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LOGIC

Introduction. First we introduce some basic concepts needed in our
discussion of logic. These will be covered in more detail later.

A set is a collection of “objects” (or “elements”).

EXAMPLES :

e the infinite set of all integers : Z =4{---,-2,-1,0,1,2,3,---}.
e the infinite set of all positive integers : Z+ = {1,2,3,---}.
e the infinite set R of all real numbers.

e the finite set {7 , F' }, where T denotes “True” and F' “Fualse”.

e the finite set of alphabetic characters : {a,b,c, -, z}.



A function (or “map”, or “operator”) is a rule that associates to every
element of a set one element in another set.

EXAMPLES :

o If Sy ={a,b,c} and Sy = {1,2} then the associations

Y

define a tunction f from S; to Sy . We write

f . Sl—>52.

e Similarly f(n) = n? defines a function f : Z* — ZT.

e f(n) =n?* can also be viewed as a function [ : Z — Z.



EXAMPLE :

Let P, denoet the infinite set of all polynomial functions p(z) of degree
n or less with integer coefficients.

e The derivative operator D restricted to elements of P, can be
viewed as a function from P,, to P,,_1,

D : P, — P,_q, D :p— —.

For example, if p(z) = z° + 2z + 1, then
D :224+2x+1 — 32°+2,

1.€.,
D(z*+2r+1) = 32°+2.



EXAMPLE :

e We can also define functions of several variables, e.g.,

flz,y) =z +y,

can be viewed as a function “from Z* cross Z*' into Z*”.

We write
f:ZtxZt — ZT .



Basic logical operators.

The basic logical operators

A (“and” , “conjunction”)
Vo (“or” , “disjunction”)
- (“not” , “negation”)
are defined in the tables below :
p qg |pVgqg
p | p T | T T
T | F T | F T
F T F T T
F | F F
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Let B={T ,F }. Then we can view —, V, and A, as functions

- B — B, V : BXxB—1B, AN :BxB—IB.

We can also view the arithmetic operators —, +, and x, as functions
— . L — 7, + . L XL — 1, x @ L X 1l — 1,

defined by value tables, for example,

T | —x
-2 2
-1] 1
0] O
L] -1
2 | -2




Logical expressions.

A logical expression (or “proposition”) P(p,q,---) is a function

P : BxBx:---xB — B.

For example,

pA(gVr)

Pl(p7Q) = p\/_'q and P2(p7Q7T)

are logical expressions.

Here
P BxB— B,

and
P BxBxB—DB.



The values of a logical expression can be listed in a truth table .

EXAMPLE :
p| g |—qg|pV(—g)
T | T | F | T
T|\F | T | T
FlT|F | F
FIF|T| T




Analogously, arithmetic expressions such as

Ai(x,y) =x+ (—y) and As(z,y,z) = X (y+ 2)

can be considered as functions

A RxR — R, and Ay : RXxRxR — R,

or, equivalently,

A R — R, and A, R — R.



Two propositions are equivalent if they always have the same values.

EXAMPLE :

—(pVq) 1is equivalent to —pA —q,

(one of de Morgan’s laws), as can be seen in the table below :

p | q |pVg| -V | -p|qg|-PAN-g
T 1T | T |F F | F F
TI|F | T |F Fo|T F
FlT | T |F T | F F
FlF | F | T T | T T
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NOTE :

In arithmetic

—(a: + y) 1S equivalent to (—ZU) + (—y) )

i.e., we do not have that

—(x +y) isequivalent to (—x) X (—y) .

Thus the analogy between logic and arithmetic is limited.
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The three basic logical operators — , V , and A, are all we need.

However, it is very convenient to introduce some additional operators,

much like in arithmetic, where we write 2° to denote x x (z X ).

Three such additional operators are

<5 “exclusive or”
o “conditional” , “if then”
— | “biconditional” , “if and only +f" , “ift”
defined as :
p q |pDGg|p—q|p—q
T | T F T T
T | F T F F
F T T T F
F | F F T T
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EXAMPLE :

Suppose two persons, P and (), are suspected of committing a crime.

e Let P denote the statement by P that
“Q did it, or we did it together”.
e Let () denote the statement by () that

“P did it, or if I did it then we did it together”.

e Suppose we know P always tells the truth and Q always lies.

Who committed the crime ?

NOTE : By “did it” we mean “was involved”.
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Let p denote “P did it” and let ¢ denote “Q) did it”.

Then p and ¢q are logical variables.

We are given that the value of the logical expression
qV (pAq) is True |,

and that
pV (q - (p/\q)) is Fulse .

Equivalently we have that the value of the logical expression

ﬂ(pv (q—>(pAQ))) A (qv(pM))

1s True .

Our problem is to find for what values of p and ¢ this is the case.
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As an analogy from arithmetic, consider the problem of finding the values
of x and y in Z so that

the value of the arithmetic expression z? + vy is 5 |

and such that

the value of z + y is 3,

i.e., we want to find all solutions of the the simultaneous equations

?+y=>5, rT+y=3.

(How many solutions are there 7)
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For the “crime problem” we have the truth table

p | q ﬂ(p \/(q —  (p /\Q))) A(q Vv (p/\Q))
T T | F T T T F T T
TI\F|F T T F F F F
FlT|T F F F T T F
F|lF|F T T F F F F

(1) | 2)[®6) (B) 4 3 9) ) (7

The order of evaluation has been indicated at the bottom of the table.
The values of the entire expression are in column (9).
We observe that the expression is True only if p=F and qg= T .

Therefore () was involved in the crime, but P was not.
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EXERCISE :

Consider the logical expression in the preceding “crime” example.

Find a much simpler, equivalent logical expression.

(It must have precisely the same values as listed in column “(9)”.)
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EXERCISE :

Suppose three persons, P, Q, and R, are suspects in a crime.

e P states that “Q) or R, or both, were involved”.
e () states that “P or R, or both, were involved”.

e R states that “P or Q), but not both, were involved”.

e Suppose P and () always tell the truth, while R always lies.

Who were involved in the crime 7

NOTE : there may be more than one solution - - -
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EXERCISE :

Construct a truth table for the logical expression

(PpA(=(=pV@))V(pAa) .

Based on the truth table find a simpler, equivalent logical expression.
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A contradiction is a logical expression whose value is always Fulse .

For example p A —p is a contradiction :

p | p | pPATD
T | F F
F | T F

A tautology is a logical expression that is always True .

For example p V —p is a tautology :

p|p|pPVD
T | F T
F 1T T

A logical expression that is neither a tautology nor a contradiction
is called a contingency.
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EXERCISE :

Verity by truth table that the following expressions are tautologies :

((p—>61)/\]?) — q

((P—>Q) A ﬂQ) — P
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NOTATION :

We use the symbol “=" to indicate that a conditional statement is a
tautology.

For example, from the preceding exercise we have

( (p—q) A p) = q ("modus ponens”) ,

( (p—q) A ﬂq) = p ("modus tollens”) .
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As another example we show that

(= a)ACp—r)Aalg—r)) = r
1s a tautology.

pla| | (=0 A (=0 A g—n) = v
T T T T T F T T T T T
T T F T T F T F F T F
T | F T F F F T F T T T
T | F F F F F T F T T F
F T T T T T T T T T T
F T | F T F T F F F T F
F F T T T T T T T T T
F F F T F T F F T T F
OIO6] 6 O © 0 00 _® 019 @

The last column (11) consist of True values only. Therefore we can write
((p—>Q)A(ﬁp—>T)A(q—>T)) =T

QUESTION : Does it matter which of the two A’s is evaluated first?
23



EXAMPLE :

Here we illustrate another technique that can sometimes be used to show
that a conditional statement is a tautology.

Consider again the logical expression
Pp.q.r) <= =@ N(p—=1)N(@—T).

We want to show that
P(p,q,7) = 1,

i.e., that
P(p,q,7) — r always has value True .

NOTE : We need only show that:

We can’t have that P(p,q,r) is True , while r is False .
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So suppose that P(p,q,r) is True , while r is Fulse .

(We must show that this cannot happen !')
Thus all three of
() p—gq (b) —p—F and () ¢—=F
have value True .
(¢) can only have value True if ¢ = F' .
(b) can only have value True if —-p = F | ie., ifp=T.
But then (a) becomes T — F which has value I .
So indeed, not all three, (a), (b), and (c¢) can have value True .

QED ! (“quod erat demonstrandum”: “which was to be shown”)
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NOTE :

This was an example of a proof by contradiction.

(We will give more examples later - - - )
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EXERCISE :

Use a proof “by contradiction” to prove the following:
((P—>Q) Ap) = q
((p—>61) A ﬂQ) =
(Already done by truth table.)

27



EXERCISE :

Also use a " direct proof’ to prove that
((p—>61) Ap) = q

((p—>61) A ﬂQ) = P

(In a direct proof one assumes that the LHS is True and then one shows
that the RHS must be True also.)
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NOTATION :

From the definition of the < operator we see that logical expressions

Pl(p7Q7"') and PQ(p7Q7) ’

are equivalent it and only if

Pl(p7Q7"') A PQ(p7Q7)

is a tautology.

In this case we write

Pl(p7Q7°") < PQ(p7Q7) .

29



EXAMPLE :
—(p A q) is equivalent to —pV g,

1.€.,

=(pAq) <= (-pV—q),

as seen in the truth table

p|lq |~ (PANqg) < (p V =g
T | T | F T T F F F
T|F | T F T F T T
FlT|T F T T T F
FlF | T F T T T T

30




The operators

o , — , and <«

can be expressed in terms of the basic operators

Y

-, A , and V ,
as verified below :
p|q|pdqg <« ((P\/Q) A= (pA Q))
T | T F T T F o F T
T | F T T T T T F
F | T T T T T T F
F | F F T F F T F

31




< (q —p)

(p— q)

SIS

SEETESES

B B B

N B B

q

R

SRS

pla|peg < ((qvﬂp) Ap Vv ﬂQ))

32



Thus we can write

pdqg <= (Vg A-(pAq),

p—q <= qVp,

pe—q < (gV-p) ApV-q).

It also follows that

pe—=q = P—=qN(@—Dp).

33



Basic logical equivalences.

The fundamental logical equivalences (“laws”) are :

pVqg<=qVp PANG <= q/ADp commutative law
pV(gAT) <= pA(qgVr) <

(pVaqg)A(pVr) (pAq)V (pAr) | distributive law
pVF <=7 pANT < p wdentity law
pV-p<— T pA—p <= F complement law
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Some useful additional laws are :

T < F - <= T negation law
pVp<=Dp PAD <D vdempotent law
pV T < T p NI <— F domination law

pV(pAqg) <= p|pA(pVq) < p| absorption law

NOTE : Remember the absorption laws : they can be very useful !
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Some more laws are :

(pVg)Vr <=pV(gVr)

(PANg) AT <= DpA(gAT)

associative law

—(pVq) <= pA—q

“(pAq) <= —pV —q

de Morgan

—(mp) <= p

double negation

P—=q <= "q—= P

contrapositive

36




All laws of logic can in principle be proved using truth tables.

To illustrate the axiomatic nature of the fundamental laws,
we prove an additional law using only the fundamental laws.

At every step the fundamental law used will be indicated.

Once proved, additional laws may be used in further proofs.
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EXAMPLE : Proof of the idempotent law

pvp <= p

r1r 111

pV(pA-p)

(pVp)A(pV-p)

(pVp)ANT

identity law

complement law
distributive law
complement law

identity law

38




NOTE :

e Proving additional laws, using only the fundamental laws, is not as
easy as one might expect, because we have very few tools available.

e However after proving some of these additional equivalences we
have a more powerful set of laws.
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Simplification of logical expressions.

It is useful to simplify logical expressions as much as possible.

This is much like in arithmetic where, for example, the expression

2° + 32y + 3zy® + y°
1s equivalent to

(x+y)° .

40



EXAMPLE : Reconsider the logical expression
ﬂ(pv (qH (p/\Q))) A (qv (P/\Q))

from the “crime example”.

It is equivalent to the much simpler logical expression

PAQ,

because it has the same truth table values :

p|q|-p|PAg
T |\T | F F
T |F | F F
FlT | T T
FlEF | T F

41



One way to simplify a logical expression is by using

e the fundamental laws of logic,

e known additional laws,

e the definitions of the additional logical operators.

For the “crime example” this can be done as follows :

42



I

I

(pv q— (pNaq))) N q
(pv (pMJ)VﬂQ)) A q
((pv(pMJ))VW) A q

commutative law

absorption law

equivalence of —

assoclative law

absorption law

43




|

~(pv-a) A g
(=pA—ma) A g
(=pra) A g
A (a7 4)

A

de Morgan

double negation

assoclative law

idempotent law

44




EXERCISE :

Use logical equivalences to simplify the logical expression
(pA(=(=pVa))VpAg).

(This example was already considered before, using a truth table.)

EXERCISE :

Use logical equivalences to verify the following equivalence:
(rp A q) V(g ANp) == (pVag)A(pAg).
(This was considered before in connection with the & operator.)
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EXERCISE :

Use logical equivalences to show that the logical expression
(F= A=) Ag=7)) = 7,
is a tautology, 7.e., show that

(0= nCp=nna=n)=r

NOTE : Earlier we proved this by truth table and by contradiction.
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Predicate Calculus.

Let S be a set.

A predicate P is a function from S to {T , F } :

P:S — {T,F},

or

P:SxSx---x8S — {T . F}.

or

P: SixSx--x8§, — AT ,F}.
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EXAMPLE : Let Z™ denote the set of all positive integers.

Define
P Zt—{T F}

by
P(z)=T if v € Z" iseven ,

P(z)=F if x€Z" isodd .

We can think of P(x) as the statement
“r 1s an even integer”,

which can be either True or Fualse .

e What are the values of P(12), P(37), P(-3) ?
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EXAMPLE :

Let U be a set and S a subset of U.

Let P(x) denote the statement “z € S”, i.e.,

Plx) <=z €S .

Then
P:U—{T, F}.

49



EXAMPLE :

Let P(z,y) denote the statement “x +y = 5", i.e.,

P(z,y) <= x+y=>5.

Then we can think of P as a function

P ZtxZt—{T ,F}.
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Quantifiers.

For a more compact notation we introduce the quantifiers

v, = and 3!

DEFINITIONS : Let S be aset and P a predicate, P : S — {T ,F }.

Then we define :

Vre S Plr) means “P(x)=T forallzeS”.
dr € S P(x) means “there exists an x € S for which P(z) =T 7.

dlz € S P(x) means “ there is a unique x € S for which P(z) =T 7.
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If it is clear from the context what S is, then one often simply writes

Ve P(x) , dr P(x) , Az P(x) .

It S has a finite number of elements then

Ve P(z) <= P(xi)ANP(x) N - N P(x,)

dr P(x) <= P(x1)V P(x)V---V P(x,)
and

Al P(x) <= P(x1) N=P(xy) N=P(x3) A=+ AN =P(x,)

V (2P (x1) A P(zo) AN=P(x3) A=+« A=P(x,)
\/ -
V (—IP(CCl) A =P(xo) AN=P(x3) A=+ A P(azn))
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Let S be a set and

P:S xS — {T,F}.

Then
Va,y P(x,y) and  VaVy P(x,y)

both mean

Va (‘v’yP(az, y)) .

Thus Vz,y P(x,y) means

“P(xz,y) 1is True for any choice of x and y”.
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Similarly,

dz,y P(x,y) and dzdy P(x,y)

both mean

Jx (HyP(a;, y)) .

Thus dz,y P(x,y) means

7

“There exist an x and y for which P(x,y) is True
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EXAMPLE :

Let
P . Sx§S — {T,F},
where
S ={1,2}.
Then

Vr,y P(x,y) < P(1,1) A P(1,2) A P(2,1) A P(2,2),
while

Jo,y Pla,y) < P(1,1) v P(1,2) Vv P(2,1) V P(2,2).
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EXERCISE : Let
P :7Zx7Z—A{T, F},
where P(z,y) denotes

CC:L, _|_ y — 577.

What are the values of the following propositions 7

Va,y P(z,y)

Jz,y P(z,y)
Ve Jly Pz, y)

Jx Vy P(z,y)
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EXERCISE : Let
P ZtxZt xZ" —{T ,F},
where P(x,y, z) denotes the statement
“p2 42 = 27

What are the values of the following propositions?

dz,y, 2 P(x,y, 2)
Va,y,z Plx,y, 2)
Va,y dz P(x,y, 2)
Vo, z dy P(x,y, 2)

Vz 3,y P(z,y,2)
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EXAMPLE :

Let
P,Q : S — {T F},
where
S ={1,2}.
Then
‘v’a;(P(:U) \/Q(a:)) — (P(l) VQ(U) N (P(Q) VQ(2)> 7
while

va,y(P(2) vV Q) <
(P(l)\/Q(l)) A (P(1)v@(2)) A (P(2)\/Q(1)) A (P(Q)\/Q(Q)) |
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EXERCISE : ( see preceding example - - - ):

Show that

Va (P(a;) V Q(:r;))
is not equivalent to

va,y(P(@) v Q)

Hint: Take S = {1,2} , and find predicates P and () so that one of the
propositions is True and the other one False .
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EXAMPLE : It
P,Q : S — {T F},
where

S ={1,2},
then

Ha;(P(:r;) /\Q(a;)) — (P(l) /\Q(l)) v (P(z) /\Q(Q)) |

EXAMPLE : If again

P,Q : S — {T F},
and
S ={1,2},
then

ve(P(z) = Q) = (P(1) = Q1) A (P(2)— Q@)
— (ﬁp(nvgu)) A (ﬁP(2)\/Q(2)).
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EXAMPLE :

(Va;P(a;)) V (Van(a;)) <= Vo (P(:r;) V Q(a;))

i.e., there are predicates P and () for which the equivalence not valid.

As a counterezample take
PQ : 72t — {T,F},

where
P(x) <= “xiseven” , and Q(z)<= “xisodd” .

Then the RHS is True but the LHS is Fulse .
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EXERCISE :

Show that

(HQ;P(Q;))/\(HQ;Q(x)) s H:U(P(:U)/\Q(az))

by giving an example where LHS and RHS have a different logical value.
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Some equivalences (Valid for any propositions P and Q) :

(1) ﬂ(ﬂxP(a;)) V:U(ﬂP(:U))

2) (veP(@) A (VeQ() va (P(x) A Q)
(3) (veP@)) A (v2Q()) vavy(P(x) A Q)
(4) (Y2P(@)) v (¥2Q()) vavy(P(x) v Q(y))

63




EXAMPLE : Proof of Equivalence (1) when the set S is finite .

ﬁ(axp(g;)) — ﬁ(P(azl) V P(z3) V-V P(azn))
= (P Vv (Pe) Vv P))
e SP(zy) A ﬁ(P(a:Q) VERRRY P(:r;n))
<
< P(x1) AN=P(z)) A=+ AN=P(x,)
< Vr-P(x)
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EXERCISES :

These equivalences are easily seen to be valid:

e Prove Equivalence 2 :

(\V/.CUP(.CU)) A (V:UQ(:U)) — Vr (P(a;) A Q(:r;))

e Prove Equivalence 3 :

(Va;P(a;)) A (Va:Q(az)) — VaVy (P(a;) A Q(y))
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EXAMPLE : Proof of Equivalence (4) .

(V:UP(x)) V (Vx@(x)) — VaVy (P(az) V Q(y))

NOTE : A correct proof consist of verifying that
LHS = RHS and RHS = LHS

or equivalently

LHS = RHS and — LHS = - RHS
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PROOF :

(i) (\V/.CUP(.CU)) V (\V/CCQ(CU)) = VaVy (P(:r;) V Q(y))

is easily seen to be True by a direct proof (with 2 cases).

(i) - [(vxp(g;)) v (VazQ(az))] ~ VaVy (P(:r;) v Q(y))
can be rewritten as
(ElzcﬂP(:U)) A (HaﬁQ(:r;)) N EI:UEIy(ﬂP(:U) A ﬂQ(y))
P and Q being arbitrary, we may replace them by =P and =Q :

(H:UP(:U)) A (H:UQ(:U)) = dxdy (P(:r;) A Q(y))
which is easily seen to be True by a direct proof.

QED !
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EXERCISE :

Prove that the equivalence

(V:UP(x)) A (EI:UQ(x)) < Vaxdy (P(zz:) A Q(y))

is valid for all propositions P and ().

Hint : This proof can be done along the lines of the preceding proof.
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More equivalences (Valid for any propositions P and @) :

(5) ﬂ(‘v’aﬁP(a;)) 3o P ()

6) (3eP(@) Vv (3Q() 32(P(x) v Q)
(1) (3eP@) v (32Q(@)) 323y(P(x) v Q())
8) (32P(@) A (32Q()) 323y(P(2) A Q(y))
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Equivalences (5)-(8) follow from

e negating equivalences (1)-(4), and

e replacing P by =P and () by —(Q ..
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EXAMPLE : Proof of Equivalence (6), using Equivalence (2)

2) | (YeP(@) A (Y2Q(@)) va(P(2) A Q(x))
- ( (‘v’xP(a:)) A (vxcg(x))) —— (P(:r;) A Q(@)
(aaﬁp(az)) v (HxﬂQ(x))) Elx(ﬁp(aj) v ﬁQ(x))
©) | (30P@) v (3:Q()) 3 (P(0) v Q@)
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EXERCISE :

e Prove Equivalence 7 using Equivalence 3.

e Prove Equivalence 8 using Equivalence 4.
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EXAMPLE (of negating a logical expression) :

—~JaVyVzP(x,y,2) <= vg;ﬁ(Vy(‘v’zP(:B,y,Z)))

<—— Vardy— (VzP(a;, v, z))

< Vadydz-P(z,y, 2)
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EXAMPLE (of transforming a logical expression) :

EI:U(P(:U)—>Q(:U)) — EI:U(—lP(a:)\/Q(x))

* This step follows from the earlier Equivalence 6.
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EXAMPLE : (from Rosen’s book: in detail)

Let

D(x) denote the statement “x is a duck”

P(x) s “r is one of my poultry”
O(x) s “r is an officer”
W(z) . “r is willing to waltz”
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Statement logic equivalent

Ducks never waltz -3z (D(ZC) A W(:c)) V:C((D(:c) — ﬂW(:c))

Officers always waltz ﬂEIx<(O(x) A ﬁW(:L‘)) Vx((()(x) — W(SE))

All my poultry are ducks Vx((D(x) V ﬂP(:L‘)) Vx((P(:L‘) e D(:I:))

My poultry are not officers | Va— (O(SE) A P(SE)) Vx((P(:L‘) e —lO(SU))

QUESTION : Do the first three statements imply the last one?
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Do the first three statements imply the last one, i.e., is
[(vg;(D(g;) - ﬂW(a;))) A (Va;(O(a:) - W(:r;))) A (V:U(P(:r;) S D(:r;)))]
. (Vx(P(:z:) 5 ﬁO(x)))
a tautology, i.e., do we have

[(‘v’x(D(x)eﬁW(x))) A (Vx(O(x)HW(x))) A (Vaz(P(az)—>D(az)))]

N (V:U(P(:r;) = ﬂO(x)))

The answer is YES .

In fact, it is a tautology for any predicates D, O, P, W.
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To prove this, we must show that :

if (1) , (2) , and (3) are True then (4)is True .

To show (4) is True , we must show:

If, for arbitrary z, P(z) is True then, using (1,2,3), =O(z) is True .
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[(vx(D(x) = ﬂW(:c))) A (V:C(O(:c) = W(:z:))) A (V:C(P(:z:) 5 D(x)))}
(1) (2) (3)

N (V:C(P(:c) = ﬂO(x)))
(4)

PROOF : Let z be an arbitrary element from our set of objects.
Assume P(z) is True .

We must show that =O(z) is True , i.e., O(z) is Fulse .

From (3) it follows D(z) is True .

From (1) follows =W (z) is True . i.e., W(z) is Fulse .

From (2), since W (z) is Fualse , it follows O(z) is Fulse . QED !
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EXERCISE (from Rosen):

Express each of the following using predicates and quantifiers:
(1) All clear explanations are satisfactory.
(2) Some excuses are unsatisfactory:.

(3) Some excuses are not clear explanations.

Question : Does (3) follow from (1) and (2) ?

Hint : See preceding example.
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REVIEW EXERCISES.

Problem 1. By truth table check if the & operator is associative:
(pdq)&r <= pd(¢dr).

Problem 2. Use logical equivalences to prove that

po(g—r) < pAg—T.

Problem 3. By contradiction show that the following is a tautology:
(pVOA(pP—=A(g—=7)A(r—8)A(s—1)] — t.

Problem 4. Use logical equivalences to simplity

(lpANg) = p]—p) — (p—q) .
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Problem 5. Verify the following basic tautologies, which are known as
“laws of inference”, and which are useful in proofs:

Tautology Name
A P—2q) = q modus ponens
(mg AN (p—q)) = p modus tollens

(p—q)AN(q—71)) = (p—r) | hypothetical syllogism

((pVaq)AN—p) = q disjunctive syllogism

(pVg AN(—pVr)) = (¢gVr) | resolution
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Problem 6. Express the following statements in predicate logic:

(a) “There is a unique x for which P(x) is True .”
(b) “There is no greatest integer.”
(¢) “xo 1s the smallest integer for which P(x) is True .”

(d) “Fvery person has exactly two parents.”

NOTE :
- Let P(x,y) denote “y is a parent of x 7 .

- You may use the predicates * <y, >y ,and x#vy .
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Problem 7.
Let P(x,y, z) denote the statement
'y =z,

where the universe of discourse of all three variables is the set Z.

What is the truth value of each of the following?

P(1,1,1) Yy, z3xP(x,y, 2)
P(0,7,0) Ay, 2Ve P(x,y, 2)
Va,y,zP(x,y, 2) Va,y3zP(x,y, 2)
dz,y, 2P (x,y, 2) Vaxdy, zP(x,y, 2)
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Problem 8.

Let P(x,y, z,n) denote the statement

n

:Un _I_ yn — 7 :

where x,vy,z,n € Z™.

What is the truth value of each of the following:

P(1,1,2,1) Vo, y3zP(x,y, z,1)
P(3,4,5,2) Vzdx,yP(x,y, z, 1)
P(7,24,25,2) dz, yVzP(x,y, 2, 2)

Az, y, 2P (z,y, 2, 2) Az, y, 2P(z,y, 2, 3)
NOTE : One of the above is very difficult!
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Problem 9.

Give an example that shows that

VedyP(x,y) <~ JyVeP(x,y) .

Problem 10.
Prove that

vr[P(r) — Q(z)] = [VaP(z) — V2Q(z)].

Problem 11.
Prove that

Vedy(P(x) V Q(y)) <= VzP(x)V IxQ(x) .
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MATHEMATICAL PROOFS.

e We will illustrate some often used basic proof techniques .

(Some of these techniques we have already seen ---)

e Several examples will be taken from elementary Number Theory.
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DEFINITIONS : Let n,m € Z™.

e Wecallnoddift dk e Z : k>0, n=2k+ 1.

e We call n even if n is not odd. (Then n = 2k for some k € Z*.)

e We say “m divides n”, and write m|n, if n = gm for some ¢ € Z*.
e In this case we call m a divisor of n.

e If m|n then we also say that “n is divisible by m”.

e n (n > 2)is a prime number if its only positive divisors are 1 and n.
e n (n>2) composite if it is not prime.

e n and m are relatively prime it 1 is their only common divisor.
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Direct proofs.

Many mathematical statements have the form

“if P then Q7
1.€.,
P = @,
or, more often,
va(P(z) = Q=) |

where P and () represent specific predicates .

RECALL : a direct proof consists of

e assuming that, for arbitrary x, P(x) is True

e demonstrating that Q(x) is then necessarily True also,
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PROPOSITION : Ifn € ZT is odd then n? is odd.

REMARK :

This proposition is of the form P = () or, more specifically,

VneZ" : P(n) — Q(n),

where P and @ are predicates (functions)

PQ : Zt — {T,F},

namely,

P(n) <= "nis odd” , Q(n) <= "n’is odd” .

NOTE : Actually Q(n) <= P(n*) here !
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If n € Z1 is odd then n? is odd.

PROOF :

Assume n € Z7" is odd (i.e., assume P(n) = T ).
Then, by definition, n = 2k + 1 for some k € Z, kK > 0.

By computation we find

n® = 2k+1)* = 22k* +2k)+1 = 2m+1,
where we have defined m = 2k* + 2k.
Thus, by definition, n? is odd, i.e., Q(n) = T . QED !
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PROPOSITION : IfneZ"isodd then8 | (n—1)(n+1) .

PROOF : If n € Z" is odd then we can write
n = 2k+1 for some integer k, k>0 .
By computation we find
(n—1(n+1) = n*—1 = 4k* +4k = 4k(k+1) .

Clearly
4| 4k(k+1) .

Note, however, that either k is even or £ + 1 is even, 1.e.,
2 | k or 21 (k+1).
Thus
8 | 4k(k +1) . QED !
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LEMMA (Needed in the following example ---) Forx € R, x # 0,1 :

- 1 — "l
Zxk = : Vn >0, ( Geometric sum ) .
—x
k=0

PROOF ( a “constructive proof” ) :

Let n
S, = rk
Then k=0
Sn = 1—|—3:—|—:U2_|_..._|_£Un—1_|_xn’
x-S, = r 4o . gl g 4 gt
so that
from which the formula follows. QED !
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DEFINITION :

A perfect number is a number that equals the sum of all of its divisors,
except the number itself.

EXAMPLES :

0 is pertect :
6 =3+ 2+ 1,

and 28 is perfect :

28 = 14 + 7+ 44+ 2 +1,

and so 1s 496 :

496 = 248 + 124 + 62 + 31 + 16 + 8 + 4 + 2 4+ 1.
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PROPOSITION : Let me€Z*, m > 1.

If 2™ — 1 is prime, then n = 2™ (2™ — 1) is perfect,
or, using quantifiers,

Vm € Z*t : 2™ —1is prime — 2™71(2™ — 1) is perfect .

PROOF : Assume 2™ — 1 is prime.

Then the divisors of n = 2™ 1(2™ — 1) are

1, 2, 2%, 2% ... 2om-l

) Y

and

(2™ — 1), 2(2™ — 1), 2%(2™ — 1), ---, 2" (2™ — 1), 2™ (2™ — 1) .

The last divisor is equal to n , so we do not include it in the sum.
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The sum is then

= 2" —-1)2™! = n. QED !

NOTE : We used the formula

m 1 — pmtl

g ot = 1 : (the geometric sum) ,
—x

k=0

(valid for x # 0, 1).
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Proving the contrapositive.
[t is easy to see (by Truth Table) that

p—q <~ —q — 7.

EXAMPLE :

The statement

2

“n“ even = n even’,

proved earlier is equivalent to

2 even)”,

“=(n even) = —=(n
i.e., it is equivalent to

n odd = n? odd.
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This equivalence justifies the following :

If we must prove

P = @,

then we may equivalently prove the contrapositive

Q) = —P.

(Proving the contrapositive is sometimes easier .)
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PROPOSITION : Let n € Z*, with n > 2.

If the sum of the divisors of n is equal to n 4+ 1 then n is prime.

PROOF : We prove the contrapositive :

If n is not prime then the sum of the divisors can not equal n + 1.

So suppose that n is not prime.

Then n has divisors

1, n, and m, forsomem €Z", m#1, m#n,

and possibly more.

Thus the sum of the divisors is greater than n + 1. QED !
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Some specific contrapositives.

|

(p/\q)—>7“ —|7“—>(—|p\/—|q)

|

(p\/q)—>7“ —|7“—>(—|p/\—|q)

(VxP(:z:)) —q = —q— (HxﬁP(x))

(HxP(:z:)) —q = —q— (‘v’xﬁP(x))

p — VazQ(x) — (3%@(%)) — P

p— JxQ(x) (V%Q(f)) — =
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PROPOSITION : Let n € Z*, with n > 2.

Va,be Z" (nla V nlb V n fab) = n is prime .

PROOF : The contrapositive is

If n isnot prime then da,b(n fa AN n /b A nlab) .

Here the contrapositive is easier to understand and quite easy to prove :

Note that if n is not prime then
n = ab,

for certain integers a and b, both greater than 1 and less than n.

Clearly n fa, n /b, and nl|ab . QED !
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PROPOSITION : Let n € Z" . Then

5|n* = 5n,

PROOF : We prove the contrapositive , i.e.,
5/ = 5 n*.
So suppose 5 [n.

Then we have the following cases :

n=>5k+1 = n*=25k"+10k+1 = 5(5k*+2k)+1,
n=>5k+2 = n®=25k+20k+4 = 5(5k” +4k)+ 4,
n=>5k+3 = n*=25k"+30k+9 = 5(5k*+6k+1)+4,
n=>5k+4 = n°=25k"+40k+16= 5(bk*+8k+3)+1,
for ke Z, k > 0.

This shows that 5 fn? . QED !
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Proof by contradiction.

To prove a statement P = () by contradiction :

eassume P=T7T and QQ=F |,

e show that these assumptions lead to an impossible conclusion

(a “contradiction”).

(We have already seen some proofs by contradiction.)
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PROPOSITION :

If a prime number s the sum of two prime numbers

then one of these equals 2.

PROOF :

Let p1, p2, and p be prime numbers, with p; 4+ ps = p.
Suppose that neither p; nor py is equal to 2.

Then both p; and p; must be odd ( and greater than 2 ) .

Hence p = p; 4+ ps is even, and greater than 2.

This contradicts that p is prime. QED !
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PROPOSITION : /2 is irrational, i.e., if m,n € ZT then ™ # V2.

PROOF : Suppose m,n € Z* and ™ = V2.

We may assume m and n are relatively prime (cancel common factors).

Then m = V2 n

R I R

m? = 2n? *
m? even
m even (proved earlier)

3k € Z+(m = 2k)

2n? = m? = (2k)? = 4k* (using * above)
n* = 2k*

n? even

T evell

Thus both n and m are even and therefore both are divisible by two.

This contradicts that they are relatively prime. QED !

NOTATION : The “=" means that the immediately following state-
ment is implied by the preceding statement(s).
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EXERCISE :

Use a proof by contradiction to show the following:

(pVag) N(p—r) ANlg—r1) = 1.

P—=a9) ANlg—=r) = por.

Hint : See a similar example earlier in the Lecture Notes.
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PROPOSITION :

If the integers
17 27 37 R 107

are placed around a circle, in any order, then there exist three integers
in consecutive locations around the circle that have a sum greater than
or equal to 18.
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PROOF : (by contradiction)

Suppose any three integers in consecutive locations around the circle
have sum less than 18, that is, less then or equal to 17.

Excluding the number 1, which must be placed somewhere, there remain
exactly three groups of three integers in consecutive locations.

The total sum is then less than or equal to1 + 17 + 17 + 17 = 52.

However, we know that this sum must equal

I +2+3+ --- +10 = 59.

Hence we have a contradiction. QED !
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Proof by cases (another example) :

PROPOSITION : Let n € Z" . Then

6| nn+1)(n+2).

PROOF : We always have that 2|n or 2|(n+1) . (Why ?7)

There remain three cases to be considered :

For some k € ZT , k>0 :

n = 3k : Then 3|n

n = 3k+1 : Then 3|(n+2),

n = 3k+2 : Then3|(n+1).
QED !
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FACT : Any real number x can be uniquely written as
r = n + r,

where
neZ and reR, with 0<r<1.

DEFINITION : We then define the floor of z as

lz| = n.

EXAMPLES : |7|=7 , |-7|=-7, |7] =3, |-7]=—4

EXAMPLE : Use a proof by cases to show that
1

20] = |z] + Lo+
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1 1
0 < 2r < 1 and - < r+- <1
2 2
LHS 2z] = [2n+2r] = 2n
RHS : x| = [n+7r|] =n
1 1
WWL? = Ln+7“+§J =N

so that the identity is satisfied.
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LQ:Uj:LxJ%—Lx%—%J , xr=mn-+r

PROOF : (continued ---)

Case 2 : %§7“<1: Then

1
1 < 2r<?2 and 1§r+§<1—|——.
LHS : 2x] = [2n+2r| = 2n+1
RHS : x| = |n+7r] =n

1 1
Lx+§j = Ln+r+§J = n+1

so that the identity is satisfied. QED !
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Existence proofs.

e Mathematical problems often concern the existence, or non-existence,
of certain objects.

e Such problems may arise from the mathematical formulation of
problems that arise in many scientific areas.

e A proof that establishes the existence of a certain object is called
an existence proof.
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EXAMPLE : For any positive integer n there exists a sequence

of n consecutive composite integers , 1.e.,

VneZt*d3m e Z* : m+1i is composite, i=1,---,n .

For example,

n=2: (8,9) are 2 consecutive composite integers (m = 7),

n=3: (89,10) are 3 three consecutive composite integers (m = 7),

n=4: (24,25,26,27) are 4 consecutive composite integers (m = 23),

n=>5": (32,33,34,35,36) are 5 consecutive composite integers (m = 31).
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Vne€Z dm e Z* : m+1i is composite , i =1,---.n .

PROOF :

Let m=(n+ 1) + 1.

Then, clearly, the n consecutive integers
(m+1)!+1+1, n+)!+14+2, -, (n+D+1+n,

are composite.  (Why 7) QED !

NOTE : This is a constructive existence proof : We demonstrated
the existence of m by showing its value (as a function of n).
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PROPOSITION : There are infinitely many prime numbers.

The idea of the proof (by contradiction) :

e Assume there is only a finite number of prime numbers.

e Then we’ll show IN > 1 € Z™ that is neither prime nor composite .

e But this is impossible !

e Thus there must be infinitely many prime numbers !
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PROOF :

Suppose the total number of primes is finite , say,

P1y, P2, "5 Pn -
Let
N = pip2---pn + 1
e Then N cannot be prime. (Why not 7?)

e Also, none of the py,ps,---,p, divide NV,

since N divided by p; gives a remainder of 1 ,

e Thus N cannot be composite either !
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NOTE :

e This proof is a non-constructive existence proof.

e We proved the existence of an infinite number of primes
without actually showing them !
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NOTE :

e There is no general recipe for proving a mathematical statement

and often there is more than one correct proof.

e One generally tries to make a proot as simple as possible,

so that others may understand it more easily.

e Nevertheless, proofs can be very difficult, even for relatively simple

statements such as Fermat’s Last Theorem :

—dz,y,z,n€Z " n>3 : 2" +y" ="
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NOTE :

e There are many mathematical statements that are thought to be

correct, but that have not yet been proved (“open problems”),

e.g., the “Goldbach Conjecture” :

“Bvery even integer greater than 2 1s the sum of two prime numbers”.

e Indeed, proving mathematical results is as much an art as it is

a science, requiring creativity as much as clarity of thought.
e An essential first step is always to fully understand the problem.

e Where possible, experimentation with simple examples may help

build intuition and perhaps suggest a possible method of proof.
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REVIEW EXERCISES.

Problem 1. Use a direct proof to show the following:
(pVaq) AN (gq—1) A ((p/\s)—>t) A (ﬂq—>(u/\3)) AN —r = t.

(Assuming the left-hand-side is True , you must show that ¢ is True .)

Problem 2. Let n be a positive integer.

Prove the following statement by proving its contrapositive:

"If n42n+1 is odd then n s even”.
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Problem 3. Let n be an integer. Show that
3ln* = 3n,
by proving its contrapositive.

Hint : There are two cases to consider.

Problem 4. Give a direct proof to show the following:

The sum of the squares of any two rational numbers is a rational number.
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Problem 5.
Show that for all positive real x
if x is irrational then /x is irrational .

by proving the contrapositive .

Problem 6. Use a proof by contradiction to prove the following:
If the integers 1, 2, 3, ---, 7, are placed around a circle, in any order,
then there exist two adjacent integers that have a sum greater than or

equal to 9 .

(Can you also give a direct Proof ?)
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FACT : Any real number x can be uniquely written as

xr =n —r,
where
neZ and reR, with 0<r<1.

DEFINITION : We then define the ceiling of x as

[(x] = n.
EXAMPLES : [7] =7 , [-7]=-7 , [r] =4 , [-7] = -3

Problem 7.

Is the following equality valid for all positive integers n and m 7

PR =+ 12

If Yes then give a proof. If No then give a counterexample.
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SET THEORY

Basic definitions.

e Let U be the collection of all objects under consideration.

(U is also called the “universe” of objects under consideration.)

e A set is a collection of objects from U.
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Let A, B, and C' be sets.

reA <= “xisan element (a member) of A”.

r¢ A — ~(red
ACB «—= VeelU:ze€eA=x€eB subset,
A=B «<— (ACB)A(BCA) equality

The above take values in {71, F' }.
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The following are set-valued :

AUB = {ze€eU : (reA)V(reB)} | union
ANB = {2zeU : (re A)N(x e B) } | intersection
A = {zxelU :x¢ A} complement

A—B = {2zeU : (x€A)AN(x¢B)} | difference
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Venn diagram.

This is a useful visual aid for proving set theoretic identities.

EXAMPLE : For the two sides of the identity
(ANB)—C = An(B-0C)

we have the following Venn diagrams :

C C

\
7
~L\
\
N
N—_—

~N
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The actual proof of the identity, using the above definitions and the laws
of logic, is as follows :

ve ((AnB)-0C)
~—zrxe(ANB) N x¢C
— (r€e ANzeB) NxglC
~—x €A N (xeB A x¢(C) | associative law
——zrxeA Nzxe(B-0C)

——xeAN(B-C)
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EXAMPLE :

For the two sides of the identity
A—(BuC) = (A—-B)Nn(A-C)

we have the following Venn diagrams :

il
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The actual proof of the identity is as follows :

xé@bﬂBUC»
— €A ANz (BUC)
reA N -(xe(BUl))
reA N a(reBVxel)
reANx¢gB AN xgC de Morgan
reANzxeANx¢B Nx ¢ C | idempotent law
reANxgB N zxeA N x¢gC | commut.+assoc.

re€(A—B) A z€(A—C)

rtr 11t 1011

r€(A—B)N(A-C)
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EXAMPLE: AnB=AUB = A=20HB
PROOF : ( a direct proof ---)
Assume (AN B) = (AU B). We must show that A = B.

This is done in two stages :

(i) show AC B and (i) show BC A .

To show (7)

Let x € A. We must show that z € B.

Since z € A it follows that z € AU B.

Since (AN B) = (AU B) it follows that x € (AN B).

Thus z € B also.

The proof of (ii) proceeds along the same steps.
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Subsets.

S CU means S is a subset of a universal set U .

The set of all subsets of U is denoted by 2Y or P(U) , the power set .

This name is suggested by the following fact :

If U has n elements then P(U) has 2" elements (sets) .
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EXAMPLE :

Let
U =A{1,2, 3}.

Then

Py = { ({1} {2} 3} {12} {13}, (2.3}, {1,2,3} } .

We see that P(U) has 2° = 8 elements .

NOTE : The empty set ) = {} and U itself are included in P(U).
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Basic set theoretic identities :

AUB=BUA ANB=BnNA commutative laws
AU(BNQC) = AN(BUC(C) =

(AUB)N(AUC) (ANB)U(ANC) | distributive laws
AU =A ANU=A identity laws
AUA=U ANA=10 complement laws
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Some additional identities :

U =0 D=U
AUA=A ANA=A idempotent laws
AUU =U ANDP =10 domination laws

AUANB)=A | AN(AUB) = A | absorption laws
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Some more identities :

(AUB)UC = (ANB)NC =

AU (BUC) AN (BNC) | associative law
AUB=ANB |ANB=AUB | de Morgan’s laws
A=A involution law

All the preceding identities can be proved using the definitions of set
theory and the laws of logic.

Note the close correspondence of these identities to the laws of logic.
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NOTE : One can also proceed aziomatically by only assuming :

e the existence of a power set P(U) , where U is a universal set ,
e special elements U and () ,
e a unary operator ~ , and two binary operators U and N,

e the basic set theoretic identities .

Given this setup one can derive all other set theoretic identities.

Note the close correspondence between the above axiomatic setup and
the axiomatic setup of logic !
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EXAMPLE :

Prove the idempotent law

AUA=A

using only the basic set theoretic identities :

A = AU identity law
AU(ANA) complement law
(AUA)N (AU A) | distributive law
(AUA)NU complement law

AUA identity law
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EXAMPLE :

( to illustrate the close relation between Set Theory and Logic

Using another approach we prove the absorption law :
AUANB) = A
Thus we must prove
VreU : € AU(ANB) < z€A
VeeU : € AV xeANB <— x€ A

VeeU : x€AV (reANzeEB) <— xcA
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VeeU : x€ AV (€A NzeB) < zxze€A

Define logical predicates a(x) and b(x) :

a(r) <= x€ A , b(r) — x€B.

Then we must prove

VeeU : a(x) V (a(x) Ab(z)) <—= alx) .

It suffices to prove that, for arbitrary logical variables a and b ,

aV(aNd) < a .

But this is the absorption law from logic !
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REVIEW EXERCISES.

For each of the following, determine whether it is valid or invalid.
If valid then give a proof. If invalid then give a counterexample.

AN(BUA) = A

(1)

(2) AU(BNC) = (AUB)NC

3) (AnB)u(CnD) = (AND)U(CNB)
(4) (ANB)U(ANB) = A

(5) AU((BUC)NA) = A

(6) A—(BUC)=(A-B)N(A-C)

(7) BNCCA = (B-A)N(C-A)=0
8) (AUB)—(ANB)=A = B={
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FUNCTIONS

DEFINITIONS : Let A and B be sets.

Then f is called
a function from A to B

if to each element of A it associates exactly one element of B .

We write f A -— B

and we call A the domain of f and B the codomain of f .

We also define the range of f to be

f(A) = {be B : b= f(a) for some a € A} .
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We say that f is:

one-to-one (or injective) iff Vaj,as € A: a3 # as = f(a1) # f(as)

1ff ‘v’al,ag cA: f(al) = f(CLQ) — a1 = Q9

onto (or surjective) iff Vbe Bda€ A: f(a) =0

iff f(A) =B

biyjective ift  f is one-to-one and onto
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EXAMPLE :

Let
A =Ha,b,c} : B =1{1,2},

and let f : A — B be defined by

f:a—1 , f:0—2 , [ :c—1.

Then f not one-to-one, but f is onto.

(D
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EXAMPLE :

Let
A ={a,b} , B=1{1,2,3},

and let f : A — B be defined by
f:ra—1 , f :b—3.

Then f is one-to-one but not onto.

A
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EXAMPLE :

Let A = B = Z7, and let

be defined by

fon n(n2+ 1)
flny = Y

Then f is one-to-one but not onto.
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PROOF : (1) f is not onto:

Here
f(Z+) =4{1,3,6,10,15,21, --- },

so it seems that f is not onto.

To be precise, we show that f(n) can never be equal to 2 :
fn)=2 <= nn+1)/2=2 <= n*+n—-4=0.

But this quadratic equation has no integer roots.
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(2) f is one-to-one: Assume that f(ny) = f(no).

We must show that n; = ny :

fln) = flne) <= nmi(ni+1)/2 = na(na +1)/2
= n%%—nl = n%+n2
— ni —ni = —(n; —ny)
< (n1+n2)(ng —n9e) = —(ng —no)
<= Ny = N9 O Ni+ny = —1

However ny,ny € Z7. Thus n; + ny cannot be negative.

It follows that n; = ns. QED !
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EXAMPLE :

Define
f XL — 7 X1

or equivalently
f . 7} — 7
by

f(m,n) = (m+n, m—n),

or equivalently, in matrix multiplication notation
m I 1 m
() = A0

Then f is one-to-one, but not onto.
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PROOF :

(i) One-to-one :

Suppose
f(ml,nl) — f(m2,n2) -
Then
(my+ny, m—ny) = (me+ns, mg—ny),

i.€.,

mi+mny = Mo+ ng,
and

mp—ny = My — Ny .

Add and subtract the equations, and divide by 2 to find

mi =mye and n; = ng,

that is,
(m1,n1) = (mg,n2) .

Thus f is one-to-one.
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(ii) Not onto :

Let (s,d) € Z* be arbitrary. Can we solve

fim,n) = (s,d),
i.e., can we solve
m—+n = S,
m—-—n = d,

for m,neZ?

Add and subtract the two equations, and divide by 2 to get

s+ d i s —d
m = an n = .
2 2

However, m and n need not be integers, e.q., take s =1, d = 2.

Thus f is not onto. QED !
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Given two functions

f:A— B and ¢g : B— (C,

we can compose them :
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EXAMPLE :
Let A= B = C =7 (all integers), and define f,g : Z — Z by
fln) = n*+2n—1 , gn) = 2n—1.

o Let hi(n) = f(g(n)). Then

hiln) = f2n—1) = 2n—1)*+22n—1)—1 = 4n* - 2.

o Let ho(n) = g(f(n)) Then

ho(n) = gn*+2n—1) = 2(n*+2n—1)—1 = 2n* +4n -3 .

o Let hs(n) = g(g(n)) Then

hs(n) = g2n—1) = 22n—1)—1 = 4n—3 .
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Inverses. Let

f: A— B,

and
g: B— A.

Then g is called the inverse of f if

Va € A g(f(a)) =a,

and

vbe B - f(g(b)) _

If f has an inverse g then we say

f 1s tnvertible ,

and we write f~! for ¢ .
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EXAMPLE :

Let f : Z— Z bedefined by f : n—n—1, i.e.,
f(n) = n—1 ("shift operator”) .

e f is one-to-one :

If f(n1)= f(ny) then ny —1=ny—1,4e, ny=ny.

e f isonto:
Given any m € Z , can we find n such that f(n)=m7?
That is, can we find n such that n—1=m 7

Easy: n=m+1 !
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It follows that f is invertible, with inverse

f'{m) = m+1.

Check :
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EXAMPLE :

Let f : R— R bedefinedby f : 2 — 1—-2x, 1i.e.,
flx) = 1—-2x.

e f is one-to-one :

If f(z1)=f(zs) then 1—2x;=1-—2x5, i.6., 1 =25 .

e f is onto :

Given any y € R, can we find z such that f(x) =1y 7
That is, can we find x such that 1 -2z =y 7

Easy: v =(1—y)/2 !

( We actually constructed the inverse in this step : f~!(y)
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f(x) = 1-2x, f:R—R

We found that f is invertible, with inverse

[ (y) = };%;g -

Check ( not really necessary ---):
F(w) = fla-y/2) = 1-2(0-v/2) = y.

1— (1 —2z)

f_l(f(a:)) = [Tl —22) = 5 -

NOTE : We constructed f~'(y) by solving f(z) =1y for xz .
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THEOREM :

f : A— B isinvertible if and only if f is 1 —1 and onto .

REMARK :

e It is not difficult to see that this theorem holds for finite sets.

e However, the proof also applies to infinite sets.
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PROOF :

(1a)

First we show that if f is invertible then fis 1 —1.

By contradiction: Suppose f is invertible but not 1 — 1.
Since f is not 1 — 1 there exist ai,as € A, a1 # a9, such that

f(ay) = f(az) = by .

Since f is invertible there is a function ¢ : B — A such that

g((f(a))) —a, YacA.

In particular

g(f(al)) =a;, and g(f(az)) = Qg ,

i.€.,
g(bo) = a1, and g(bo) = az .

Thus ¢ is not single-valued (not a function). Contradiction !
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(1b) | Now we show that if f is invertible then f is onto.

By contradiction: Suppose f is invertible but not onto.

Since f is not onto there exists by € B such that

f(CL) # bo, Va € A .

Since f is invertible there is a function ¢ : B — A such that

f(g(b)) —b VbeDB.

In particular

f(g(bo)) = by, where g(by) € A .

But this contradicts that f(a) # by, Va € A .
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(2a)

Next we show that if f is 1 — 1 and onto then f is invertible.

Define a function ¢ : B — A as follows :

Since f is 1 — 1 and onto we have that for any b € B
b= f(a) for some unique a € A .

For each such a € A set

g(b) = a.

Then g : B— A, and by construction

f(9®) = fla) = b.
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(2b) | We still must show that Va € A: g(f(a)) =a .

By contradiction : Suppose g( f (ao)) #+ ay for some ag € A .

Define by = f(ag) . Then by € B and

g(bo) # ao ,
where both ¢(by) and ag liein A .

Since f is one-to-one it follows that

f(9(b0)) # flao)

i.€.,

f(g(bo)) # by .

But this contradicts the result of (2a) ! QED !
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EXAMPLE :

e Define f : ZT — ZT by
fln) = n(n—2)(n—4)+4.

Then f is not one-to-one ; for example, f(2) = f(4) =4 :

Fn) [ 71414 [19] 52109

Using calculus one can show that f(n) is increasing for n > 3.

Thus f is not onto ; for example,

VneZ" . f(n)#2.
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e Now let
S = f(z") = {1,4,7,19,52,109, -} ,

and consider f as a function
f:zZt—28S.

Then f is onto, but still not one-to-one, since f(2) = f(4) = 4.

e Finally let
D = Z* —{2},

and consider f as a function
f:D—5.

Now f is one-to-one and onto, and hence invertible.
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EXAMPLE : The floor and ceiling functions.

FACT :
VieR dlneZ and d!reR with 0<r <1 such that

r = n + r.

We already defined the floor function, |-] , as

lz] = n.
EXAMPLES :
7] =3, leJ =2, [3 =3, [-7/2 = -4,
where e = 2.71828 - - -
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FACT :

VieR dlneZ and d!reR with 0<r <1 such that

We already defined the ceiling function, |[-] , as

x| = n.

EXAMPLES :
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We see that

- R — Z
and
-] R — Z
EXERCISE :
e Is |-| one-to-one? onto? invertible?
e Is |-] one-to-one? onto? invertible?

e Draw the graphs of |-] and [-] .
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EXAMPLE : Letp, kcZ+ .

Then

PROOF :

By definition of the ceiling function we can write

P _ Py _
k?_"k_‘ r,

where 0 < r < 1.

Hence
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EXAMPLE : Show that the linear function

f : R* — R?
defined by

or, in matrix form,

1s one-to-one and onto.

e One-to-one: Exercise!

Hint : See the earlier example where this function was considered as

f .7 — 7.

171



e Onto:

o) = @+y,z—y) or  f () - (

We can construct the inverse by solving

f(x,y) — (S,d),
that is, by solving
r+y = S : r—y = d,
for z,y € R :
. s+d  s—d

Thus the inverse 1is

- 58 w0 () -




f(z,y)

(CU‘l_y, Qf—y) ) g(Svd) — (S—gd7 S;d)

Check ( not really necessary ---):

s+ d S—d)
2 7 2

f(g(S,d)) — f(

s+d s—d s+d s—d

and

9g(f(z,y) = glz+y, z—y)

éx+w+%w—w (x+w—%x—w)
9 ’ 9

= (z,9) .
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EXAMPLE :
More generally, a function
f : R* — R?

is linear 1if it can be written as

f(xay) — (all T+ai2y, a x+a22y),

or equivalently, as matriz-vector multiplication
f : X . a1 Qi i ’
Y 21 A22 Y
where a;; e R, (1,5 =1,2).
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f : RQ N RQ 7 f : (33) R (all alZ) (33
Y g1 A22 Y

This function is invertible if the determinant

D = ajjaz —apan # 0.
In this case the inverse is given by
(@) =) (@)
EXERCISE : Check that

[ S y) = (wy) and f(f(s.d) = (s,d) .
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Now consider the same linear function
n a1 a192 n
/e - ,
T a21 a929 T

but with a;; € Z, (¢,5 =1,2) , and as a function

f 7" —7.
Is

-1 . S 1 (22  —A12 S
(@) e ()G

still the inverse?
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ANSWER : Not in general !

f is now invertible only if the determinant
o D = ajjaz — ajaas 7& 0,
and

® \V/Z,] . D | Qjj5 -
In this case f~! is still given by
f—l , S . l 22 —a12 S
-\ d D\ —a21 an d)
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EXERCISE : Show that
n 3 2 n
() = (G50
is invertible as a function f : Z* — Z? .

What is the inverse?

EXERCISE : Show that
n 3 1 n
ro(n) = () ()

is not invertible as a function f : Z? — Z* .
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REVIEW EXERCISES.

Problem 1.

Define

by

f : R — R

(1/x if 240,
flz) =

0 it z=0.

\

Draw the graph of f .
Is f one-to-one?
Is f onto?

What is =17
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Problem 2. Consider a function

f: A — B.
For each of the following, can you find a function f that is

(i) one-to-one (ii) onto (iii) one-to-one and onto ?

o A={1,23 ., B={12

o A= {1,2) . B = {1,2,3}

e A = {all even positive integers} , B = {all odd positive integers}
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Problem 3.

Can you find a function f : Z —— Z7% that is one-to-one and onto ?

Can you find a function ¢g : Z™ —— 7Z that is one-to-one and onto ?

Problem 4. Let S, be a finite set of n elements.

Show that a function

f .85, — 95,

is one-to-one if and only if it is onto.
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Problem 5. Let f : A — B and g : B — (' be functions.

e Suppose f and ¢ are one-to-one.

Is the composition go f necessarily one-to-one?

e Suppose the composition go f is one-to-one.

Are f and ¢ necessarily one-to-one?

e Suppose f and ¢ are onto.

Is the composition ¢go f necessarily onto?

e Suppose the composition go f 1is onto.

Are f and ¢ necessarily onto?

Justity your answers.
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Problem 6.

Let Py denote the set of all polynomials of degree 2 or less ,

i.e., polynomials of the form

p(x) = ax® + bx + c, a,bcecR , x€R.

Let Py denote the set of all polynomials of degree 1 or less

i.e., polynomials of the form

plx) = dx + e, deecR , zeR.

Consider the derwative function (or derivative operator )

DZP2—>P1.
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For example,
D : 32°47r—4 +— 6x+7,

and
D : brxr—2mr — 5.

QUESTIONS :

e Is D indeed a function from Py to P; 7

e Is D one-to-one ?

e Is D onto?

e Does D have an inverse 7
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Problem 7. If A and B are sets, and if
f . A — B,

then for any subset S of A we define the image of S as

f(S) = {beB : b= f(a) for somea € S} .

Let S and T be subsets of A . Prove that
o f(SUT) = f(S)U f(T),
o f(SNT) C f(S)NS(T).

e Also give an example that shows that in general

F(SNT) # f(S)N F(T) .

185



Problem 8. If A and B are sets, and if

f . A — B,
then for any subset S of B we define the pre-image of S as

FHS) = {ac A : fa)e S}.

NOTE : f~!(9) is defined even if f does not have an inverse!

Let S and T be subsets of B . Prove that

o [USUT) = [HS)USNT).

. fUSAT)

SN TN
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THE DIVISION THEOREM :

VnelZ VdeZ", A qgreZ : (0<r<d, n=qd+r).

EXAMPLE : It n=21 and d =8 then
n = 2-d+ 5.
Thus, here ¢ =2 and r=5.
e d is called the dwisor,

e ¢ is called the quotient; we write ¢ =n div d ,

e 1 is called the remainder; we write r =n mod d .
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EXAMPLES :

n= 14, d=5 : 14 = 2-d + 4, so

14 divd = 2 and 14 modb = 4.

n=-14,d=5 : —14 = (=3)-d + 1, so

—14divd = —3 and — 14 modbd = 1.
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Let d€eZ" and n,q,r € Z .

From the definitions of “div” and “mod” it follows that :

PROPERTY 1 : n = (ndivd)d + n modd
Example : 23 = (23div7)-7 + 23 mod 7

PROPERTY 2 : If 0<r<d then (qd+ r) mod d

Example : (5-743) mod 7 =

PROPERTY 3: (gd + n mod d) mod d = n mod d
Example : (5-7 + 23mod 7) mod 7 = 23 mod 7
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PROPERTY 4: Let a,b€Z and d € Z" . Then
(ad +b) mod d = bmod d .

PROOF :
By the Division Theorem

b=qd+r, where r=bmodd, with 0<r<d.

Thus, using Property 2
(ad + b) mod d = ((a+q)d+r) modd = r = bmod d .

QED !

EXAMPLE: (57-7+13)mod7 = 13 mod 7.

190



PROPERTY 5: Leta€eZ and d € Z™. Then

(@ mod d) mod d = a mod d .

PROOF : Using Property 3,

(@ mod d) mod d = (0-d+a mod d) modd = a mod d .

EXAMPLE :

(59 mod 7) mod 7 = 59 mod 7 .
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PROPERTY 6 :
Let a,b € Z and d € Z™. Then

(a+b) mod d = (a mod d+ b mod d) mod d .

EXAMPLE :

(54+8) mod3 = 1 = (5mod 3+ 8 mod 3) mod 3 .
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PROOF :

By the Division Theorem
a=q,d+1r,, Wwhere r,=amodd, with 0<r,<d,

b=qd+1,, where r,=0bmodd, with 0<r,<d.

Thus
(a+b)modd = (q.d+7rs+ qd—+ 1) mod d

— ((Qa + qp)d + 14 + rb) mod d

= (rqo+ 1) mod d (using Property 4)

= (amod d+bmodd) modd. QED !
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DEFINITION :

If a,beZ, deZ" ,andif

a mod d = bmod d

then we also write

a=b (mod d) ,
and we say

“a is congruent to b modulo d”.

EXAMPLE :

83 = 31 (mod 26) .

Note that 83 — 31 = 52, which is divisible by 26 ., i.e.,

26 | (83— 31) .
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PROPOSITION : Let a,b€Z ,and d e Z" . Then
a=b (modd) ifandonlyif d| (a—0).
PROOF

(=) First, if @ = b (mod d) then, by definition,
a modd = bmodd .
Hence there exist q,,q,, 7 € Z , with 0 <r < d , such that

a = q,d+r and b = qd+r (same remainder).

It follows that
a—0b = (QCL_Qb) d7
so that d | (a —b).
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a =b (mod d) if and only if d| (a—0)

(<) Conversely, if d| (a —b) then
a—b = qd,

i.€e.
a = b + qd,

for some q € Z .

It follows that

amodd = (b+¢qd) mod d = bmod d .
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PROPOSITION : If a,b€Z ,and c¢,d € Z" , then
a = b(modd) = ac = bc (mod dc) .

PROOF :
a =b (mod d) if and only if d | (a —b) ,
1.€.,

a—b = qd, forsome q€7Z.

Then ac — be = gdc , so that (dc) | (ac — be) ,

1.€.,

ac = be (mod de) .

NOTE : We also have that ac = be (mod d) .

197



PROPOSITION : Let a,b€Z and d e Z* . Then

a = b (mod2d) = a* = b® (mod 4d) .

EXAMPLE : Let a=13,0=7 d=3. Then

13 = 7 (mod 2-3) ,
1.€.,

13 (mod 6) = 7 (mod 6) ,

and

13 = 7% (mod 4 - 3) ,

1.€.,

169 (mod 12) = 49 (mod 12) (Check!) .
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a = b(mod2d) = a* = b* (mod 4d)

PROOF : Suppose a = b (mod 2d) .

Then 2d|(a —b) , i.e., a—b = q2d , for some g € 7Z .

Thus a and b differ by an even number.

It follows that a and b must be both even or both odd.
Hence a + b must be even, 7.e., a+b = 2c¢ for some c € Z .
Then a* —b* = (a+0b) (a—0) = (2¢) (q2d) = cq 4d .

It follows that 4d|(a* —b%) , i.e., a* = b* (mod 4d) . QED !

NOTE : Also a* =b? (mod 2d) and a? = b* (mod d) .
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PROPOSITION : If n >3 then not all of

, n , n+2 , n+4,
can be primes.

Idea of the proof : Always one of these three numbers is divisible by 3 .

PROOF. By contradiction : Assume that n > 3 and that
n, n+2 and n+4 are primes .

Since n is prime and n > 3 we have

nmod3 =1 or mnmod3d = 2. (Why 7)

Casel: If nmod3 = 1 then n = 3k+1 and
n+2 = 3k+3, de, 3l(n+2).

Case2: If nmod3 = 2 then n = 3k -+ 2 and

n+4 = 3k+6, ide, 3l(n+4).
Contradiction !
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THE FACTORIZATION THEOREM :

vne (Zt—{1}), 3 (m, P, (i)
m e 77,
V1 (Zzl,,m) pz,’l'LZEZ—i_,

L<pi <p2<---<ppm,

Vi (i=1,---,m) : p; is a prime number |,
no=pitpet o Pt
EXAMPLE : 252 = 223271,
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PROPOSITION : log,3 is irrational.

PROOF : By contradiction:
Suppose log,3 is rational, i.e., dp,q € Z* , such that

logy3 = p/q .
By definition of the log function it follows that

2L — 3

from which
20 = 39,

Let n = 2P . Then ne€Z", withn > 2.
Then n has two different prime factorizations, namely

n = 2P and n = 39,

This contradicts the Factorization Theorem. QED !
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REMARK :

The fact that

ow L 3

also follows from the facts that 2P is even and 39 is odd.
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DEFINITION :

We call n € ZT a perfect square if

|
I
O

JkeZt : n

FACT :

The factorization of a perfect square has only even powers :

If
ko= pi"py” o
then
no= k¥ = p{™p - opim
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PROPOSITION :

If neZ" isnot a perfect square then +/n is irrational.
PROOF
By contradiction :

Suppose n is not a perfect square, but /n is rational.

Thus

1.€.,

for some p,q € Z* .
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The prime factorization of p* has even powers only.
The prime factorization of ¢? has even powers only.

The prime factorization of n must have an odd power,

(otherwise n would be a perfect square).
Thus the factorization of ng?> must have an odd power.

Thus p* has two distinct factorizations:

one with even powers and one with at least one odd power.

This contradicts the uniqueness in the Factorization Theorem.

QED !
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DEFINITION :

k € Z* is the greatest common divisor of n,m € Z* ,

k = ged(n,m) ,
if

e kln and k|lm

e no positive integer greater than £ divides both n and m .

207



REMARK :

One can determine
ged(n, m)

from the minimum exponents in the prime factorizations of n and m.

EXAMPLE : If

n =168, m = 900,
then

n = 23317, m = 2°3%25%,
and

gcd(168,900) = 223" = 12.

208



THE EUCLIDEAN THEOREM :

Let n, d € Z7* ,and let

r = nmodd,

Then

ged(n,d) =

<
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EXAMPLE :

gcd(93 , 36)

ged(36 , 93 mod 36) = ged(36 , 21)

= gcd(21, 36 mod 21) = ged(21, 15)

= ged(15, 21 mod 15) = ged(15, 6)

= gcd(6, 15 mod 6) ged(6, 3)
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EXAMPLE :

gcd (2008 , 1947) = ged(1947 , 2008 mod 1947) gcd (1947 , 61)

= gcd(61, 1947 mod 61) = gcd(61, 56)
— gcd(56 , 61 mod 56) — ng(56 3 5)
= ged(5, 56 mod 5) = gcd(5, 1)

Thus 2008 and 1947 are relatively prime .
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LEMMA :

Let a,b,c € Z ,and d € Z* .

Then

(1) (a=b+c , dla , db) = dc,

(2) (a=b+4+c , dib , dlc) = da,

(3) (a=bc , dc) = dla .
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(1) (a=b+c, dla, db) = dlc

PROOF of (1) :
dla <= dq. €Z : a=dq,,

and
db <= dpeZ : b=dg .
Thus
c=a—-b = dg—-dg = d(q—o).
Hence d|c .

EXERCISE : Prove (2) and (3) in a similar way.
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cd(d,r) it r>20
gcd(n,d)—{g (d | it r=0

PROOF OF THE EUCLIDEAN THEOREM :

By the Division Theorem

n =gq-d-+ 1,

where g = ndivd and r = nmodd.

Casel: r=0.

Then clearly d|n .
Also d|d and no greater number than d divides d .
Hence d = ged(n,d) .
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scd(n, d) — {gcd(dd, )

it
if

r >0
T =

Case2: r > 0:

Let &k = ged(n,d) .

Then kln and k|d .

By the Division Theorem

By Lemma (3) k|qd .
By Lemma (1) k|r .

Thus k£ divides both d and r .
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scd(n, d) — {gcd(dd, )

it
if

r >0
r =0

k = ged(n,d) , n =q-d+ r.

Show k is the greatest common divisor of d and r :

By contradiction :

Suppose k; >k and k; = ged(d,r) .
Thus ki|d and Fky|r

By Lemma (3)  kq|qd .

By Lemma (2) kyi|n .

Thus k; divides both n and d .

Since ki > k this contradicts that k£ = gcd(n,d) .
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REVIEW EXERCISES.
Problem 1.

Prove that a composite number n has a factor k£ < /n .

Thus to check if a number n is prime one needs only check whether

nmodk = 0, k=23, - ,|Vn].

Problem 2. Use the above fact to check whether 143 is prime.
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Problem 3. Find all integer solutions of

2¢ = T(mod 17) .

Problem 4. Find all integer solutions of

4r = 5(mod 9) .

Problem 5.

Does there exists an integer x that simultaneously satisfies

r = 2(mod 6) and 1z = 3(mod9) ?
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Problem 6. Let
S =40,1,2,3,4,5 6,7, 8, 9},

and define
f .5 — 5,

by
f(k) = (5k+3) mod 10 .

Is f invertible?

Problem 7. with S as above, also consider
f(k) = (6k+3) mod 10 ,
and

f(k) = (Tk+3) mod 10 .
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Problem 8. Let n> 2,

S, = {0,1,2,3, -, n—1},
and define
f : Sn — Sn7

F(k) = (pk + s)modn,

where p 1is prime, with p>n ,and s €5, .

Prove that f is one-to-one (and hence onto and invertible ).
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THE PRINCIPLE OF INDUCTION
Let

52{317827837'”}

be a countably infinite set .
Suppose P is a predicate,

P .S — {T,F},
such that :

Then



EXAMPLE :

and

We must show that

S

S

P(n)="T forall n.
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PROOF
(i) “By inspection” the formula holds if n =1, e, P(1) =T .

(ii) Suppose P(n) =T for some arbitrary n € Z* , i.e.,

ik _ n(n+1) |
2
k=1

We must show that P(n + 1) =T , ie.,
nt1 n+1) ((n +1) + 1)

Zk 9

This is done as follows:

n+1 n

Zk = (Z )+(n+1) = n(n;1)+(n+1)




EXAMPLE :

1)(2 1
SR = nn + )6( ntl) ezt
k=1
PROOF :
(i) Again the formula is valid if n =1 .
(ii) Suppose
6 Y
for some a'rbitmfry nezt.
We must show that
ni () ((n+1)+1) (2(n+1)+1)
12—
6
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ZZ:1 L2 — n(n—|—1)6(2n—|—1) N ZZI% L2 — (n+1) ((n—l—l)—gl) (2(n+1)+1)

n+1

Todo this: Y K = (En:/&) (1)
_ = n(;+1)(2n+1)/6 + (n+1)?
= (n+1) (n(2n—|—1) + 6(n+1))/6
= (n+1) 2n*+7n+6)/6
= n+1)(n+2) (2n+3)/6

= (n+1) ((n+1)+1) (200 +1)+1)/6. QED!
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EXAMPLE :

(n>—-n)mod3 = 0, VnecZ".
PROOF :
(i) By inspection P(1) =T .

(ii) Suppose P(n)=T , i.e.,

(n* —n) mod 3 = 0, for some arbitrary n € Z" .

We must show that P(n+1)=T | i.e.,

((n+1)3—(n+1)) mod 3 = 0,
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(n®*—n)mod 3 = 0 = (n+1)P—=(n+1))mod3 = 0

To do this :

((n+1)3—(n+1)) mod 3 = (n’+3n*+3n —n) mod 3

(3(n2 +n)+n’ — n) mod 3

= (n°-n)mod3 = 0. QED !

227



EXAMPLE :
Let P(n) denote the statement

“Aset S, of n elements has 2" subsets”.

CLAIM: P(n) = T forall n>0.

PROOF :

(i) P(0) =T Dbecause the empty set has one subset, namely itself.

(ii) Suppose that P(n) =T for some arbitrary n, (n>0),

i.e., S, has 2" subsets.

We must show that P(n+1) =T ,i.e., S,41 has 2""! subsets.
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To do this write

Sn+1:{817827°”78n78n—|—1} — Sn

Now count the subsets of 5,41 :

(a) By inductive hypothesis S, has 2" subsets.

These are also subsets of 5,41 .

(b) All other subsets of 5,1 have the form
17U {Sn—|—1} )

where T’ is any subset of 5, .

Thus there are 2™ such additional subsets.

U {Spi1} -

The total number of subsets of 5,11 is therefore

on 4 " = 2"l QED !
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EXAMPLE :

Let P(n) denote the statement

3" < nl

CLAIM :
P(n) =T for all integers n with n > 6 .

REMARK : P(n) is False for n <6 . (Check!)

230



PROOF :

(i) P(7) =T , because

37 = 2187 < 5040 = 7!

(ii) Assume P(n)= T for some arbitrary n, (n>7),

i.€.,
3" < nl (n>7).

We must show that P(n+1)=T | i.e.,

3 < (n+1)!
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3" < nl = 3" < (n+1)

To do this :
3ttt = 3 .3"
< 3 - n! (by inductive assumption)
< (n+1)n! (since n >T7)
= (n+1)!
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EXERCISE : For which nonnegative integers is

n? < nl ?

Prove your answer by induction.

EXERCISE : For which positive integers n is

n? < 2" 7

Prove your answer by induction.
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EXAMPLE :

Let
— 1
H,, = — . "H ' bers.”
Z - (”Harmonic numbers.”)
Let P(n) denote the statement
Hp 2 1+ 5.

CLAIM: P(n)=T forall neZ" .

PROOF
(i) It is clear that P(1) = T , because

2
Ho: Z

k=1

Sl
DO |
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(ii) Assume that

P(n) = T for some arbitrary n € 2 |

1.€.,
Hyp > 1+ =
2
We must show that
Pn+1)=T |,
i.€.,
Hyn > 1 ”_QH
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To do this :

H2n+1 _

(\)
N
+

™

—_

I
—_

| =

IV

236

(]
(]

]
]




REMARK :

It follows that

1.€.,

&

3

T =

> 1
E _ d

/{ zverges,
k=1
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EXAMPLE : (The Binomial Formula.)

For n >0, a,b nonzero,

(a+b)" = (Z) av k.

where

N\
>3
N
]
S
S
=

REMARK : Thus we can write
n __ n n n—1 n n—212 n n—1 n
(a+0) a+<1)a b+(2>a b* + +<n_1)ab + 0" .
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PROOF :

The formula holds if n=0. (Check!)

Assume that for some arbitrary n, (n>0)

(a+0)" = (Z) a" kv

k=0

We must show that the formula is also valid for n+ 1, 7.e., that

n+1
(a+ b+ = Z(n;—l) Gk ko

k=0
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This can be done as follows :
(a+0)"" = (a+b)(a+b)" = (a+Db) (Z) a" Fp*
k=0
n—1
_ n—l—l _l_Z( ) n—k:—i—lbk: _|_Z (Z') an—kbk+1 _I_bn—l—l
k=0
_ n—I—l_I_Z( ) n— k+1bk—|—i(kﬁ1)&nk+lbk—|—bn+l
k=1
L n+1 - n n n—k+11k n+1
= a +;{(/~c)+<k—l>}a b+ b
L n+1 - n -+ 1 n—k+11.k n+1
= "t 4 ; < . ) a B¢ + b
n—+1
- (”Z 1) a"tFpk . QED !
k=0
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REMARK :

In the proof we used the fact that

(Z) " (k21> T (nn!—k)! T oD (Z!—kJrl)!

n! (n—k+1) + nlk
Kl (n—k+1)!

(n+1)!
Kl (n—k+1)!

- (")
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REMARK :

One can order the binomial coefficients in Pascal’s triangle as follows :

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 D 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
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Observe that every entry can be obtained by summing the closest entries
in the preceding row.

This is so because the (n + 1)st and (n + 2)nd rows look like :

and we have shown above that
n n B n-+1
(1) + (:20) = (1)
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REMARKS :

e The advantage of a proof by induction is that it is systematic.

e A disadvantage is that the result (e.g., a formula) must be known in
advance from a heuristic argument or by trial and error.

e In contrast, a constructive proof actually derives the result.
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EXAMPLE : Forz e R, #0,1:

n 1 — pntl
g = 1 : Vn >0, ( Geometric sum ) .
—x
k=0

PROOF ( a constructive proof : already done earlier ) :

Let n
k=0
Then
S, = 1+ + 2>+ - + 2"t 4+ 2",
x-S, = r 4+ 2 4+ ... 4 gl 4o _|_xn—|—17
so that
from which the formula follows. QED !
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ALTERNATE PROOF ( by induction ) :

(i) “By inspection” we find that the formula holds if n =0 .

(ii) Suppose that S, = 1‘{”_2“ , for some arbitary n, (n>0) .
Show Sn—l—l _ 1—:13;7%_—;1)4—1
n+1
S’n—l—l _ Sn 4+ xn—l—l _ 11—33 4 ZCn—H
—x

(1 — 2™ + 2" (1 — 2)

1l —=x
1 — xn—l—l + xn+1 . xn+2
B 1l —=
1 — p(n+D)+1

- . QED!
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EXERCISE :

Use mathematical induction to prove that
21 | (4n—|—1 i 5277,—1) ’

whenever n is a positive integer.

EXERCISE :

The Fibonacci numbers are defined as: f1 =1, fo =1, and

fn — fn—l —+ fn_g, fOI‘ n Z 3 .

Use a prootf by induction to show that

3’f4n7

forall n>1.
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Variations on the Principle of Induction.

Let S ={ s1, $2, S3, -+ } be a countably infinite set and P a predicate :
P .S —{T,F}.

VARIATION 1: (asusedsofar ---)
(P(Sl) A [Vn >1:P(s,) = P(Sn_|_1):|) = Vn : P(s,) .

VARIATION 2 :
(P(sl) A P(sy) N [‘v’n >2:P(sp_1) N P(sp) = P(an)D = Vn: P(s,) .

VARIATION - -.

STRONG INDUCTION :
(P(sl) AVn >1: [P(Sl) ANP(sy) N -+ NP(s,) = P(SnH)D = Vn: P(s,) .
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EXAMPLE : The Fibonacci Numbers.

The Fibonacci numbers are defined recursively as

fl — 17
f2 — 17
fn — fn—l - fn—27 for n
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Ji = 1

fo = 1
fs = 2
fi = 3
fs = 5
fo = 8
fr = 13
fs = 21
fo = 34
fio = 55

fu
f12
f13
f14
f1s
f1e6
fiz
f1s
f19
J20

89

144

233

377

610

987

1597

2584

4181

6765
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fa1
S22
f23
fa4
fas
fa6
for
fas
f29
/30

10946

17711

28657

46368

75025

121393

196418

317811

514229

832040



PROPERTY :

There is an explicit formula for f,, , namely
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We can also write

fo =

Q

Q
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fi = 1 ~ 0.72361
fo = 1 ~ 1.17082
f3 = 2 ~ 1.89443
fi= 3 ~  3.06525
fs = 5 ~  4.95967
fo = 8 ~  8.02492
fr = 13 ~  12.98460
fs = 21 ~ 21.00952
fo = 34 ~ 33.99412
fio = 55 ~ 55.00364
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fu
12
fi3
J14
fis
f1e6
fi7
f1s
J19
f20

89

144

233

377

610

987

1597

2584

4181

6765

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

88.99775

144.00139

232.99914

377.00053

609.99967

987.00020

1596.99987

2584.00008

4180.99995

6765.00003



PROOF (By Induction, using Variation 2) :

The formula is valid when n =1 :

= — — = 1 .
h= =[5 2
The formula is also valid when n = 2
1 14+ vH\2 1 —1/5)\2 1
e [
V5 2 2 V5

(Check!)
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Inductively, assume that we have

and

We must show that

fn—l—l —

Sl
Ot
—
VR
(N)

255
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Using the inductive hypothesis for n and n —1 we have

fos1 = foo1 + fa (by definition)

) (0 (50

2 2 2

Sl

1 =5

2

V5
2
V5
=l
1- 5

)



Direct solution of the Fibonaccli recurrence relation.

Tt = fim1 + Ji-2, for k£ > 3.

Try solutions of the form

This gives

cz2" = 2" 4+ 7 or 2=z — z

from which we obtain the characteristic equation

2 -z -1 = 0.
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<

The characteristic equation has solutions (“roots”):

that is,

1 = v1 + 4

2

The general solution of the recurrence relation is then

Jn

c1 21

258
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fn = c1 27 + co 28

The constants ¢; and ¢y are determined by the initial conditions :

f1:1 = 121 + ¢z =1

Y

and
f2:1 — 612%+CQZ§:1,
that is,
I R Ul Vi B
1 2 2 2 - 3
and
14+ /52 1 —/5\2
N
2 2
from which we find
1 1
KL = — and CHo = — — . Check!
1 \/g 2 \/g ( )
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We found that

and

fn = c1 27 + co 28

L+ V5 L _1- V5
2 ’ ° 2
1 1
E and CQZ—E.
V5" — V/By\"
\}5(12 5) _\}5(125)'
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REVIEW EXERCISES.

Problem 1.

Prove that the Fibonacci numbers satisty the following relations:

o > . foeer = fon, for neZt.
 fotfomr — [P = (=1, formneZt , (n>2).
o —fitfo—fa+ -+ —fon1+fon = fono1—1, for neZ™.
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Problem 2. The recurrence relation
Tpi1 = cxy, (1—x,), n=1,23, -,

known as the logistic equation, models population growth when there are
limited resources.

Write a small computer program (using real arithmetic) to see what
happens to the sequence z,, n=1,2,3, ---, with 0 <2y <1, for
each of the following values of c :

(a) 05 , (b) 1.5 , (c) 32 , (d) 35 ., (e) 3.9

Problem 3. Find an explicit solution to the recurrence relation

xn+1:3xn_2$n—17 n:172737 T

with 21 =1 and 29 =3 .
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RELATIONS

A binary relation relates elements of a set to elements of another set.

EXAMPLE :
The operator “<” relates elements of Z to elements of Z. e.g.,

2 < 5, and 3<3, but 7TL2.

We can also view this relation as a function

< = ZXZ — {T,F}.
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RECALL :

Let
A = {af17a’27'”7a’nA} and B = {b17b27”'7bn3} .

The product set A x B 1is the set of all ordered pairs from A and B.

More precisely,

AxB = {(a,b) : a€ A, be B} .
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NOTE :

e The product set A x B has ny4-ng elements.

e If A and B are distinct and nonempty then A x B # B x A.

EXAMPLE :

It

then

265



We can now equivalently define :

DEFINITION :

A binary relation R from A to B is a subset of A x B.

NOTATION :
If RCAXx B, and
(a,b) € R,
then we say that
“a 1s R-related to b”,

and we also write

aRb .
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EXAMPLE :

Let A={1,3} and B = {3,5,9}.

Let R denote the relation “divides’ from A to B, i.e.,

aRb if and only if alb .

Then
1IR3, 1R5, 1R9, 3R3 ., and 3R9 .

Thus
R:{ (173) ; (175) ; (179) ; (373) ; (379) } :
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We can represent R by the following diagram

This representation is an example of a directed bipartite graph.

Note that R is not a function, since it is multi-valued.
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REMARK :

We see that a relation generalizes the notion of a function.

Unlike functions from a set A to a set B :

e A relation does not have to be defined for all a € A .

e A relation does not have to be single-valued.
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A finite relation from a set A into itself can be represented

by an ordinary directed graph.

EXAMPLE :
Let

A=1{1,2,3,4,5,6),

and let R denote the relation “divides’ from A to A .

We say that R s a relation “on A” .

This relation has the following directed graph representation :
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.
(J A
O

The “divides” relation on the set A .
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We can compose relations as follows :

Let R be a relation from A to B , and S a relation from B to C.

R S

TN

A o C

\/

SOR

Then S o R is the relation from A to C defined by

a(SoR)c  if and only if e B : aRb N bSc.
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EXAMPLE :

Let

A=1{1,2,3}, B={2,6}, and C={1,9,15},

and define the relations R and S by

aRb  if and only if  alb,
and

bSc  if and only if b+ c is prime .

Define
T = SoR.
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Then from the diagram below we see that

T=1{(1,1), (1,9, (1,15), (2,1), (2,9), (2,15), (3,1) }.




Let A, B, C', and D be sets, and let R S, and T" be relations :

R : A — B, S: B — (C, T :.:C — D.

PROPOSITION :
The composition of relations is associative, 7.e.,

(ToS)oR = To(SoR).

R S T



TOSOR

(ToS)oR = To(SoR).

PROOF : letac€ Aandd & D. Then
a(ToS)oRd <= dbe B : (aRb N bT o Sd)

<= dbe B,dceC : (aRb N bSc N cTd)
<= dce(C,dbe B : (aRb N bSc N cT'd)
<= dceC : (aSoRc N cTd) <= aTo(SoR).

QED !
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EXAMPLE : Let the relation R on

A = {23,4,8912},
be defined by

(a,0) € R if and only if (alb A a #D) .

Then

R=1{(2,4), (2,8), (2,12), (3,9), (3,12), (4,8), (4,12) }

and

]
iy
©)
ay

R’ — { (278) ; (2712) } ;

R? R°oR = RoRoR = {}.
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EXAMPLE :

Let R be the relation on the set of all real numbers defined by

xRy ifandonlyif axy=1

Then
rR?*2 <= Jy:xRy and yRz

< dy:xzy=1 and yz=1

< w=z and z#0. (Why ?)
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The last equivalence in detail:

Jy:xy=1landyz=1 ifandonlyif x=zandz #0.

PROOF : (=) Let x and z be real numbers, and assume that

Jy:xy=1landyz=1.
Then x and z cannot equal zero.

Thus we can write

N | =

1
y = — and vy
T

Hence 1/x = 1/z, i.e., v = 2.

Thus z =z and z #0 .
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Jy:xy=1landyz=1 ifandonlyif x=zandz #0.

(=)

Conversely, suppose x and z are real numbers with

r=z and x=+#0.

Let y = 1/x.
Then zy =1 and yz = 1.

QED !
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Similarly

tR2 <= 3Jy : zR*y and yRz

< dy : r=y and z#0 and yz=1

— zxz=1 (Why ?)
Thus
R = R,
R* = RPoR = RoR = R?,
R° = R'oR = R°0oR = R’ = R,
and soon ---

Thus we see that

R" = R? if niseven ,
and
R" = R if nisodd.
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EXAMPLE :

Let R be the relation on the real numbers defined by
rRy ifandonlyif z°+9¢* < 1 .

Then
TtR*z Jy : 2Ry and yRz

A\
—_

= Jy : 22 +y?* < 1 and y?+ 2?

< 27 < 1 and 22 < 1 (Why ?)

<~ |z|] <1 and |z| < 1.
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The relations R and R? as subsets of R? .
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Similarly

tRz <= Jy : zR*y and yRz

< Jy: || <1 and |y|] <1 and y*+2* < 1

<~ dy : |z| <1 and y*+2* <1 (Why ?)

<~ Jz| <1 and |z| <1 (Why ?)

Thus R? = R?.
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Similarly

R* =

R =

and so on - --

Thus we see that

R0 R

R*o R

R* =

R2

R0 R

R0 R

for all

286
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The relation matrix.

A relation between finite sets can be represented by a relation matrix.

(Also known as the transition matrizx).

For a relation R from A to B the relation matrix R has entries

( O lf (ai,bj) Q R,

1 if (ai,bj) e R.

287



EXAMPLE :
Reconsider the example where

A=1{1,2,3}, B={2,6}, and C={1,9,15},

aRb if and only if alb, and bSc if and only if b+ ¢ is prime .







We found that

T = SoR = {(1,1), (1,9), (1,15), (2,1), (2,9), (2,15), (3,1) }.
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The relation matrices of R and S were found to be

I 1
I N
0 1

The relation matrix of 1" = So R is

1

I 1
T = I 1 1
I 0 0
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PROPOSITION :

Let A, B, and C' be finite sets.

Let R be a relation from A to B.

Let S be a relation from B to C.

Let T'=So R.

Then the relation matrix of 7' has the same zero-structure

as the matriz product RS.
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PROOF :

f[;;j =1 < CI,Z'TCj

<= a;Rb; and b;Sc;, for some b, € B

<= R, =1 and Si; = 1 for some k

— > B R Si; #0

< [RS]; #0. QED !
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REMARK :
If we use Boolean arithmetic, then T'= RS .

EXAMPLE :

The matrix product RS in the preceding example is
1 1 1Y\
1 0 0/

Using Boolean arithmetic the matrix product is

O ==
—_ = =
_— N DD
s R S —

T =

—_ = =
O = =
O = =

294
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The Inverse of a relation.

Let R be a relation from A to B.

Then the inverse relation R~ is the relation from B to A defined by
bR ‘'a ifandonlyif aRD,

or, in equivalent notation,

(b,a) € R~' ifand only if (a,b) € R .

Thus, unlike functions, relations are always invertible.
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EXAMPLE :

e

R = {<17 CL), (17 b)? (27 CL), (37 b)} ;

Here

and

R~ = {(av 1)7 (CL, 2)7 (bv 1)7 (bv 3)} :

The relation matrices are
1

|
r=|1 0], Rl_G (1) 2)
0 1
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Note that

R~ = R" (transpose) .

This holds in general, because if

A:{a’ha@?'”?a’nA}? BZ{blvb?v"'vaB}7

then, by definition of R~' we have for any a;, b; that

bjR_lCLi < CLinj .
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EXERCISE : Let R be the relation on the set

A = {1,2,3,4},

defined by
a1 Ra, 1if and Oﬂly if a; <as .

e Write down R as a subset of A x A .
e Show the relation matrix of R .

e Do the same for R?, R?, ---

EXERCISE : Do the same for a1Ras if and only if a1 < asy .
EXERCISE : Do the same for a;Ras if and only if a4+ as =5

EXERCISE : Do the same for the set 7Z instead of A .
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DEFINITION : Let R be a relation on A (i.e., from A to A).

e R is called reflerive if

Vae A : (a,a) € R, i.e., Ya€ A : aRa

i.e., if the relation matrix R (for finite A) satisfies
Vi : Ry =1.

EXAMPLES :

The “divides” relation on Z™ is reflexive.

The “<” relation on Z is reflexive.

The “C” relation on a power set 24 is reflexive.

The “<” relation on Z is not reflexive.
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e R is symmetric it
Va,be A : aRb — bRa ,

or, equivalently,
aRb = bRa |,

i.e., if the relation matrix (for finite A) is symmetric :
\V/Z,] . Rij — Rjz’ .

EXAMPLES :

The relation on the real numbers defined by

rRy if and only if 2?4+9y* <1,
1s symmetric.

The “divides” relation on Z* is not symmetric.
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o R is antisymmetric if for all a,b € A we have
aRb N bRa = a=0,
or equivalently,
a#b = —(aRb) V —(bRa) ,
i.e., if the relation matrix (for finite A) satisfies

EXAMPLES :

The “<” relation on Z is antisymmetric.
The “divides” relation on Z™ is antisymmetric.

The “C” relation on a power set 24 is antisymmetric.
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e 1 is transitive if

aRb N bRc = aRc .

We'll show later that R is transitive if and only if

zn:R’f — R
k=1

in Boolean arithmetic

EXAMPLES :

The “divides” relation on Z* is transitive.

The “<” relation on Z is transitive.

The “C” relation on a power set 2° is transitive.

The relation aRb <= “a + b is prime” on Z* is not transitive.

302



EXERCISE : Let A be a set of n elements.
e How many relations are there on A 7

How many relations are there on A that are :
e symmetric 7
e antisymmetric 7
e symmetric and antisymmetric 7
e reflexive 7
e reflexive and symmetric 7

e transitive *) ?

() Hint : Search the web for “the number of transitive relations” !
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e An equivalence relation is a relation that is

- reflexive

- symimetric

- transitive.

EXAMPLE :

The following relation on Z is an equivalence relation :

aRb if and onlyif a modm = b mod m .

(Here m > 2 is fixed.)
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e A partial order is a relation that is

- reflexive
- antisymmetric

- transitive.

EXAMPLES :

The “divides” relation on Z™.
- The “<” relation on Z™.
- The “C” relation on the power set 2°.

- The operator “<” on Z is not a partial order:
(It is antisymmetric (!) and transitive, but not reflexive.)
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e A relation R on a set A is called a total order if

- R is a partial order, and

- Va,b € A we have aRb or bRa .

EXAMPLES :

- The partial order “<” is also a total order on Z* .

- The partial order m|n on Z* is not a total order.
(For example 5 /7 and 7 /5 .)

- The partial order “C” on 2° is not a total order.
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Equivalence classes.

Let A be aset and let R be an equivalence relation on A .

Let a; € A.
Define
la1] = {a€ A : aRai},
that is
la;] = all elements of A that “are equivalent” to a; .

Then [aq] is called the equivalence class generated by aq .
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EXAMPLE :

Let R be the relation “congruence modulo 3” on Z7% | i.e.,

aRb if and only if a mod 3 = b mod 3.

For example

1Rl , 1R4 , 1R7 , 1R10 , ---,

2R2 , 2R5 , 2R8 , 2R1l , ---

3R3 . 3R6 . 3R9 . 3RI12 .
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Thus

] = {1,4,7,10,13,--- },
2l = {2,5,8,11, 14, b,
3] = {3,6,9,12,15,---}
We see that
ZT = [1] U [2] U [3]

e The relation R has partitioned Z* into the subsets [1] , [2] , [3] .

e Any member of a subset can represent the subset, e.q.,

1] = (2.
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EXAMPLE :

Consider 7Z x Z , the set of all ordered pairs of integers.

Define a relation R on Z X Z by

(&1, bl)R(CLQ, bg) if and only if a; — bl — A9 — bg .

Note that R can be viewed as subset of

(ZX7Z) X (Z X 7).
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(al, bl)R(CLQ, bg) if and only if a; — bl = a9 — bg

R 1is an equivalence relation :

e R isreflexive : (a,b)R(a,b)

e R is symmetric : (ay,b1)R(as,by) = (asg,bs)R(ay,b1)

e [? 1s transitive:

(Cll, bl)R(CLQ, bg) A (CLQ, bQ)R(CLg, bg) = (Cll, bl)R(ag, bg) :
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(CLl, bl)R(CLQ, bg) if and Only if ay — bl — QA9 — b2

The equivalence classes are

A, = {(a,b) : a—b=k}.

For example,

A = (2,1 = {, (-1,-2), (0,=1), (1,0), (2,1) ,---}.

The sets A, partition the set Z x Z , namely,

7 X 1 = U;O:_OO Ak
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DEFINITION :

e The reflexive closure of R is the smallest relation containing R that
is reflexive.

e The symmetric closure of R is the smallest relation containing R
that is symmetric.

e The transitive closure of R is the smallest relation containing R
that is transitive.
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EXAMPLE :

Let A = {1,2,3,4} , and let R be the relation on A defined by

R:{ (174)7 (271)7 (272)7 (372)7 (471) } :

Then R is not reflexive, not symmetric, and not transitive :

1 ()

4 "3
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The reflexive closure of R is :
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The symmetric closure of R is :

------------
—— --
- -~
-
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To get the transitive closure of R :
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To get the transitive closure of R :
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To get the transitive closure of R :
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The transitive closure of R 1is
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PROPERTY : The transitive closure R* of a relation R is given by
R* = U2, R¥.

PROOF : Later

PROPERTY : For a finite set of n elements, the relation matrix of
the transitive closure is

R* = Z R* (using Boolean arithmetic) .
k=1

NOTE : It suffices to sum only the first n powers of the matrix R !
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EXAMPLE : In the preceding example,

rR={(14), (2,1), (2,2), 3,2), (4,1) },

1 o

4 3

we have the relation matrix :

_O = O
O = = O
o O O O
o O O
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Thus, using Boolean arithmetic,

O = O

oo O O

O —H — O

oo O O

O —H — O

O = O

— O O O

o O O O

O~ — O

O = O

oo O O

O~ -~ O

- O

— O O O

oo O O

O - — O

O - O

R’ = R - R =
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Therefore

O o~ o~

oo O O

O~ - O

- O

- — O

o O O O

O~ -~ O

O o~ o

o —H O

oo O O

O - — O

o — O

— O O O

oo O O

O - — O

O - O

™ = =

o O O O

O~ — O

™ = =

325



The graph of

R* (shown before) is :
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RECALL : The transitive closure R* of a relation R is given by

R* = U, RF to be proved later ---
k=1

EXAMPLE : Consider the relation R on the real numbers
xRy ifandonlyif axy=1.
Earlier we found that

cR*y ifandonlyif z=vy A 2#0,
and

Thus the transitive closure is

rR*y ifandonlyif zy=1V (x=y AN x#0).
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EXAMPLE : Again consider the relation R on the real numbers

A\
—_

rRy if and only if 22 4+ ¢?
Earlier we found that

rR* ifandonlyif |z| <1 A Jy| <1,
and
R" = R*, forn > 2.

Thus the transitive closure is

rR*y ifandonlyif z°+¢y* <1 VvV (|z|<1 A Jyl<1),
that is,
rR*y ifandonlyif |z| <1 A |y| < 1. (Why ?)
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EXERCISE : Let R be the relation on the real numbers given by
rRy if and only if 22 +9y? = 1.

e Draw R as a subset of the real plane.

o [s R reflexive?

e [s R symmetric?

e [s R antisymmetric?

e Is R transitive?

e What is R?? (Be careful!)

o Whatis R??

e What is the transitive closure of R ?
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EXERCISE : Let R be the relation on the real numbers given by

xRy ifandonlyif zy < 1.
e Draw R as a subset of the real plane.
e [s R reflexive?
e [s R symmetric?
e [s R antisymmetric?
e [s R transitive?
o Whatis R??
o Whatis R 7

e What is the transitive closure of R ?
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EXERCISE : Let R be the relation on the real numbers given by
rRy if and only if 2% < vy .

e Draw R as a subset of the real plane.

e Is R reflexive?

e [s R symmetric?

e [s R antisymmetric?

e Is R transitive?

o Whatis R??

o Whatis R’ 7

e Whatis R"? (Prove your formula for R" by induction.)

e What is the transitive closure of R ?
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rRy if and only if 2% < vy

Then
rR?*2 <= Jy : xRy and yRz
e Jy : 2?2 < y and 9?
— z* < 2.
Similarly

tRz <= 3Jy : zR*y and yRz
— Jy : 2% < y and 3?

— 8 < z.
By induction one can prove that

TRz — 2% < 2.
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We see that

e The relation R corresponds to the area of the x,y-plane that
lies on or above the curve y = 22 .

e The relation R? corresponds to the area of the z,y-plane that
lies on or above the curve y = 2% .

e The relation R™ corresponds to the area of the x,y-plane that
lies on or above the curve y = 22" .
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The transitive closure is

(tO be proved later --- )

We find that R* is the union of the following two regions:

e The area of the x,y-plane that lies on or above the curve

y = x° (i.e., the area that corresponds to the relation R ).

e The area inside the rectangle whose corners are located at

(Zlf,y) — (_170)7 (170)7 (171)7 (_171)7

(excluding the border of this rectangle).

(Check!)
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Let R be arelation on a set A .

Recursively define

R'=R, R*"'=R"oR . n=123, -

Then for all n € ZT™ we have:

PROPERTY 1: R'"oR = RoR"

PROPERTY 2: R symmetric = R" issymmetric

EXERCISE : Use induction to prove these properties.
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PROPERTY 1: R'oR = RoR", forallneZ"

PROOF : Clearly, the equality holds it n = 1.
Inductive assumption :

R"oR = RoR", forsome arbitrary n € Z* .

We must show that
R""WoR = RoR" .

To do this :
R oR = (R"oR)oR (by definition)

= (RoR") oR (by inductive assumption)
= Ro(R"oR) (by associativity)
— RoR"™  (by definition). QED !
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PROPERTY 2: R symmetric = R" is symmetric

PROOF : C(Clearly Trueif n=1.
Inductively assume that R"™ is symmetric.

We must show that R"™ is symmetric:

aR" b <= aR"o Rb (by definition of power)
<= dp(aRp N pR™b) (by definition of composition)
<= dp(pRa N bR™p) (since R and R"™ are symmetric)
<= dp(bR"p A pRa) (commutative law of logic)
<= bRoR"a (by definition of composition)
<= bR" o Ra (by Property 1)
~— bR""a (by definition of power) . QED !
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Let R bearelationonaset A andlet n e Z™ .

PROPERTY 3: R transitive = R" is transitive

PROOF :

Let R be transitive.
Obviously R! is transitive.
By induction assume that R™ is transitive for some n € Z* .

We must show that R is transitive, i.e., we must show that

aR"™b A DR e = aR"lc.
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Given R and R"™ are transitive. Show R"™*! is transitive

- continuation of proof - - -

aR™™b A bR
= aR"oRb N bR"o Rc (power)

= aR"oRb N bDRo R"c (by Property 1)

= aRp A pR"0 N bDR"q N qRc (Ip, q: composition)

= aRp N pR"q N qRc (inductive assumption)
= aR"oRq N qRc (composition)
= aRoR"¢ N qRc (by Property 1)
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Given R and R"™ are transitive. Show R"*! is transitive.

. continuation of proof - - -

aRo R"'g N qRc

= aR"s N sRq N qRc (ds: composition)

= aR"s AN sRc (since R is transitive)

= aRo R"c (composition)

= aR"o Rc (by Property 1)

= aR""c (power) QED !
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Let R and S be relations on a set A .
Recall that we can also think of R as a subset of A X A .

We have: | bROPERTY 4: RCS — RrCsm

PROOF : The statement clearly holds when n=1.

Inductive step:

Given RCS and R*C S™*. Show R™tt C gntl

To do this :

Suppose that (z,z) € R"' .

Then Jy : (z,y) € R and (y,2z) € R".

By the assumptions (x,y) € S and (y,z) € S™.
Hence (z,2) € S™*t. QED !
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Let S be a relation on a set A .

PROPERTY 5 : S is transitive if and onlyif VneZ™ : S CS

PROOF :

(<) | (VneZt : S"CS) = S is transitive

Let (z,y) € S and (y,2) € S .
Then, by definition of composition, (z,z) € S* .
Since, in particular, S* C S it follows that (z,z) € S .

Hence S is transitive.

342



S is transitive = VneZt : S*CS

By induction :

Clearly S" C S iftn=1.

Suppose that for some n we have S” C S .

We must show that S*T1 C S .
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Given (1): S is transitive, and (2): S* C S . Show S"*' C S

To do this, suppose that (z,z) € S™* .

We must show that (x,z) € S .

By definition of composition, (z,z) € S" 0 .S , and hence

Jy : (x,y) €S  and (y,2) € S™ .
By inductive hypothesis (2) (y,z) € S .

Thus (x,y) € S and (y,z) €S .

By assumption (1) S is transitive, so that (x,z) € S'. QED !
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THEOREM :

The transitive closure R* of a relation R is given by

PROOF : Let U = UX, RF.

We must show that

(1) U is transitive.

(2) U is the smallest transitive relation containing R .

If so, then R* = U .
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U = UX, R | %

(1) We first show that U is transitive :
Suppose (z,y) € U and (y,z) € U .
We must show that (x,2) € U .

From % it follows that

(x,y) € R™ and (y,z) € R", forsome m,n¢cZ" .

By definition of composition
(z,2) € R™™ .

Thus, using * again, it follows that

(x,2) € U .
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U = UX, R | *

(2)  Show U is the smallest transitive relation containing R :

To do this it suffices to show that :

(S transitive and RCS) = UCS.
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U = U2, R

RCS = R*"CS"

Property 4

S is transitive <= VneZt : S"CS | Property 5

To do:

Given S transitive and R C S .

Show U C S

Let (z,y) € U . Then, by » we have

(x,y) € R* for some n € Z" .

By Property 4 :  (z,y) € S™.

By Property 5: (x,y) € S . QED !
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REVIEW PROBLEMS

and

REVIEW CLICKER QUESTIONS
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Review Problem 1.

Prove that for every integer n we have

n® —n =0 (mod 30)
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Review Problem 2.

Suppose m and n are relatively prime integers; m >2, n > 2.

Prove that log,n is an irrational number.
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Review Problem 3. If A and B are sets, and if

f A4 — B,
then for any subset S of B we define the pre-image of S as
f7(S) = {acA: fla)e S}.
NOTE : f~'(S) is defined even if f does not have an inverse!
Let S and T be subsets of B .
Prove that

fH(SNT)

FHS) N )
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Review Problem 4.

Prove that it a, b, and ¢ are integers such that

m > 2 and a = b(mod m)

then

ged(a,m) = ged(b,m) .
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Review Problem 5.

Use mathematical induction to prove that

21 ’ (4n—|—1 i 52n—1) ’

whenever n 1is a positive integer.
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Review Problem 6.

The Fibonacci numbers are defined as: f; =1, fo =1, and

fn:fn—1+fn—27 fOI‘nZ 3.

Use a proof by induction to show that

Jn—1 fn+1 — fﬁ — (_1)n

forall n> 2.
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Review Problem 7.

Let A and B be non-empty sets.

Let f bea 1—1 functionfrom A to B .
Suppose S is an partial order on B .

Define a relation R on A as follows:

Vay,a € R a1Ray <= f(a1)Sf(as) .

Prove that R 1is an partial order on A .
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