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Abstract

Deciding what to branch on at each node is a key
element of search algorithms. We present four
families of methods for selecting what question to
branch on. They are all information-theoretically
motivated toreduce uncertainty in remaining sub-
problems In the first family, a good variable to
branch on is selected based on lookahead. In
real-world procurement optimization, this entropic
branching method outperforms default CPLEX and
strong branching. The second family combines this
idea with strong branching. The third family does
not use lookahead, but instead exploits features of
the underlying structure of the problem. Exper-
iments show that this family significantly outper-
forms the state-of-the-art branching strategy when
the problem includes indicator variables as the key
driver of complexity. The fourth family is about
branching using carefully constructed linear in-
equality constraints ovesetsof variables.
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facility location[Nemhauser and Wolsey, 1999nteger pro-
gramming is the problem of optimizing a linear function sub-
ject to linear constraints and integrality constraints ome

of the variables. Formally:

Definition 1 (0-1 integer programming)

Given ann-tuple ¢ of rationals, anm-tuple b of rationals,
and anm x n matrix A of rationals, the0O-1 integer pro-
gramming problenis to find then-tuple z such thatdx < b,

x € {0,1}™, andc - z is minimized.

If some variables are constrained to be integers (not neces-
sarily binary), then the problem is simply called integes-pr
gramming. If not all variables are constrained to be integra
(they can be real), then the problem is caltatkedinteger
programming (MIP). Otherwise, the problem is callaare
integer programming.

While (the decision version of) MIP igV"P-complete
[Karp, 1972, there are many sophisticated techniques that
can solve very large instances in practice. We now review the
existing techniques upon which we build our methods.

Branch-and-bound
In branch-and-boundearch, the best solution found so far
(theincumbentis kept in memory. Once a node in the search

Search is a fundamental technique for problem solving irtree is generated, a lower bound (aka. faestimate) on the
Al and operations research (OR). At a node of the searcBolution value is computed by solving a relaxed version of
tree, the search algorithm poses a question, and then tries athe problem while honoring the commitments made on the
the different answers (which correspond to the branches ensearch path so farThe most common method for doing this
anating from that node). Many different ways of decidingis to solve the problem while relaxing only the integralibne
which question to pose (branching strategies) have bedn stustraints of all undecided variables; tHatear program (LP)
ied. In this paper we introduce a new paradigm for develop<an be solved fast in practice, for example using the simplex
ing branching strategies, employing information theorthas  algorithm (and in polynomial worst-case time using interio
principle that guides the development. In the context of-sol point methods). A path terminates when the lower bound is
ing integer programs, we develop four high-level familiés o at least the value of the incumbent. Once all paths have ter-
strategies, and show that some of those families significant minated, the incumbent is a provably optimal solution.
improve performance over existing strategies. All fouatgr There are several ways to decide which leaf node of the
gies aim to reduce the uncertainty in the current subtree.  search tree to expand next. For example,depth-first

The rest of this section introduces the necessary backsranch-and-bound, the most recent node is expanded next.
ground material. Each of the following four sections intro- In A* search[Hart et al, 1969 (aka. best-boundsearch
duces one high-level family of new strategies. [Wolsey, 1999), the leaf with the lowest lower bound is ex-

) panded next. A* is desirable in the sense that no optimal

1.1 Integer programming tree search algorithm can guarantee expanding fewer nodes
One of the most important computational problems in CS andDechter and Pearl, 1985 Therefore, in all of the experi-
OR s integer programming. Applications of integer program ments in this paper, we will use A* as the search strategy for
ming include scheduling, routing, VLSI circuit design, and all of the algorithms.



Branch-and-cut et al, 1994. We experimented with the following variations
A more modern algorithm for solving MIPs lsranch-and-  in addition to the method above:

cut, which first achieved success in solving large instances of 1. score(z;) « min{z!, 2%} + 10 - max{z!, 2%}

the traveling salesman problefRadberg and Rinaldi, 1987; 2, score(x;) «— 2! + 2%

1991, and is now the core of the fastest commercial general- 3. score(z;) — max{z!, 2}

purpose integer programming packages. Itis like branch-an 4 score(w;) — min{z!, 2%}

bound, except that in addition, the algorithm may generate ! K
cutting plane§Nemhauser and Wolsey, 1999 hey are con-
straints that, when added to the problem at a search nod

. score(z;) «— (1 — x;) 2! + ;2%
In our preliminary experiments, there was no variation that

; . ' . Hominated any of the others. We therefore decided to go with
result in a tighter LP polytope (while not cutting off the op- the variation i?; Algorithm 1, which has been shown tg per-

timal integer solution) and thus a higher lower bound. Th . .
higher lower bound in turn can cause earlier termination c‘;form well in practicel Applegateet al, 1994.

the search path, and thus yields smaller search trees. . . .
CPLEX[ILOG Inc, 2003 is a commercial software prod- 2 ENtropic lookahead for variable selection

uct for solving MIPs. It can be configured to support manyThe main idea behind our approaches is to treat the fradtiona
different branching algorithms, including branch-and-do  portion of integer-constrained variables as probabijtiedi-
addition, CPLEX makes available low-level interfaces for cating the probability with which we expect the variable & b
controlling the search. We configured the search order t@reater than its current value in the optimal solution. |gsin
A* and we vary the branching strategies as we will discussthis reasoning, our branching heuristic is designed toeyuid
We developed our branching methods in the framework othe search so as to remove uncertainty from the partial solu-
CPLEX, allowing us to take advantage of the many compotion in the current search node. For any search algorithen, th
nents already in CPLEX (such as the presolver, the cuttingeginning of the search is where there is the most unceytaint
plane engine, the LP solver, etc.) while allowing us flexiil  about the optimal solution to the problem. When the search
in developing our own methods. is complete, there is zero uncertainty as the optimal smiuti

: has been found. Our branching heuristic is designed to di-
Strong branching . rect the search from the root node (with high uncertainty) to
At every node of a tree search, the search algorithm has e optimal node (with zero uncertainty) in as direct a way
decide what question to branch on (and thus what the Chilyg"qqihle. We determine the variable to branch on using

dren of the node will be). One commonly used method iSone-step lookahead as in strong branching. The difference

to branch on the variable whose value is furthest from be- ; . P ;
ing integrallWolsey, 1998. In other words, the question is: is that instead of examining the objective values of poénti

. ) - ., ; child nodes, we examine the remainimgcertaintyin poten-
What should th? value of this vanable'be? ' ar]d the ChIIdrential child nodes, choosing a variable to branch on that gield
correspond to different answers to this question. For many.piidren with the least uncertainty

problem instances, this approach is effective. While there has been much work on developing branching

A{ mOLe %ophiitlicatgd ?pproacgr;, Whi%h Is k?](_atte’ra‘suilted fOheuristics, to our knowledge this is the first work that tedes
certain hard problem instances,sisong branchindApple- i ation-theoretic approach to guiding the searchgsec

o o o e i, Clear. merprein LP variabe vales as independer
node. The one-step lookahead computations solve the LP %_robabllmes IS an enormous inaccurate assumption, al-Sd It
laxation for each of the childreh ne that we approach with caution. Due to the constraints in
' the problem, the variables are indeed interdependent. How-
Algorithm 1 Strong Branching (SB) ever, because we are not attempting to derive theoretieal re
1. candidates «— {i | x; fractional} sults related to this assumption, and because we use the as-
2. For eachi € candidates: sumption only in deciding .how to branch \'Nlthl.n a sgarch
@) z7 — zi — |as) framework (and thus we still _guarantee_optlmallty), this as
I L - L sumption does not negatively interfere with any of our rssul
(b) Letzube solution of current LP W'.th”iug L], As we demonstrate later in our experiments, this assumption
(c) Letz" be solution of current LP with}* > [a;]. works well in practice, so it is not without mefit.

: l l . . . .

(d) score(z;) — 10 - min{z’, 2"} + max{z’, 2} Before we describe our approach to branching in search, it
3. " — argmax;c qndidates SCOTe(T) will be useful to define how we can quantify the “uncertainty”
4. Returni* of a partial solution. For this, we borrow some definitions

There are many different ways that step 2.d could be per1‘_r0m information theory, from which the primary contribu-

formed in Algorithm 1. The above method is frdfpplegate tion is the notion ofentropy[Shannon, 1948 which mea-

T sures the amount of uncertainty in a random event. Given an
10ften in practice, the lookahead is done onlygomeheuristi- ~ €vent with two outcomes (say 0 or 1), we can compute the

cally selected ones of those variables in order to reduce the numb&ntropy of the event from the probability of each outcome oc-

of LPs that need to be solved. Similarly, the child LPs are not solved:urring.

to optimality; the amount of work (such as the number of simplex

pivots) to perform on each child is a parameter. We will vary both  2Interpreting LP variables as probabilities is also used success-

of these parameters in our experiments. fully in randomized approximation algorithnigazirani, 2001.



Definition 2 (Entropy of a binary variable) 3 Combining SB and EB
Consider an event with two outcomes, 0 and 1. 4 be the
probability of outcome 1 occurring. Thdn— x is the proba-
bility of outcome 0 occurring and we can compute the entrop
of x as follows:

As can be observed from the pseudocode given in Algo-
rithms 1 and 2, SB and EB are computed quite similarly. A
Mhatural guestion arises: can we develop a hybrid approach
combining the strengths of both without using significantly
| —zlogex— (1 —z)logy(l—2):0<ax <1 more computational resources? In this section we answer thi
e(x) = { 0:z€{0,1}. question in the affirmative by introducing a second family of
i . . , variable selection strategies. In this family, SB and EB are
We define:(0) = e(1) = 0 sincelog, 0 is undefined. hybridized in different ways. Each of these methods reguire
It is possible to use other functions to measure the uncerenly a small amount of additional computation compared to
tainty in a binary variable. For example(z) = £ — |3 —z|  performingonly SB or EB (because the same lookahead with
ande(z) = x — 22 could alternatively be used. We exper- the same child LP solves is used). We classify our hybrid
imented using these other functions but found no major imapproaches into two categories: tie-breaking and combina-
provement compared to usirgz) as in Definition 2. Thus, tional.
throughout the rest of the paper, we will be using this compu-

tation fore(x). 3.1 Tie-breaking methods

Entropy is additive for independent variables so we canp this approach, we first perform the SB computations as in
compute the entropy of a group of variables as follows: Algorithm 1, but instead of simply branching on the variable
Definition 3 (Entropy of a group of binary variables) with best score, we break ties using an entropy computation.

Given a setY’ of probabilities corresponding to independent Since we have already computed the LP relaxations for each
binary events, we can compute the entropy of the setas:  branch, computing the entropy is a negligible computationa
cost (relative to computing the LP relaxations). In additio

entropy (X) = Z e(z) breaking exact ties, we can also consider two variables hav-
TEX ing SB scores withinc% of each other as tied. For a given
wheree(z) is as in Definition 2. percentage:, we refer to this method as TB(x%).

While it is generally possible for there to be multiple opti- S
mal solutions in an optimization problem, it is worth noting 3-2 Combinational methods
that all optimal solutions will have zero uncertainty aaing ~ We present two methods of combining information from SB
to \t/f\}lr? measur_e.bI _ ed 1o be i ( anc_i IEIIB in _orr]dﬁr t(t)) compute a_Tlinr?Ie sbcokr)e forﬁ\:jariable. The
en a variabler is constrained to be integer (not neces- variable with the best score will then be branched on.
sarily binary), we measure(-) on the fractional portion of The first method, RANK, performs the computation for
the variablex — |z|. SB and EB first. (Again, these computations are performed
Now we are ready to present our variable selection methodsimultaneously at little additional cost beyond doing eith
Algorithm 2 Entropic Branching (EB) SB or EB alone.) Define-anksp(z;) to be the rank of
1. candidates — {i | z; fractional} variablez; in terms of its SB scorei.g., the var_lable W_lth
S : the largest score would have rank 1, the variable with the
2. For eachi € candidates: .
@ 2 — 2 — |z second-largest score would have rank 2, and so on). Sim-
o I - _ ilarly, define rankgp(z;) to be the rank of variable:; in
(b) te:?u%e sollut;pn vecttor Offlliw'.t?lﬁiuétm' terms of its EB entropy. Then, for each variable, we let
(c) Letz* be solu 1on vector ot L= with,” = Wﬂ;u rank(x;) = ranksp(x;)+rankgp(z;) and choose the vari-
.(d) €ntrol?y($i) — (L —xp)e (25) +xpe () aplex, with the smallest rank.
3. % — argmin, ¢ .o ndidates €NETropy(2;) The second method, COMB(1 — «), computes a convex
4. Returm* combination of the SB score (with weigh) and the current

EB is ageneralmethod, usable on any MIP as it does not€ntropy minus the EB score (with weigit— «). It then
make any assumptions about the underlying model for théelects the variable with the highest final score.
problem on which it is used. EB (and SB) could be modified )
to perform more than one-step lookahead in a straightfatwar3-3  Experiments on these lookahead-based
way. However, we suspect that this increased computational ~ branching strategies

effort would not reduce tree size enough to be beneficial.  we conducted a host of experiments with the search methods
For illustrative purposes, there is an interesting (thougth  described above, both on MIPLIB and real-world procure-
exact) analogy between our entropic lookahead method fofent optimization instances. In all of our experiments the

question selection at search nodes and algorithms for decgigorithms ran in main memory, so paging is never an issue.
sion tree inductiorfQuinlan, 198%. In most recursive de-

cision tree induction algorithms, a question is inserted at Experiments on MIPLIB

leaf that results in the greatest information gain. Sinyjan MIPLIB [Bixby et al, 1999 is a library of MIP instances
search, by choosing questions whose children have the leatstat is commonly used for benchmarking integer program-
entropy, we are creating children that in a sense also riesult ming algorithms. We performed extensive experiments on
the greatest information gain. the MIPLIB problem instances.



[ candidates]| 10iters | 25iters | 100iters| oo iters | | candidates]] 10iters| 25iters| 100 iters| oo iters |

10 1947.00| 2051.07| 1966.21 | 1913.56 10 62 65 62 61
00 1916.81| 1962.09| 1813.76 | 1696.53 00 59 57 54 49

Table 1: Computation time averaged over 121 instances fofable 3. Total humber of instances (out of 121) requiring
entropic branching with a 1-hour time limit. more than one hour.

[ candidates]] 10iters [ 25iters | 100 iters [ oo iters |

detailed branch selection. The additional work in perforgni

10 3600 3600 3600 3600 more simplex iterations pays off by giving a more accurate
s 2955.78| 3195.58| 1374.679] 590.23 estimate of the entropy of the individual variables. Simyia

by examining more candidate variables, EB is more likely to
branch on a variable that decreases the total amount of en-
tropy the most. This suggests that a better method for choos-

._ing the candidate list could lead to further performance im-
EB and SB were comparable: they reached the 1-hour timg o\ .ements.

limit on 34.7% and 24.5% of the instances, respectively. EB ' g \vas 29 5% faster than SB: the comparable number to

outperformed SB on 13 of the 49 instances. This is quitg-p's 1696.53 average seconds was 2406.07 for SB
remarkable in the sense that EB does not use the objective ' ' '

function of the problem at all in making branching decisions . . .
Our experiments show that, on average, RANK is the besft Entropic lookahead-free variable selection

among the hybrid methods. On 17 of the instances, at leag this section we introduce a third family of branching tra

one of the hybrid methods outperformed both SB and EBgjes, again within the entropy-based branching paradigm.

showing that the combination is better than either of itdar This method is computationally less expensive than the meth
Although EB performs comparably to SB, both of thesegds we have presented thus far because it does not use looka-

strategies are dominated on MIPLIB by the simpler strategyhead. However, it does require an advanced knowledge of the

of branching on the most fractional variable (although thatstrycture of the problem.

strategy searches a larger number of nodes). For problems The problem with which we experiment is motivated by a

with lots of structure, we expect the reverse to be true. INyea|-world electronic commerce application: a combiriator

deed, in the next subsection we use instances on which SBocurement auction (aka. reverse auction) where the buyer

performs well compared to simple branching strategies, andpecifies the maximum number of winning suppligdaven-

we demonstrate the further improvement obtainable by usingort and Kalagnanam, 2001; Sandholm and Suri, 2006
EB on that data set.

Table 2: Median computation time from 121 instances for,
entropic branching with a 1-hour time limit.

. L Definition 4 (Combinatorial procurement auction with max-
Experiments on real-world procurement optimization imum winners constraint)
As we showed in the previous section, lookahead (such as ipet M = {1,..., m} be them goods that the buyer wishes
strong branching) does not pay off on all classes of problemso procure (the buyer wants at least one unit of each good).
To obtain a pertinent evaluation of EB against the state-oft et § — {1,...,s} be thes suppliers participating in the
the-art lookahead-based technique, SB, we wanted to test gfiocurement and leB = {B,, ..., B, } be the bids, where
a problems set on which SB is the algorithm of choice (com-B, = (G;, s;,p;) indicates that supplies; can supply the
pared to non-lookahead-based standard techniques). We asundle of goodss; C M at price p;. Finally, the buyer
quired 121 large-scale real-world industrial procuren®st  indicates the maximum number of winndrsThe winner de-
timization instances, of varying sizes and structures.lfos¢  termination problem is to identify the winning bids so as to
instances, CPLEX's implementation of SB is on average 27%minimize the buyer’s cost subject to the constraints that th
faster than the default search algorithm of CPLEX. Thus Wesuyer's demand is satisfied and that the maximum number of
concluded that SB is a good algorithm for this data set, angyinners constraint is satisfied.
performed a comparison of EB against SB on this data. )

In order to be able to carefully and fairly control the param-  Intéger programming methods have been successfully used

eter settings of both SB and EB, we implemented both. (UsPreviously in winner determination researphnderssonet
ing CPLEX's SB would not have allowed us to control the @l 200d. We can very naturally formulate the above gen-
proprietary and undocumented candidate selection metho@f@lized winner determination problem as a MIP:
and scoring function, and CPLEX does not provide adequate . n
APIs to use those same methods for EB.) Implementation of Minimize > p;x;

both algorithms in the same codebase also minimizes differ-  ¢,ch that Z:i x> 1 je{l,...m}

ences in implementation-related run-time overhead. iljeG: ’ ’
Tables 1-3 summarize the experimental results for EB. We > ax;—my; <0 jed{l,...,s}

varied the size of the candidate list and the number of sixple ilsi=j

iterations performed at each search node. When limiting the i k<0

size of the candidate list, we choose the candidates in order jzlyj -

of most fractional. z; € {0, ie{l,...,n}

1}
As the tables demonstrate, EB was fastest with the most y; € {0,1} jed{l,...,s}



This problem is\“P-complete, even if the bids are on sin- strategy. The results indicate that IEB performs signifilgan
gle items only[Sandholm and Suri, 2006 The formulation  better than the state-of-the-art branching strategy.
is typical of a common class of problems in which binary

“indicator” variables—they; variables in the formulation s | r|m][ b [k |[CPLEX | IEB |
above—are used to model logical connecti{Bemhauser 20010101100 5 25.63 11.81
and Wolsey, 1990(for example an implication that if an in- 30| 15| 15| 150 | 8 || 5755.92| 551.82

dicator is zero, then each of a set of other variables hastobe [0 20 | 20 | 200 | 10 || 37.05% | 30.57%
zero). Constraints that state that at most (or exaétlysri-
ables from a set of variables can be nonzero are an importamable 4: The first two rows contain the solution time (in seconds)
special case. Typically, the LP relaxation gives poor appro for finding the optimal solution and proving optimality averaged
imate values for the indicator variables, and as we show, thever 25 instances (there were no timeouts). The third row indicates

branching method that we propose helps significantly to adthe average integrality gap (how far from optimal (at worst) the best
dress this problem. solution found so far is) after one hour.

4.1 Branching strategy

The hardness in this problem comes primarily from deter5 Entropic lookahead for multi-variable
mining the winning set of suppliers. In terms of the above  pranches

MIP, we need to determine thg; values. The main idea In this section we introduce a fourth family of methods for de

in our branching strategy for this problem is to branch on ermining good questions to branch on. in EB, we performed

y; values that correspond to suppliers about which we ar{;‘i i . :
most uncertain. But rather than deriving this uncertainty one-step lookahead for each non-integral variable. Here,

from the variabley; (for which the LP gives very inaccu- we generalize entropic lookahead beyond branching on vari-

rate values), we derive it from the variables correspondin%bles' Itis known that in integer programming one can branch

= . —on the sum of the values ofsetof variables. For example,
|t8V\;<;Supplggltjesa(lt)l’l]dss.up-g?igjb\l;\?ﬁglhelr;/g séraf{%gyl/}wir(l;;sjtefol if the LP relaxation at the current search node has= 0.2
: ; (1},

N ‘ : andz; = 0.6, we could set one branch to bg 4 z; < 0

emmp?}” = Z}'\si‘:a’ e(zi) ar]d br:?mch on the variablg: -4t other branch to he + x; > 1. In general, given a

where;" = argmin; entropy(j). This strategy does not use set y' of variables and the current LP relaxation solutign

lookahead: it only uses the LP values of the current searcfye can letc — |>,cx #:| and we can generate the branches
. . . . 1€ K3

node. We call this branching stratedriydicator Entropic Siexwi < kandd,cpa; > k+ 1. No other value of

Branching (IEB) k is worth considering; any other integer value would cause
. one child to be exactly the same as the node. Then, instead of
4.2 Experimental results branching on the variable with the smallest amount of egtrop
Although this problem is motivated by a real-world applica- in its child nodes, we select treetof variables for branch-
tion, there are no publicly available real-world instan{tee  ing that results in the smallest amount of entropy in the two
real-world data studied in the previous section does not exchild nodes’ In step 2.d of EB, we weighted the entropy
actly fit this model)* Instead we created an artificial instance of each child by the probability that we expect the optimal
distribution for this problem which closely approximateéet solution to occur in each child. In the multi-variable case,
real-world problem. we still perform this weighting, but it is more complicated
Given parameters (number of suppliers)y (number of  since the probability of each branch depends on several vari
regions),m (goods per region), andl (bids per region) we ables. (For example, the probability that the sum is less tha
create an instance of a procurement auction with a maximurm is the summation of a combinatorial number of products of

winners constraint as follows: probabilities; this number is exponential only|i&|, so it is
1. Each bidder bids on a region with probability 0.9. not pr_ohibitive for generating branches with small numbers
2. For each region, generate the bidder’s bids using the Dedf variables.) . _
cay distribution withoe = 0.75.4 While branching on more than one variable at a time may

For this data distribution, we determined that CPLEX’s de-Sseem unintuitive, it does not cause any obvious loss in lbranc
fault strategy of branching on most-fractional variablestfi ing power:

was the strongest strategy (in particular, it was fasten thaproposition 1 Ignoring the effects of pruning, the search tree
strong branching on this data). Table 4 shows experimensize (both in the number of nodes and number of leaves) is
tal results comparing IEB with CPLEX using that branchingthe same regardless of how many (and which) variables are

— ) ] o used in different branches (as long as trivial branches wher
Furthermore, none of the combinatorial auction instance genery child is identical to its parent are not used).

ators published in the literature have a notion of supplier. I

4Given a parametety, 0 < « < 1, we generate each bid in SBranching on a set of variableX is not helpful ity cn i
the Decay distributiodSandholm, 200Ras follows. Give the bid happens to be integral because one of the branches will not constrain
one random item frorM. Then repeatedly add a new random item the current LP solution at all, so the corresponding child node will
from M (without replacement) with probabilitg until an item is  be identical to its parent. Thus, if the sum is integral, we do not
not added or the bid includes all items. Pick the price uniformly considerX as a branching candidate (we do not even conduct the
between 0 and the number of items in the bid. lookahead for it).



PrROOFE There are2™ solutions, and each solution corre- most. Finally, in constraint satisfaction problems, thaals

sponds to a leaf. For any branching, there 2iteleaves. most-constrained-variable-first heuridfRussell and Norvig,

Binary trees with the same number of leaves have the sanm2003 approximates entropy-based variable selection: assign-

number of nodes. O ing a highly constrained variable affects the other vagabl
We performed experiments on the MIPLIB data andthe most, thus reducing the entropy of those variables.

on combinatorial auction winner determination problem in- Future research includes testing these ideas on additional

stances (from the Decay distributif®andholm, 200). We  problems, generating quick techniques for curtailing tee s

limited our algorithm to considering branches containimgfj of candidate questions to branch on before lookahead, and

1 or 2 variables in order to keep the number of candidaténvestigating new entropy-motivated search methods.

branching questions small (so as to not have to solve too man

child LPs). While we found that this strategy led to trees thatReferences
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