme points of C



A convex geometry is said to have

Caratheodory number k

if, and only if, every point of every convex set C

belongs to the convex hull of some set of

at most k extreme points of C

Interval convexity in partially ordered sets

is a convex geometry of Caratheodory number 2 



A convex geometry is said to have

Caratheodory number k

if, and only if, every point of every convex set C

belongs to the convex hull of some set of

at most k extreme points of C

Monophonic convexity in triangulated graphs

is a convex geometry of Caratheodory number 2 

Theorem (Farber & Jamison 1986):

Interval convexity in partially ordered sets

is a convex geometry of Caratheodory number 2 



interval convexity

In partially ordered sets

convex geometries

monophonic convexity

In triangulated graphs

convex 

geometries 

defined by 

betweenness

???



interval convexity

In partially ordered sets

convex geometries

monophonic convexity

In triangulated graphs

convex 

geometries 

defined by 

betweenness

Caratheodory

number 2



interval convexity

In partially ordered sets

convex geometries

monophonic convexity

In triangulated graphs

convex 

geometries 

defined by 

betweenness

Caratheodory

number 2



Theorem (C. 2008):

A betweenness B  defines 

a convex geometry of Caratheodory number 2 

whenever it has the following property:



Theorem (C. 2008):

A betweenness B  defines 

a convex geometry of Caratheodory number 2 

whenever it has the following property:

If both (B,C,D) and (A,D,E) belong to B,

then at least one of (B,C,A), (B,C,E), (A,C,E) belongs to B.



Theorem (C. 2008):

A betweenness B  defines 

a convex geometry of Caratheodory number 2 

whenever it has the following property:

If both (B,C,D) and (A,D,E) belong to B,

then at least one of (B,C,A), (B,C,E), (A,C,E) belongs to B.

A D E

C

B



Theorem (C. 2008):

A betweenness B  defines 

a convex geometry of Caratheodory number 2 

whenever it has the following property:

If both (B,C,D) and (A,D,E) belong to B,

then at least one of (B,C,A), (B,C,E), (A,C,E) belongs to B.

A D E

C

B

Points A,B,C,D,E 

may not be all distinct!



Theorem (C. 2008):

A betweenness B  defines 
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Theorem (C. 2008):

A betweenness B  defines 

a convex geometry of Caratheodory number 2 

whenever it has the following property:

If both (B,C,D) and (A,D,E) belong to B,

then at least one of (B,C,A), (B,C,E), (A,C,E) belongs to B.

A D E

C

B

C=A

D

E

B

etc.
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Hans Reichenbach

1891 - 1953

• doctoral thesis on philosophical

aspects of probability theory

• one of the five people to attend

Einstein’s first course on relativity

• founded the Berlin Circle (David Hilbert, Richard von Mises, …)

• with Rudolf Carnap, founded the journal Erkenntnis

• dissertation supervisor of Hillary Putnam and Wesley Salmon

• The Rise of Scientific Philosophy 

• theory of tense (12 pages in Elements of Symbolic Logic)
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found 922 works citing it

University of California Press, 1956
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1 > P(C|B) > P(C|A) > P(C) > 0,
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Equation P(C | A&B) = P(C|B) can be written as 
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Inequality P(C|A) > P(C) means that

A and C are positively correlated
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contains no directed cycles.

Question: When is a ternary relation B

isomorphic to a causal betweenness?

Answer (Baoyindureng Wu and V.C. 2009):

If and only if it is a betweenness



Definition of G(B)



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}



Definition of G(B) Example: B consists of

(C,A,B), (B,A,C),

(D,B,C), (C,B,D),

(A,C,D), (D,C,A),

(B,D,A), (A,D,B).

Its vertices are all sets of two events.

Each pair (X,Y,Z), (Z,Y,X) of triples in B

gives rise to a pair of directed edges:

one from {X,Y} to {X,Z}

and the other from {Y,Z} to {X,Z}.

{A,B}

{A,D} 

{B,D} 

{A,C}  

{B,C}{C,D}

Abstract causal betweennesses

can be recognized in polynomial time
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Events A,B,C constitute a conjunctive fork if, and only if

B and A are positively correlated,

B and C are positively correlated,

B screens off A from C,  

the complement of B screens off A from C                

Question: When is a ternary relation B

isomorphic to the conjunctive fork betweenness?

Here, B can be a common cause of A and C or a common effect of A and C
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--- WARNING ---

If an event B is causally between events A and C, 

then it does not necessarily occur between A and C:

it can occur before both A and C 

and it can occur after both A and C.

B is causally between A and C

B occurs between A and C
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Definition

A ternary relation B on a set X is called totally orderable if, and only if,

there is a mapping t from X into a totally ordered set 

such that, for each (A,B,C) in B, either t(A)< t(B)< t(C) or t(C)< t(B)< t(A).

How about betweennesses B such that

(A,B,C) is in B if and only if B is between A and C

both causally and in time?
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Justification: If B is totally orderable,  then G(B) contains no directed cycle.

Fact: Every totally orderable betweenness is causal.

| t(A)–t(B) |  < | t(A)–t(C) | 

{A,B} {A,C}

Opatrny (1979):

The problem of recognizing totally orderable ternary relations  is NP-complete.

The problem of recognizing totally orderable 

abstract causal betwennesses is NP-complete.



convex 

geometries 

defined by 

betweenness

convexity                              

spaces with 

Caratheodory  

number 2



convex 

geometries 

defined by 

betweenness

convexity                              

spaces with 

Caratheodory  

number 2

How difficult is the problem of          

recognizing betweennesses that 

define convex geometries             

of Caratheodory number 2?



convex 

geometries 

defined by 

betweenness

convexity                              

spaces with 

Caratheodory  

number 2

Work in progress: Laurent Beaudou, Ehsan Chiniforooshan, V.C.
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recognizing betweennesses that 

define convex geometries             
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