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Abstract

Nogood learning has proven to be an effective CSP
technique critical to success in today’s top SAT
solvers. We extend the technique for use in combi-
natorial optimization problems, as opposed to mere
constraint satisfaction. In particular, we examine
0-1 integer programming (0-1 IP). Our technique
generates globally valid cutting planes for the O-
1 IP search algorithm from information learned
through constraint propagation. Nogoods (cutting
planes) are generated not only from infeasibility
but also from bounding. All of our techniques are
geared toward vyielding tighter LP upper bounds,
and thus smaller search trees. Experiments suggest
that nogood learning does not help in optimization
because few cutting planes are generated, and they
are weak. We explain why, and identify problem
characteristics that affect the effectiveness. We then
generalize the technique to mixed-integer program-
ming. Finally, we lay out directions along which
the techniques can potentially be made helpful.
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z such thatdz < b, andc - z is maximized.

If the decision variables are constrained to be integers (
Z™ rather than allowing reals), then we haveiateger pro-
gram (IP). If we further require that that the decision vari-
ables are binaryy( € {0,1}™), then we have 8-1 IP. While
(the decision version of) MIP i8/P-complete, there are so-
phisticated techniques that can solve very large instaimces
practice. We now briefly review those techniques. We build
our methods on top of them.

In branch-and-boundearch, the best solution found so far
(incumbenis stored. Once a node in the search tree is gen-
erated, an upper bound on its value is computed by solving a
relaxed version of the problemuhile honoring the commit-
ments made on the search path so. fathe most common
method for doing this is to solve the problem while only re-
laxing the integrality constraints of all undecided vakésh
thatlinear program (LP)can be solved fast in practice, e.g.,
using the simplex algorithm (or a polynomial worst-caseetim
interior-point method). A path terminates if 1) the upper
bound is at most the value of the incumbent (search down that
path cannot produce a solution better than the incumbeént), 2
the LP is infeasible, or 3) the LP returns an integral sotutio
Once all paths have terminated, the incumbent is optimal.

A more modern algorithm for solving MIPslsanch-and-

Nogood learning is a powerful technique for reducingcytsearch, which first achieved success on the traveling sales-
search tree size in constraint satisfaction problems O:SP%:an problen{Padberg and Rinaldi, 1987: 199&nd is now
(e.g.,[Dechter, 1990; Frost and Dechter, 1994; Richards anghe core of the fastest general-purpose MIP solvers. Ikés i
Richards, 1996; Chai and Kuehimann, 2))03Vhenever an  anch_and-bound, except that in addition, the algoritem g
infeasibility is found, reasoning is used to identify a setbs eratescutting planedNemhauser and Wolsey, 1999They

of the variable assignments from the path (the nogood) thal,¢ |inear constraints that, when added to the problem at a
caused the infeasibility. The nogooq is stored; the restnft search node, result in a tighter LP polytope (while not cut-
tree search does not have to consider paths that include thei off the optimal integer solution) and thus a lower upper
assignments of that nogood. Modern complete proposﬂmnqlound_ The lower upper bound in turn can cause earlier ter-

satisfiability solvers use nogood learning; it enables them ination of search paths, thus yielding smaller searclstree
sc_)lve orders of magmtud.e larger problems (ellarques- The next section presents our approach. Section 3 presents
Silva and Sakallah, 1999; Moskewietal,, 2001). experiments and explains the performance. Section 4 gener-

We present, to our knowledge, the first propagation-basegd;izes our approach from 0-1 IPs to MIP. Section 5 concludes
nogood learning methods for optimization problems. Opti-54 lays out potentially fruitful future directions.

mization problems are more general than CSPs: they have an
objective to be maximized in addition to having constraints .
that must be satisfied. We focus on the most prevalent op2 Nogood learning for 0-1 IP
timization framework, mixed integer programming (MIP), The main idea of our approach (for 0-1 integer programming)
which is domain independent and has a very broad range d$ to identify combinations of variable assignments thai-ca
applications in scheduling, routing, facility locationpmm-  not be part of an optimal solution. Any such combination
binatorial auctions, etc. The high-level perspective &stth is a nogood The high-level motivation is that generating
our techniques hybridize two powerful search paradigmsand storing nogoods allows the tree search algorithm tajavoi
constraint programming and MIP. Other—complementary—search paths that would include the variable assignments of
ways of hybridizing the two have been proposed (€Bpck-  any stored nogood. This reduces search tree size.
mayr and Kasper, 1998; Hooket al,, 1999; Focaccet al., To extend nogood learning from CSPs to optimization (IP),
1999; Bockmayr and Eisenbrand, 2000; Hooker, 302 there are two challenges: generating nogoods and using them
A mixed integer program (MIP¥ defined as follows. Each challenge involves subtle and interesting issues. We
first present a method for generating nogoods in this setting
through constraint propagation. We then present techsique
for generating cutting planes for the branch-and-cut atgar

Definition 1 Given ann-tuplec of rationals, anm-tupleb of
rationals, and ann x n matrix A of rationals, find the:-tuple



from those nogoods. Overall, our technique leads to tighter for all unsatisified constraints do

LP bounding, and thus smaller search trees. for all unfixed variablesj do

: o if j € N;" then

2.1 P_ropagatlon rules to detect |mpI|cat|on§ o it U;'< 0 thenwe have detectedeonflict

As a building block, we need rules to detect the implications elseifa- > U~ thenu- — 0

of decisions made on the search path. We therefore present A WY J

an adaptation of constraint propagation to 0-1 IP. else ify € IV;” then _
First, consider a simple examplex < b,a > 0,z € if a5 > Uj; then we have detected@nflict

{0,1}. Clearly, ifb < a, thenz: = 0. Furthermore, ib < 0, elseifU;; <Othenl; —1

then the constraint is not satisfiable by any value.oMore 22 Implicati hand i .

generally, say we haver < ¢(),z € {0, 1}, for some func- ' mplication graph and its _mamte_nance

tion ¢. If a > 0, we can reason as follows. We also need a way to track the implications that have been
o . . ..~ made during the search path. For example, say the search

Ir;g:ﬁ g]%p\z{llbsc;l:ggr;hi()césngﬁgﬁttl.\/e, then no assign has taken a branch, = 0 and a branchkx3 = 0. Say the

o constraint propagation process then comes across camstrai
e Otherwise, ifa is greater than the upper bound (), 71 — 23 — x5 < 0. Clearly,z; must be 0 becauser; =

thenz — 0. o 0,73 = 0). However, we would like to capture more than
If « < 0 we can make a similar statement: justz; = 0; we would also like to capture the fact that the
e If a is greater than the upper boundd(), then no as- ~ assignment; = 0 was due tozz = 0, z3 = 0).
signment ofz will satisfy the constraint. To keep track of implications and their causes, our algo-

rithm constructs and maintaihan implication graph a di-
rected graph, in much the same way as a modern DPLL SAT

solver. We add a node to it for each variable assignment (ei-

_ Thisis central to our constraint propagation scheme. Eackher gue to branching or to implication). We also add a node
time a variable is fixed, we loop through all constraints andyhenever we detect a conflict. Denotedifie constraint that
check to see whether any of the above conditions are met. If g seqd the assignment or conflict by implication. For each
constraint is deemed to be unsatisfiable, then we have foung o4 variablez; with a nonzero coefficient i, we add an

a conflict, and there cannot exist a feasible solution in thi%dge from the node correspondingatpto the node we just
node’s subtree. If we have found no conflicts, but have ”“Steacreated. At this point our implication graph looks as foltow

e Otherwise, if theupper boundn ¢() is negative, then
x «— 1.

proven that a variable must be fixed to satisfy the constraint
then we propagate that change as well. @
The rest of this subsection lays out this procedure in more Q
detail. Each IP constrairitcan be written agjeN ai;r; < @
b;, whereN is the index set of variables. In order to examine

a particular variablecj. with respect to constraint the con-
§traint can be rewritten @ixj. S. b; — Zj_ezv\a ai;x;. This
is the same form as the inequality examined above. Now,

Gii(w) = bi— Y ayw

2.3 Nogood identification and cutting plane
generation

Whenever a conflict is detected (i.e., the node is ready to be
pruned), we use the implication graph to identifggoods

JEN j#] i.e., combinations of variable assignments that cannotlbie p
= b — Z |a;|x; + Z |aij|z; of any feasible solution. Consider drawing a cut in the im-
JENT j#] JENT j#5 plication graph which separates all decision nodes from the

conflict node. For every edge which crosses the cut, take the

whereN;" ={j € N :a;; > 0}, N; ={j € N :a;; <0} .
. ' ‘ : ; assignment from the source node of the edge. The result-
If we can determine an upper boutig for this expression, ing set of assignments cannot result in a feasible solution;

we can use the above process to perform constraint propa e conflict will always be implied. Therefore, this set of
tion on the IP. The expression : . .
. RN s . assignments constitutes a nogood. Any such cut will pro-

Uy =bi —s;({li € N g #30) +5i({ili € Ni .7 #91) duce a nogood; several methods for finding strong cuts have
yields an upper bound as long 8%5) < 3. laijlz; < peen studied by the SAT community (e.fMarques-Silva
5:(S) for all . and Sakallah, 1999; Moskewiez al., 2001) and can be ap-

With no other knowledge of the problem structure, we carplied in our setting directly. (In the experiments, we use th
uses,;(S) = > cg laijllj, 3i(5)) = > e s laijluj, wherel;  1UIP technique to generate a nogood.)
andu; are the lower and upper bounds op respectively, Finally, we will use the identified nogood(s) to produce
at the current node of the search tree. Since we are dealirqutting plane(s) for the 0-1 IP problem. (These cuts are
with 0-1 IP,/; = 0 andu; = 1 unless the variable; has been global, that is, they are valid throughout the search tree, not
fixed. If z; has been fixed, thelp = u; = z;.

We can now state the constraint propagation proce%iure: 3A constraint isunsatisfiedf it is not yet guaranteed to be true
given the set of fixed/implied variables at the current node.

'Propagation of linear constraints has been explored pushjio A variable isunfixedif ; < u;.
in the context of bounds consisterld¢yarvey and Schimpf, 2002 5This is easy to maintain with a single graph if depth-firsreka
2This is very similar to that used for nogood learning in C3Ps. order is used. For search algorithms in the breadth-firsiijasuch
can be sped up by watching the set of variables that are catedid as A* (aka. best-first search), a separate graph is maintédineach
to become implied shortljChai and Kuehimann, 2003 active search path (i.e., each node on the open list).



only in the current subtree. Thus itis not necessary to remov e Cut 1 in the graph generates nogoed = 1, x5 = 1),
them as the search moves outside of the subtree.) We break which yields the cutting plane, + x5 < 1.

the variables involved in the nogood into two set: con- _ ; ;

tains the variables that are fixedgto 0 (by branching or impli- * Cut2 generates nogodd; = 1), which yle|d.SI3 S 0.
cation), and/; contains the variables that are fixed to 1. Con- ® Cut 3 generates nogoddh = 1,22 = 1), which yields
sider the case where all variables involved in the nogoogwer ~ #1 + 2 < 1. However, this cutting plane is futile be-
fixed to 0; we would like to constrain the problem so thatat ~ cause it contains all of the branching decisions from the
least one of those variables is ”OnzeE5eNo z; > 1. Con- seqrch path.i Since sgarch paths are distinct, this _comb|-
versely, if all the variables involved in the nogood were dixe nation of variable assignments would never occur in any
to 1, then we would like to constrain the problem so thatforat ~ Other part of the search tree anyway.

least one variable, the complement of the variable is nanzer At this point the algorithm has proven that the current node
> jen, (1 —z;) > 1. Putting these together, a nogood gener-is infeasible; there is no point in continuing down this star

ates the cutting plangjevo T — Zjevl r; <1—|W. path. Therefore, the search moves on by popping another
node from the open list. Say it pops the node corresponding
2.4 A small example to pathz; = 1,z = 0.5 Constraint propagation am, = 0

For illustration of the concepts, consider the following @°. ~ YI€!dS N0 new assignments.

I
max xr1 +1.1xe +1.2x3 +x4 +x5 +T6 «l=0 xl=1

s.t. —21 —x2 +x3 > -1 |
—z3 +x4 > 0
—3 x5 > 0 I
—x4 +x6 > 0 x=9 et
—r5 —r6 > —1 [
z; € {0,1}

If we solve the LP for this nodeithoutthe cutting planes
First, we solve the LP relaxation, which gives us an objecwe generated, the LP has an objective valug.@fand so-
tive value of3.7, and solution vector; = 0.5, 22 = 1,23 = lution vectorzy = 1,20 = 0,23 = 0.5,24 = 0.5, 25 =
0.5,24 = 0.5,2z5 = 0.5,7¢ = 0.5. We branch onry, and  0.5,26 = 0.5. This would require further branching. How-
take the up branche( = 1). Constraint propagation finds no ever, solving the LP with the addition of our cutting planes,

new assignments (besides the branch decision itself). yields a tighter relaxation: an objective value3di and solu-
| tionvectorzy = 1,20 = 0,23 = 0,24 = 1,25 = 0,26 = 1.
x1=0/ \ x1=1 | The solution is integral, so no further branching down that

path is needed. Our cut generation process has thus produced
l a tighter LP bound that made the search tree smaller.
The LP relaxation results in an objective valuedfs and
solution vectorz; = 1,20 = 0.5, 23 = 05,24 = 0.5,25 = 2.5 Generating additional conflicts and cutting
0.5,z¢ = 0.5. We branch onry, and take the up branch planes from pruning by bound

(x5 = 1). Performing constraint propagationop = 1leads | jnformed tree search, such as branch-and-cut, nodes can
to the implied assignment; = 1 (by the first constraintinthe 5150 pe pruned by bounding. Denotegihe objective func-
problem). Propagatings = 1 leads to implied assignments oy contribution from the variables that have been decided
x4 = 1 andxs = 1 (by the second and third constraints, py pranching or propagation. Denote hyan upper bound
respectively). Finallyz, = 1implieszg = 1 by the fourth o, the rest of the problem—this is usually obtained by sgivin
constraint, and:s = 1 impliesz¢ = 0 by the fifth constraint.  {he | p involving the undecided variables and measuring thei
We have thus detected a conflict on variable contribution to the objective. Finally, denote ythe cur-

rent global lower bound (e.g., obtained from the incumhent)
Then, ifg + h < f,” the current search node (and the subtree
under it which has not yet been generated) is pruned.

Our nogood learning mechanism, as described so far, will
only detect conflicts that stem from infeasibility. Furtier
ductionin tree size can be achieved by also detecting ctmflic
i i . that stem from bounding.

Now we find cuts in the graph that separate the conflict \ye address this by considering the current global lower
from the source nodes (which correspond to branching decng as an additional constraint on the problem: given the
sions). Not all cuts need be generated; in our example, Sgypjactive functior  ¢;z; and the current global lower bound
the algorithm generates three of the/m: f, our algorithm considers thebjective bounding constraint

2 Lot > cjxz; > f when performing constraint propagation. This
4 \ simple technique will, in effect, treat as infeasible ansigis-
ment that cannot be extended into a solution that is beter th
f- This allows our cutting plane generation to occur in more

'
conflict i
'

8E.g., depth-first branch-and-cut search would pick thisenod
"If the lower bound comes from an actual incumbent solution, a
We translate the cuts into cutting planes for IP: strict inequality can be used.

\ \
cut3 cut?2 cutl



nodes of the search tree and it also allows for cutting planesnplications made after thieh branching decision in the cur-
to be generated that could not have been generated with thient path, we determine the ancesigmf the current node at

vanilla version of our algorithm described abdve. depthk, and discard) and all its descendants. (This is valid
- since they are now known to be infeasible or suboptimal.)
2.6 Exploiting problem structure There is an alternative way to accomplish this, which is

We can achieve stronger constraint propagation (via tighteeasier to implement in the confines of the leading commer-
bounds onp) using knowledge of the problem structure. This cial MIP solvers. Consider the moment from the example
leads to more implications being drawn, more frequent or earabove whem has been identified. Then, instead of explic-
lier conflict detection, and ultimately smaller search¢tee  itly discardingn and its descendants, simply mayk Then,

For example, consider the case where we have a set #fhenever a node comes up for expansion from the open list,
variablesJ defined to be mutually exclusive in the problem: immediately check whether that node or any node on the path
Zje, z; < 1.9 Then, forany constrainti, we can redefine from that node to the root has been marked; if so, the current

the helper functior; to get a lower upper bourid;; on ¢. node is infeasible or suboptimal and can be discarded (with-
out solving its LP relaxation).
5i(8) = > lailu; + max {Ja;|u;} In the experiments, we do not use backjumping. This is
jeS\J jesnt because for any node on the open list that could be removed
This tighter definition can easily be generalized to sesting Via backjumping reasoning, that node will be pruned if it is
with multiple (potentially overlapping) setk, . . ., J, where  Popped off the open list because the node’s LP will turn out
at most one variable in each set can take value 1. infeasible (because it includes the cutting plane that doul

As another example, consider the case where we have a f2ive allowed backjumpirlg). The cost of omitting back-
of variablesk defined such that at least one of them has to bdUMmping is the need to potentially solve those nodes’ LPs.

“on”. i.e., ZjeK x; > 1.19 Then, for any constrainit!! On the _other hand, the overhead of backjumping (discussed
: above) is saved.
Z|aij|lj, |ngS
s(S) = { 7€ 3 Experiments and analysis
- Z la;j|l; + min{|a;;|}, otherwise W . . . - -
JjEK e conducted experiments by integrating our techniques int
JES\K ILOG CPLEX 9.1. In order to not confound the findings with
This tighter definition can easily be generalized to set-undocumented CPLEX features, we turned off CPLEX’s pre-
tings with multiple (potentially overlapping) seks,, . . ., K, solve, cutting plane generation, and primal heuristicafiayf

where at least one variable in each set has to take value 1. the experiments. The platform was a 3.2 GHz Dual Core Pen-
Furthermore, if the problem exhibits the structures of bothtium 4 based machine running 64-bit Fedora Core 3 Linux.
of the examples above, then both functigpsnds,, in the The first test problem was the combinatorial exchange win-
revised forms above, should be used. An important specialer determination probledSandholmet al., 2003. It can
case of this is the case where exactly one of a set of variablése formulated as a MIP, with a binary variahte for each
has to be “on”, which corresponds fo= K. bid, objective coefficientg; corresponding to the prices of
Both of these examples can be viewed as special cases tfe bids, and quantity;; of each itemi contained in bidj:
using one knqpsat_:k constraint to deduce bounds on anothefiax Zj pjz; such thatvi, Zj gi;z; = 0. We generated
as presented ir{Trick, 2003. However, the actual method jnstances randomly using the generator describd@amd-
used to determine the bounds is completely different. holm, 2003 (it uses graph structure to guide the generation;
. . the prices and quantities can be positive or negative). We va
2.7 Backjumping ied problem size from 50 items, 500 bids to 100 items, 1000
We can also generalize the backjumping idea from SAT to opbids. For each size, we generated 150 instances.
timization. The main issue is that, unlike CSPs, optimaati The second problem was modeled after a class of combina-
problems, such as integer programs, are typically not solvetorial exchanges encountered in sourcing of truckloadstran
using depth-first search. Our solution works as follows, anthortation services. There is a single buyer who wants to buy
does notrely on any particular search order. If, at any pafint one unit of each item. The items are divided into regions.
the search, we detect a nogood that contains no decisions Phere is some number of suppliers; each supplier places sin-
gleton (i.e., non-combinatorial) bids on each of a subset of
the items. A supplier can bid in multiple regions, but only
lutions. No such points can be optimal, o branch-and-élibet- bids on a randomly selected set of items in the region. Each

duces correct results. However, the leading commercialddipers ~ Pid is an askiin the exchange, so the price is negative. jnall

(CPLEX and XPress-MP) assume that no cutting plane is used th there are constraints limiting the number of suppliers ¢aat
cuts off feasible integer solutions. In such solvers, sommetional- ~ Win any business. There is one such constraint overall, and

ity (parts of the preprocessor) needs to be turned off tomowodate ~ one for each region. The MIP formulation is as above, with

8Cutting planes generated from the objective bounding caimst
can cut off regions of the polytope that contain feasibleget so-

these more aggressive cutting planes. the addition of a new binary variable for each supplier amd fo
®This structure exists, for example, in the clique-basethida-  each supplier-region pair, the constraints over thosalbkes,
tion of the independent set problem. and constraints linking those binary variables to the bid-va
0This structure exists, for example, in the set covering jerob
"This assumes that no variableslifi have been fixed td at the 2Even if cutting plane pool management is used to only include

current search node. If a variable M has been fixed td, then the  some of the cutting planes in the LP, the children of the noitldows
knowledge that at least one member6fmust be 1 is not useful. detected infeasible during constraint propagation.



ables. We varied problem size from 50 items, 500 bids to 100 The key to the generalization is a generalized notion of a

items, 1000 bids. For each size, we generated 150 instanceaogood. Instead of the nogood consisting of a set of variable
To test on a problem close to that on which nogood learnassignments, we say that tgeneralized nogood (GNjn-

ing has been most successful, we experimented with a modsists of a set of conditions. The set of conditions in a GN

fied form of 3SAT. Each instance had 100 variables and 43@annot be satisfied in any solution that is feasible and bette

randomly generated clauses (yielding the hard ratio of. 4.3)than the current global lower bound.

A subset of the variables (ranging from 10% to 100%) had Nothing we have presented assumes that branches in the

positive objective coefficients; others’ coefficients were tree are binary; our techniques apply to multi-child braaxch
Finally, we tested on all the MIPLIEBixby et al,, 1994 o _

instances that only have 0-1 variables and for which an opti4.1 Identifying generalized nogoods (GNs)

mal solution is known. _ ~ Even if the MIP includes integer or real variables, the tech-
~ Surprisingly, nogood learning does not seem to help in 0pniques we presented for propagating binary variable assign
timization: it provides little reduction in tree size (Tabl).  ments still work for propagating binary variable assigntsen
Fortunately, the time overhead (measured by doing all the The next case to handle is branching on artificial bounds on
steps, but not inserting the generated cutting planespgeer  integer variables. For example, the search might branch on
Only 6.2%, 4.7%, 25.3%, and 12.8% on the four prOblemSmj < 42 Versuse; > 43. Such branching can be handled by
We now analyze why nogood learning was ineffective. changing our propagation algorithm to be the following.r(Fo

‘ Tree Path pruned due to Leaf yields nogood ‘Re'evancy simplicity, we write the algorithm assuming that each Jalga

reduction ‘ inf bound int ‘ inf bound rate . .. . .
ExchanT 0.024% | 0.001% | 99.94% | 0.060% | 45.29% | 0.000% | 0.068% has to be nonnegative. This is without loss of generality be-

Transpor 0.005% | 0.000% | 100.0% | 0.000% | 42.80% | 0.000% 0.047% cause any MIP can be Changed into a MIP W|th nonnegative

3SAT 2.730% | 10.02% | 89.98% | 0.001% | 75.83% | 0.026% 5.371%

MIPLIB | 0.017% | 0.008% | 99.99% | 0.000% | 37.66% | 0.000% | 0.947% variables by shifting the polytope into the positive orthjan
Table 1:Experiments. inf = infeasibility; int = integer solutiorofn for all unsatisfied constraintsdo
LP. Relevancy rate = of nodes that had at least one cuttimgpleow for all unfixed variable§ do
many had at least one cutting plane binding at the LP optimum. if 3 c NZ_+ then
First, few nogoods are generated. Nodes are rarely pruned if U,; < a,:1; then we have detected@onflict
by infeasibility (Table 1), where our technique is strortgbs Ise if | Vi h Uy;
the 3SAT-based instances, pruning by infeasibility wasemor eisel Laﬁ-J <u; thenu; — LZJ
common, and accordingly our technique was more effective. elseif; € N, then
When nodes were pruned by bounding, our technique was if U; <agu; then we have detected@nflict

else n‘[LW > I; thenl; — H]ﬂ

rarely able to generate a nogood (Table 1). The objective
bounding constraint requires so many variables to be fixed a; 5
before implications can be drawn from it that in practice im-  The procedure above works also for branches that do not
plications will rarely be drawn even when the LP prunes theconcern only one variable, but an arbitrary hyperplaneén th
node by bounding. This stems from the objective includingdecision variable space. The hyperplane that is added in the
most variables. The exception is those 3SAT-based inssanc®ranch decision is simply included into the constraint et o
where a small portion of the variables were in the objectivethe child. The propagation is no different.
This explains why the implication graph was slightly more  |n our generalized method, not all nodes in the implication
effective at determining a nogood from bounding in 3SAT, graph represent variable assignments; some represent half
particularly the instances Wlth few variables in the ob'jm:t spaces (a bound Change or, more genera”y, a hyperp|ane)_
~Second, the generated cutting planes are weak: they do not|f the branch decision states that moving from a parent to a
significantly constrain the LP polytope. The cutting planeschild involves adding @ollectionof bound changes / hyper-
effectively require at least one of a set of conditions (e.g.planes (an important case of the formeiSigecial Ordered
variable assignments) to be false. So, the larger the set &etbranchingBeale and Tomlin, 197), then we can simply

conditions, the weaker the cutting plane. On our problemsyreat each of them separately using the procedure above.
few inferences can be drawn until a large number of variables

have been fixed. This, coupled with the fact that the prob4.2 Generating cutting planes from GNs

Iem_s have dense constr_aint_s (i.e., ones with Iarg_e numbers_gvhen we identify a GN from the implication graph, we
variables), leads to a high in-degree for nodes in the impli e jgentifying a set of hyperplane constraints (with Jalga
cation graph. This leads to a large number of edges in thg, 45 and variable assignments as special cases) thatcann
conflict cut, and thus a large number of conditions in the N0ye 4|y satisfied in any feasible solution better than th

g(.)lfg' Therkeforﬁ,_ by thelfl reasdoginghf:lel?ove, the cutting plangrrent lower bound. Thus the analog to conflict clauses in
will be weak. This is reflected by thelevancy raten Ta- AT is no longer direct as it was in 0-1 IP. Therefore, gener-
ble 1. The cutting planes are least weak on the 3SAT-bas ing useful cutting planes is more challenging.

instances; this is unsurprising since the 3SAT constrairdgs From the GN we know that at least one of the contained
sparse compared to those in the other problems. hyperplane constraints should be violated. Therefordgte
. sible region of the LP can be reduced to be the intersection of
4 Generalizations the current feasible region of the LP and any linear relaxati
We now generalize our techniques to MIPs (that may includef the disjunction of the infeasible IP region of the first eon
integer and real-valued variables in addition to binarggg)  straint, the infeasible IP region of the second constreitat,
to branching rules beyond those that branch on individua({The tightest such relaxation is the convex hull of the disju
variable assignments. tion.) The cutting planes that our method will generate are



facets of the linear relaxation. Not all of them need to be gen Fourth, there may be real-world problems where the tech-

erated for the technique to be useful in reducing the sizZeeoft niques, even as-is, yield a drastic speedup; one can cohstru
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