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Abstract

Of late, new insight into the study of randarBAT
formulae has been gained from the introduction of
a concept inspired by models of physics, the ‘back-
bone’ of a SAT formula which corresponds to the
variables having a fixed truth value in all assign-
ments satisfying the maximum number of clauses.
In the present paper, we show that this concept, al-
ready invaluable from a theoretical viewpointin the
study of the satisfiability transition, can also play an
important role in the design of efficient DPL-type
algorithms for solving hard randokSAT formu-

lae and more specifically-SAT formulae. We de-
fine a heuristic search for variables belonging to the
backbone of 8-SAT formula which are chosen as
branch nodes for the tree developed by a DPL-type
procedure. We give in addition a simple technique
to magnify the effect of the heuristic. Implementa-
tion yields DPL-type algorithms with a significant
performance improvement over the best current al-
gorithms, making it possible to handle unsatisfiable
hard 3-SAT formulae up to 700 variables.

Introduction

formulae which are well known to be solvable in polyno-
mial time), at the threshold, fot > 3 a peak of difficulty

of solving is observed and this peak grows exponentially as a
function ofn. This intriguing property correlating the satis-
fiability threshold with the hardness &fSAT formulae, has
stimulated many theoretical as well as experimental sgdie
eliciting a better understanding of the phase transitiog- ph
nomenon and progress in solving hard SAT formulae.
Recently, the satisfiability phase transition has attchotach
attention from physicists. Sophisticated models of diatib
physics have been evolved over the past few decades to pre-
dict and analyze certain phase transitions, and these can be
compared, from a theoretical viewpoint, with the satisfigbi
transition. This has shed new light on the question. In parti
ularin 1999, an insightful concept was introduced, the ksac
bone’ of a SAT formuldMonassoret al, 1999. The back-
bone corresponds to the set of variables having a fixed truth
value in all assignments satisfying the maximum number of
clauses of &-SAT formula (cf MaxSAT). The relevance of
this concept is connected to the fact that the number of solu-
tions (i.e. satisfying assignments) of a satisfiable randem
SAT formula has been proved to be almost surely exponential
as a function of, up to and at the thresho[@oufkhad and
Dubois, 1999, a result corroborated in its MaxSAT version
by the physics model known as ‘Replica Symmetric ansatz’.
This concept of backbone ofiaSAT formula has turned out

The Satisfiability Problem, as one of the basic NP-completg, play an important role in theoretical studies, allowiog f
problems[Garey and Johnson, 197thas appeared to pos- eyample, the scaling window of the 2-SAT transition to be de-
sess a property of great interest with respect to compuiltio ermined[Bollobaset al., 200d. We show in this paper that
complexity. Random CNF formulae in which each clause haghe concept of backbone can also play an important role in
a fixed numbet of literals, known as:-SAT formulae, €x-  mqre efficiently solving hard-SAT formulae. We will focus
hibit with respect to satisfiability, a so-called phase ¢ian articularly on 3-SAT formulae which are the easies3AT

tion phenomenon such that the SAT formulae at the transitiofy mulae fo handle (fot > 3) and therefore at present the
appear in probability the most difficult to solve. This prop- yqst studied in the literature. The hard 3-SAT formulae are
erty, initially described inMitchell et al, 1994 and since generated randomly with a raticaroundé.25 which appears
studied in numerous papef€rawford and Auton, 1993; eynerimentally to be close to the threshold value. In the las
Gent and Walsh, 1994as the following practical manifes- en years, the best-performing complete solving algorithm
tation. When in an experiment clauses with exactly lit- ;o “those definitely determining whether a solution &exis
erals,k = 2, 3, 4 ... (limited to manageable sizes of formu- o) have been based on the classical DPL proceldaeis
lag), over a set ofi boolean variables, are chosen at randomg; 5| 1964. Important progress was achieved, making it
with a fixed ratioc = m/n, the probability of sat|sf|ab'|lllty possible at present, for example, to Salv&AT hard formu-
falls abruptly from neai to near0 asc passes some critical |56 with 300 variables (and therefore with 1275 clauses) in
value called the threshold. Moreover (leaving aside Z'SATrougth the same computing time as formulae with 100 vari-

" “This work was supported by Advanced Micro Devices Inc. ables (and 425 clauses) ten years ago under equivalent com-



puting conditions. the set of theu(?) literals constitutes the backbor¢) of
The DPL-type procedures which have led to this progress/ (¢). Furthermore, the assignments refuted as possible so-
were all designed according to a single viewpoint, that oflutions of F' at different leaves df’ are distinct (form disjoint
dealing with the clauses which remain not satisfied at succesets), and their total number equadls Hence, in lowering
sive nodes of the solving tree, trying mainly to reduce thenthe number of leaves @f two factors intervene, namelyi)
as much as possible in number and in size. Clauses alreadlye size of the setS(¢) must be as large as possible, diid
satisfied in the course of solving were not considered. Bythe equality2” #(*) = |S(¢)| must hold most of the time, at
using the concept of backbone we change this viewpoint, foleast approximately.
cusing on the clauses whidanbe satisfied in the course of The above considerations extend to all node§ ofIn this
solving, andhow. Thus, we first explain in this paper how case, at any nodg 2" *()) represents the potential maxi-
with this new viewpoint, the size of trees developed by amum number of assignments that can be refuted as possible
DPL-type procedure can be efficiently reduced. Then we givgolutions ofF' at the nodej. According to the above view-
practically a simple branching heuristic based on the $earcpoint, the global condition in order best to reduce the size o
for variables belonging to the backbone of a formula, andr is that, from the root to a nearest nogiditerals be cho-
we show that it brings immediately an improvement in per-sen which constitute a backbone relative to some subset of
formance compared with the best current heuristic, this imclauses ofF. Indeed, the nearer the nogés to the root,
provement increasing with the number of variables. We furthe smaller the set/(j) of satisfied clauses will tend to be.
ther present a technique to magnify the effect of the hearist Now, the crucial point is that any assignment giving the galu
Combining this heuristic and this technique in a DPL-typeFALSE to at least one literal of the backbone, can be refuted
procedure, we obtain significant performance improvementsn the basis of the subski () of clauses associated &Y(7).
over existing SAT solvers in the literature, solving ursati If the set)M () is of small size, it is then to be expected that
fiable hard random 3-SAT formulae with 200 to 600 vari- any refutation derived fron (j) be short, i.e. that the refu-
ables from 1.2 to about 3 times faster than by the current bestion tree for all such assignments be of small size. Let us
suitable algorithms, particularlyatz214[Li, 1999. More- illustrate this with the following very simple example. Sup
over, hard 3-SAT formulae up to 700 variables are shown tgose that among all the clausesfothere are 4 of the form:
be solvable by our procedure in about 25 days of computing(z v y v 2); (z Vy VZ);(z VTV t);(z VT V). The
time, which begins to be relatively acceptable. These éxperbackbone of these 4 clauses reduces to the literalccord-
mental results reported in the present paper bring an up begig to the above principle, this literal is a preferentiabicte
view in contrast to the misgivings expressedlinand Ger-  for a branch stemming from the root. In the branch of the
ard, 2000 about the possibility to obtain further significant literal z, refutations are obtained by branching just twice, ap-
progress with DPL-type algorithms, which went as far as toplying the same principle of bringing forward a backbone at
s_ugge_st that the best current algorithms could be closeio th the nearest possible node, thus either 7 will be chosen
limitations. indifferently. Note that in this example the backbone searc
principle includes in its general form the notion of resaiive
2 An approach using the concept of backbone Wwithout using it. The literak: could of course be inferred by

i ‘i _ applying classical resolution.
for designing efficient DPL-type procedures. We next detail a heuristic and a technique which embody the

In this section, we need to generalize the notion of backbonforegoing, if only partially.
of a SAT formulaF. Given a set of clause$, no longer nec- ) o
essarily of maximum size, we define thackbone associated 2.1 A backbone-variables search heuristic

to A as the set of literals of having the truth value TRUE in  Consider a generic nogeof the refutation tre@ of F, and let

all assignments satisfying the clausesdof _ F(j) be the reduced formula at nogleThe heuristic (Figure
Since the overall performance of a complete algorithm on) described below aims at selecting literals that may tglon
random SAT formulae depends essentially on how it handleg a hypothetical backbone associated to a subset of clauses
unsatisfiable formulae, in the remainder of this section wesf F of the smallest possible size. The simple idea sustain-
consider onlyunsatisfiable3-SAT formulae. Let, theni” be  ing this heuristic is to estimate the number of ‘possitaiti

an unsatisfiable 3-SAT formula with clauses built on alsef for a given literalt of F(]) to be constrained to TRUE in

2n literals, itself derived from a séf of n boolean variables. the clauses of(j) where it appears. E.g., f(j) contains
Let T be the so-calledefutation treeof F, as developed by the clause(t v u V v), one possibility fort to be TRUE is

a DPL-type procedure. At each le&bf T', an inconsistency (4 v v) = FALSE. If in additionw andv appearp andq

is detected._ Let (£) be the subset of clauses bfsatisfied  times, respectively, in clauses BYj), the number of possi-

by they(¢) literals set to TRUE along the path(¢) fromthe pijlities for ¢ to be TRUE can be estimatedagat this second
root of " to the leafl. Call S(¢) the set of assignments satis- |evel by setting to FALSE the necessary literals in the @sus
fying M (£). Suppose there is a backboB¢/) associated to  wherew andv appear. If howevel: andw appear in both
M(¢). From the above-mentioned theoretical study, this carminary and ternary clauses, we must consider the posgibilit
be expected in practice often to be the case at the leav®s of to be greater when a binary rather than a ternary clause is
The inconsistency detected @means thae"~+() assign- involved, since a single literal is required to have the galu
ments are refuted as possible solutiong'ofWe have the in-  FALSE instead of two. To evaluate a 'possibility’, we there-
equality: 2"~ #() < |S(¢)|. Equality obtains precisely when fore weight the relevant binary and ternary clauses. But for



Seti + 0 and letMAX be an integer. (2p1 (@) +p2(a)) (2p1 (B)+p2(B)) +(2p1 () +p2 () (2p1 (€) +

Proc h(t) pa(e)) =2+ 1)(1) + (2+1)(2) = 9.
it We assessed the performance of the heufiéty in a pure
computer(¢) DPL procedure. At each node of the tree developed by the
if i <MAXthen procedure, the produéi(x:)h (%) was computed for every as
o yet unassigned variable The chosen branching variable was
Return > h(m)h(D) that corresponding to the maximum valueigk) i (z) at the
(wVv)EL(t) node under consideration. The prodi¢t)h(Z) favors op-
else posite literals which may each belong to a different baclébon
relative to a separate subset of clauses. The performance of
Return > (2p:(7) + p2(W))(2p1 (T) + pa (D)) this heuristic was compared to that of a heuristic of the type
(uvv)EL(t) used in recent algorithms. We implemented the heuristic of
end if the solver satz214 [Li, 1999, appearing currently to be the

fastest for solving random 3-SAT formulae. We solved sam-
ples of 200 random 3-SAT formulae having from 200 to 300
variables in steps of 25, and a clauses-to-variables rdtio o
4.25. For every considered number of variables, the mean
ratio of the computation time with theatz21heuristic com-
pared to the computation time with the heuristic described

Figure 1: backbone search heurigtic

the heuristic evaluation, only the ratio of the weightingestm
ters. As a first approximation, we take the ratio of probabili
:'ﬁs r']n a Fﬁf‘dfom ?SS|gnmen|t, 't'.e' s||mp:y 3 r?uodo]f 2); Withingpove (h” heuristic), for a level limited to 3, has been plot-

€ heunstic tunction, asvajuation [EVeIS detined Iot, aS a4 on Figure 2. The smooth line connecting the consecu-

exemplified by the above allusion to a second-level evaluag e hoints shows the evolution of this mean ratio from 200
tion of t. To be precise, the evaluation level is the number o

, . . 0 300 variables. This ratio is seen to be markedly above 1,
ternary clauses which must successively be broughtinto plajy jcreases from 1.2 to 1.3 with accelerated growth. Table 1
in order to reach the conclusion thiais TRUE, following

the aforementioned principle. Fixing an evaluation letist
limits the number of ternary clauses to be used before con- 1.3

cluding thatt is TRUE. On the other hand, there is no need to é 1.28. 4 - |
limit the number ofbinary clauses that can be used, withor g fime(satz214 heuristic)
without ternary ones. Since binary clauses, due to theliatt t T 1260 time(n) 8
a single literal has to be FALSE, do not give rise to combina- 2 ,,, |
tions, their use does not increase the computational comple §

ity of the heuristic. At a given node of the refutation trek, a o 122 ]
literals must be evaluated to the same level so asto guarante & 1, i
comparable evaluations. The heuristic functiom Figure g

1 embodies the simple principles just stated. The estimatio L1800 225 250 275 300 325 350
level equals the number of recursive callg:{@), namely the

constant MAX augmented by 1. For the formal definition of
the heuristic, there remains to introduce two types of skets OFigure 2: mean time ratio sfatz214heuristic to ‘" heuristic
clauses.C(t) denotes the set of binary or unary clauses) de-On hard .random 3-SAT unsatisfiable formulae
rived by eliminatingt, from the clauses of'(j) wheret ap- '

pears. Lep, (u) andp (u) be the number of unary and binary iyes the mean size of the tree developed with either heuris-

c:auses (rjespe((:jtifvely ?(7")' z (tl) is th;gﬁe)t of ariltaintary S#b]: tic. These results immediately demonstrate the advantge o
clauses derived irom ternary clause suchthateach ol the approach based on the concept of backbone.
these binary subclauses set to FALSE, impti#RUE either PP P

directly or by virtue of certain unary clauses having theseal

size of hard random unsatisfiable problem (in #variable

FALSE. Let us take an example showing how to compute the size of formulae | “h” heuristic  satz214heuristic
heuristich. Consider the following set of clauses: in #vars mean #nodes  mean #nodes
(xvavb)A(zVe)A@VdVe)AlaV fVd) AlaVg)A 200 1556 Toa7
bV fVg) A(dVe). 225 3165 3363

We evaluatéi(z) on the above set of clauses wittAX set to 250 8229 8774

1. We haveZ(z) = {aVb,dVe}. To carry out the evaluation, 275 18611 20137
the set< () must be determined for each literahppearing 300 36994 41259

in the clauses of (x), in order to know the values, (u) and 325 77744 93279
p2(u). We thus haveC(a) = {f Vv d,g}, C(b) = {f V g}, 350 178813 252397

C(d) = {e,aV f} andC(e) = {d}. With regard taC(a), we _ . o
havep; (a) = 1 because of the unary claugeandp,(a) =1  Table 1: average size of tree built lsptz214heuristic and

owing to f v d. Proceeding thus for all variables in the clauses N heuristic on hard random 3-SAT unsatisfiable formulae.
of Z(z), the value ofi(x) is :



2.2 Picking backbone variables (B V ), which subsumeéz v 8 V 7).

Example 4:
The technique described in this section aims atimproviegth(z v b) A (zV AV A) A (YV YA (FVe)A
efficiency of the previous heuristic by detecting eitlitar- TVa)A@vdve) AEVB)AFVEABVeVd)

als whichmustbelong to some backbone relative to some segetting,: to TRUE does not lead to an inconsistency. Yet set-
of clauses, oclauseshatcannotbe associated to literals be- ting 3 alone to FALSE in(3 V ~) allows to deduct the value

longing to a backbone. Only the principles of the techniquegp| Sg for -, thus validating a stronger pickback than in the
are given in this section, together with illustrative exaesp Previous example.

A literal t has to belong to a backbone relative to some set o _
clauses, if among all possibilities leadingitoeing TRUE, at 3 Experimental results

least one will necessarily hold. Take the simple example Ofry 4y heyristic and the technique just described in section 2

tEhe follcl)wierg clauses: were implemented in a DPL procedure. This implementation
xangp el b VT is denoteccnfs(short for CNF solver). In this section com-
(aVO)A(@vh)A(zVgVh) A parative performance results are given, pittomgsagainst 4
(ave)A(avg) A(@veV fIA(zVbVe) . solvers which currently appear to be the best performers on
Consider the literak. At the first level, the possibilities that it E-SAT or 3-SAT random formulae. These are: TABLEAU in
betruearggvh = FALSE) and(bVc = FALSE). Atthe  jis yersiomtab[Crawford and Auton, 1993posit[Freeman,
seco_nd level, these p053|b|I|t.|es become sinaply FALSE 1994, csat[Duboiset al., 1994, andsatz214 [Li, 1999].
anda = FALSE. Necessarily one or the o@her will obta|.n. In addition we consider 2 strong solvesato[Zhang, 1997,
Therefores: belongs to the backbone associated to the giveRe| sat[Bayardo and Schrag, 19p&hich are more devoted
set of clauses. _ to structured formulae than to random formulae. We carried
Conversely, a literad in some clause cannot belong to a back-oyt our experimentations on random 3-SAT formulae gener-
bone, if setting to TRUE, it leads to an inconsistency. Thisateq as per the classical generators in the literaturee@eh
principle generalizes the classical local treatment ocdiMis-  ¢|ause drawn independently and built by randomly drawing

tency de'tection at gaach node of a solving tree, such as impley among a fixed number of variables, then negating each
mented incsat posit andsatz214 As an example, take the yjth probability 1). In order that the impact of the back-

following clauses: bone approach used amfsbe shown with as much precision
Example 2: ; ; i

S _ as possible, our experiments covered a wide range of formula
(VB A(ETVAVDH) A(TVe)A _ sizes, going from 200 to 700 variables and drawing large sam-
(Ve) AN(xVBVa)A(EVa)A(eVaVhb) ples. The hardware consisted of AMD Athlon-equippB@s

According to the criteria usually adopted by algorithmshie t  running at 1 GHz under a Linux operating system. The com-

literature, only the literaf or at most the 2 literals andz in  parative results thus obtained are now to be given in detail.
the clauses of Example 2 will be selected for a local treatmen

of inconsistency detection. Settingo TRUE leadsto anin- 3.1 Performance comparison results

co_nsistency by unit propagation. From the backbone ViewComparative results from 200 to 400 variables

point, - cannot, therefore, belong to a backbone. As men—ype 5 gives the mean sizes of the solving trees developed
tioned, this case is classically handled by existing atbors. by the 7 programs under scrutinsato, relsat, ntab, csat,
Now suppose that, instead of the sixth cla(ise a) we have posit, satz214ndcnfs on samples of 1000 formulae with

the clausee v a v ). Unit propagation no longer detects 54 44 300 variables, and on samples of 500 formulae with
an inconsistency. On the other hand, following our backbonger0 variables. Mean tree sizes are expressed as numbers of
viewpoint and without changing the classical selection cri o, hing nodes, and are listed separately for satisfiatdle a
teria for the local treatment of inconsistencies (whichafre unsatisfiable forn,1ulae They are found to be from 8 to about
recognized efficiency), it is possible to detect that the firs | 5’405 smaller focnfsthan for the 4 solverstab, csat,
E:Zﬂzgscgﬂé?mg'w(guﬁ @égﬁnr;gt;%gg:?ﬁ;ﬁéoreﬁafi\eé?g positandsatz214in the case of unsatisfiable formulae, and

; g X from 9 to 1.6 times smaller for satisfiable formulae; these ra
this set. Indeed, the only possibility thate TRUE is that oo qenand on both solver and formula size. It is important

B rc?eaFglt_'cS)r?. 22 ;nggﬂigteZ%yé-gvéé?'{SWTSF}SEE"Qn%ytﬁQ't to observe that the compute time ratioanffswith respect to
propagation. qu ' ' each of the other 6 solvers increases with formula size.eTabl

clause(z v B? cannot pe associateq toa backbone ir]cludinga shows how improved tree sizes obtained witifistranslate
z. The technique inspired by the principle just stated isechll into computation times. Compute time ratioscofswith re-

D'Ckbf%‘* . . spect tontab, csat, posiandsatz214are seen to vary from

We briefly mention two other examples which show the gen-g't, 1 3 i the unsatisfiable, and from 29 to 1.75 in the sat-

Era;ll;atlgrgof this principle. isfiable case. Tree size improvements thus carry over into
xample S equivalent computation time gains. These first results show

(@Va)A(zVEVY)ADVAVY)AEVEA therefore, thatnfsprovides, in the range of formulae from
(Vb)) A(@vpBVve) ANEVeV fYAdVyV )

Settingz to TRUE does not lead to an inconsistency. Yet, !The newsatz215has, from our first experiments, similar perfor-
setting(g3 Vv v) to FALSE by ‘pickback’ leads, via unit propa- mances on Random 3-SAT formulaesa$z214
gation, to an inconsistency. We may therefore add this elaus  ?Advanced Micro Devices Inc. (http://www.amd.com)



unsat (N) 200V 850 C 300V 1275C 400V 1700 C unsat (N) 200V 850C 300V 1275C 400V 1700C
Sﬁ{fe,s & (482N) (518 Y) (456 N) (534 Y) (245N) (255 Y) Sif,Te,S & (482N) (518Y) (456 N)(534Y) (245N) (255 )
mean #nodes mean #nodes mean #nodes in mean time mean time mean time
sat (¥) (std dey) (std dey millions (std dey sat(v) (std dey (std dey (std dey
sato unsat 14076 (5229 443313 (109699 - sato unsat 89.25(84.69 18h 27m(7h)
sat 4229 (4754 151728(157103 - sat 13.25(389 4h (6h 40m)
rel.sat unsat 1319 (539 56064 (26139 2.2 (0.9 reLsat unsat 4.5s5(1.99 343s(1693 6h 29m(2h 47nm)
sat 478 (452 18009(19217 0.82(0.89 sat 1.6s(1.69 114.35(1239 2h 30m(2h 40m)
ntab unsat 973 (764 78042 (33222 3.0 (1.9 ntab unsat 0.815(0.309 48.0s(20.69 48m 15523m 213
sat 756 (673 27117(27799 1.1(1.2 sat 0.38s(0.289 16.65(16.89 18m 5s(19m 163
csat unsat 2553 (997 90616 (37729 3.6 (1.7 csat unsat 0.475(0.209 29.65(13.39 29m 1s(14m 363
sat 733 (763 26439 (31224 1.8 (2.4 sat 0.15s(0.159 9.0s(10.79 7m 47s(10m 13
posit unsat 1992 (754 82572 (35369 3.4 (17 posit unsat 0.28s(0.19 15.15(6.69 13m 7s(6m 353
sat 789 (694 34016 (31669 1.5 (1.9 sat 0.11s5(0.19 6.3s(5.99 5m 565s(5m 363
satz214 unsat 623 (206 18480 (7050 0.56 (0.23 satz214 unsat 0.17s(0.059 4.9s(1.89 2m 44s(1m 093
sat 237 (216 6304 (6541) 0.21 (0.2 sat 0.075(0.059 1.7s(1.79 1m 05s(1m 033
onfs unsat 470 (156) 12739 (4753 0.37 (0.19 enfs unsat 0.13s(0.049 3.7s(1.39 1m 50s(0m 433
sat 149 (154 3607 (4089 0.12 (0.13 sat 0.04s(0.049 1.1s(129 Om 37s(0m 403

Table 2: average size of tree on hard random 3-SAT formuladable 3: mean computation time on hard random 3-SAT for-
from 200 to 400 variables fosatq rel_sat TABLEAU csat ~ mulae from 200 to 400 variables featq rel_sat TABLEAU
POSIT, satz214& cnfssolvers csat POSIT, satz214& cnfssolvers

200 to 400 variables, significant performance improvementsTable 4 contains precise compared mean values of tree size
that increase with formula size, in terms of tree size as well

as computation time. wvars | unsat (N m"ﬂﬁggs#(';‘t’ggz\;” mean time ¢td dey)

Further performance comparisons with satz214 Felauses] ==t [™enfs | satz214 cnfs | satz214
Pursuing this line of experimentation, we now offer perfor-| soov | ssn | 833 | 16.6(7.2 | 49m 10s21m533 | 91m 025399
mance comparison results on formulae from 400 to 600 vari+ 212sc | 62y | 2538 | 6572 | 15m24gi9m23 | 36m 21409
ables with thesatz214solver, which performs best of the 6 | soov | asn | 1787y | 857 373 23h 18m(9h) 64h 32m(28h)
against whictenfs was measured up to now. 2550C | s2v | 37.8(50 | 233(319 4h 54m(6.5h 18h 20m(24h)
We first solved samples of 100 formulae from 400 to 600 vari-
ables in increments of 20. Figure 3 shows the mean compuFable 4: average size of tree and mean computation time on
hard random 3-SAT formulae from 500 and 600 variables

and computation time on formulae with 500 and 600 vari-

ables, listing the satisfiable and unsatisfiable casesatabar

7 Tree size gain increase offsversussatz214may be noticed

not to carry over entirely into computation time gain in@ea

. Indeed, the gain factor fanfson unsatisfiable formulae goes

from 2 for 500 variables to 4.8 for 600. This probably reflects

the high cost of the backbone-variable search heuristi@ On

can therefore hope that technical improvements of therlatte

S a0 0 s %0 will lead to yet greater computation time performance gains

50000 Finally, Figure 4 sums up, on the whole range 200 to 600

/ variables, the evolution of the gain ratio@ifsvs satz214n

0 i computation time and tree size. These curves clearly demon-

400 420 440 460 480 500 520 540 560 580 600  gprate g complexity function gain ehfsoversat214on ran-
size of hard random unsatisfiable problem (in #variables) dom 3-SAT formulae

250000

200000 5000

4000+
1500001 3000-

2000+
1000001 10001

1
500

average computation time (in seconds)

Figure 3: mean computation time sdtz214& cnfson 3-SAT Solving hard 3-SAT formulae up to 700 variables
hard random unsatisfiable formulae from 400 to 600 variableg . tha reader’s information. Table 5 shows homfs per-

tation time curves (plotted in the same way as for the Figurdorms in computation time and number of nodes on two sam-
2) of satz214andcnfsfor the unsatisfiable formulae within ples of 30 formulae with 650 and 700 variables, respectively
the solved samples. Indeed, the most significant performmand-ormulae with 700 variables, regarded as quite large forcom
figure for a complete algorithm is on unsatisfiable formulae plete solving methodESelmanet al., 1997 are now within
The gain previously observed between 200 and 400 variablagach, and this in approximately 600 machine hours on a
is seen further to increase from 400 to 666fsis 1.85 times  single-processor ‘domestic’ PC. Let us also indicate tbat f
faster tharsatz214or 500 variables, and 2.78 times faster for random formulae with 700 variables, irrespective of thatr s
600. isfiability, the mean solving time witbnfsis about 300 hours.
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