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Abstract

In this paper we develop a new predictive flow control scheme and analyze its performance.
This scheme controls the non-real-time (controllable) traffic based on predicting the real-time
(uncontrollable) traffic. The goal of the work is to operate the network in a low congestion,
high throughput regime. We provide a rigorous analysis of the performance of our flow control
method and show that the algorithm has attractive and useful properties. From our analysis we
obtain an explicit condition that gives us design guidelines on how to choose a predictor. We
learn that it is especially important to take the queueing effect into account in developing the
predictor. We also provide numerical results comparing different predictors that use varying

degrees of information from the network.
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1 Introduction

In an efficiently utilized network, even if the dimensioning of network resources has been done cor-

rectly and the admission control mechanism is good, the network may go into periods of congestion
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due to the transient oscillations in the network traffic. It is thus necessary to develop a mecha-
nism to quickly reduce the congestion or pre-empt it, so as to cause the least possible degradation
of quality of service (QoS) to the underlying applications. This is especially important for delay
sensitive traffic such as video or voice traffic, which we will refer to as real-time (RT) traffic in this
paper. For these types of traffic, if a packet arrives after a certain deadline it is assumed to be
lost. There are also elastic types of traffic, such as data traffic (e-mail, file transfers, web browsing,
etc.), that are more delay insensitive and we will call them non-real-time (NRT) traffic. In fact, in
our framework, NRT traffic corresponds to any type of traffic that is controllable, while RT traffic
corresponds to any type of traffic that is uncontrollable. Our goal will be to develop a predictive
flow control algorithm that facilitates high network throughput and low probability of overflow.

A seemingly appealing (but naive) solution to prevent the NRT traffic from affecting the RT
traffic is to simply give the RT traffic priority over the NRT traffic. While this ensures that the
RT traffic is not delayed by the NRT traffic in the network, it also means that the NRT may have
to be retransmitted many times (due to buffer overflows within the network), to be successfully
transmitted, thus, reducing the overall throughput in the network. Hence, the problem of controlling
the NRT traffic must be more carefully considered.

There have been different research efforts on how to control the NRT traffic arrival rate, from
simple single-bit feedback control [1][2] to explicit-rate control [3][4][5][6][7]. Some early rate-based
control schemes were fairly simple and did not consider the impact of high-priority RT traffic, nor
did they consider the round trip propagation delay. In these schemes, low-frequency high-magnitude
oscillations may exist in the queueing of packets that occurs within the network. By considering
the high-priority traffic and round-trip delays, an explicit-rate control scheme based on the result
of frequency domain analysis of multimedia traffic [8] was proposed in [7]. The basic idea of [7]
is to apply a low-pass filter on the high-priority traffic, then predict the low frequency part of the
high-priority traffic, and finally control the NRT traffic rate. Because of the low-pass filter, the
high-frequency oscillations in the queueing process are eliminated, thus improving stability. In [7],
the control objective was to minimize the unused link capacity by minimizing the mean squared
prediction error of the high-priority traffic rate. But the authors in [7], use a simple step function,
rather than a stochastic process, to model the smoothed RT traffic, In some cases, this approach
could lead to poor performance, as will be illustrated in Section 6 of this paper. Further, modeling

the RT traffic with a step function does not shed any light on the queueing behavior (congestion
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Figure 1: Individual link-level problem

characteristics) at the network node being controlled.
For an explicit-rate control scheme to be practical when high-priority RT traffic (or other

uncontrollable traffic) is present, there are two main problems that need to be addressed.

1. Individual Link-Level Problem: This is the problem that we will focus on in this paper.
Predicting the link capacity available for the NRT traffic at an individual link in the network.
One approach to controlling the NRT traffic is to be able to predict the RT traffic (at the
link of interest) at some time in the future. Then, based on this prediction, control the NRT
traffic. Prediction is required due to the relatively large propagation delay component (large
delay bandwidth product) in high-speed networks. Because of the stochastic variations in the
aggregate high-priority RT traffic at each link, the available link capacity for the NRT traffic
will be time-varying. Our objective is to find a way to predict the available link capacity for
the NRT traffic such that the output link is efficiently utilized and the overflow probability
is kept low. In Figure 1, Vj(n) and a;(n) corresponds to the aggregate RT traffic and NRT
traffic, respectively, arriving at a link of interest (link / having capacity p;), at time n. One
can then estimate Cj(n), the available link capacity for NRT traffic, at some time in the
future. This information would then be used at the network-level to distribute the available

link capacities to the NRT flows.

2. Network-Level Problem: Distributing the available link capacities for the NRT flows in the



Figure 2: Network-level problem

network to maximize throughput (or more generally some utility function), based on appro-
priate fairness requirements. Here it is imperative that the resultant algorithms be easily
implemented in a distributed fashion. An example network is shown in Figure 2, where flows
traverse links with available capacities for the NRT flows calculated at the individual link
level. While the network-level problem has been investigated in the case when the available
link capacity for NRT flows at each node is a constant (e.g. in the case when no RT flows
are present)[9][10][11][12], the problem remains open in the case when the available capacity
is time-varying. This problem is not the focus of this paper (our preliminary work on this

problem can be found in [13]).

One of the main difficulties of the link-level problem is the non-linearity in the system. The
queueing system that determines the congestion on the link is itself a non-linear system. Addition-
ally, the control system to be implemented is also non-linear, because the controlled NRT traffic
rate can never be less than zero. Due to this non-linear property, it is difficult to analyze the
performance of the system and analyze the stability of the explicit-rate controlled system. Hence,
in some works [4][7][14], linear approximation techniques are used in either the queueing system or
the control system or both (note that in [14], the queueing system is considered to be non-linear,
but the available link capacity for controllable traffic is assumed to be driven by an ARMA model
and the control system is assumed to be linear). In contrast, in our work, we will explicitly take
into account the non-linearity in both the queueing and the control systems. What we present here

is a general prediction and control framework. For example, depending on the information that is
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Figure 3: System diagram of predictive flow control

available from the network, our predictive flow control scheme can vary from one that uses a simple
low pass filter with linear control algorithm to a more complex scheme that takes advantage of
per-flow information, potentially improving the performance. In Section 6, we will describe three
different approaches that take advantage of different levels of information available to us from the

network and have different levels of complexity and performance.

2 Predictive Flow Control Model

As mentioned in the introduction, in this paper we focus on the individual link-level problem.
Hence, we focus on a single multiplexing point in the network which consists of a link and an
associated buffer that serve both RT and NRT traffic. The multiplexing point in the network could
be an output port of a router/switch or a multiplexer. This multiplexing point is modeled by a
work-conserving, discrete-time fluid queue with an infinite buffer. Note that we only require that
the service discipline be work conserving and not necessarily FIFO. In fact, to prevent the NRT
traffic from affecting the RT traffic, it may be better to use some kind of priority queue rather than
a simple FIFO queue. For analytical tractability, we assume an infinite buffer system. This allows

us to obtain valuable insights on how to design a predictive flow control system. We believe that



these insights will carry over to finite buffer systems, because of the close relationship of various
congestion metrics in finite and infinite buffer systems [15, 16, 17]. For example, it is well known
that when the queue level of an infinite buffer system is small, it also follows that the queue level
of the corresponding finite buffer system is small. So, if our intention was to develop a control
algorithm to maximize the goodput in a finite buffer system with buffer size z, one approach would
be to develop a control algorithm to minimize the probability that the corresponding infinite buffer
queue would exceed a level z, given a utilization constraint.

Our system diagram is shown in Fig 3. Let V(n) be the aggregate amount of RT traffic that
arrives at the queue of interest at time n. We assume that Viaz := sup,»o{V(n)} is finite and
that V'(n) is stationary in the mean, i.e., V := E{V (n)}. Note that we do not explicitly specify the
units here because our theoretical analysis will hold once all units are consistent.

Our goal is to control the NRT traffic based on predicting the aggregate RT traffic arrival rate
at the queue. We define a;(n) to be the available link capacity for the ith NRT traffic computed
at time n based on the predicted value of the RT traffic rate. This explicit rate information is sent
back to the ith NRT traffic source. Since, in this paper, our focus is on the individual link-level
problem, we assume that the calculated available link capacity for the NRT traffic can be fully
utilized, i.e., the NRT traffic sources always have enough data to transmit. Let N be the number
of NRT traffic sources and let n;,¢ = 1,..., N be the round trip delay between the sth NRT source
and the destination (note that we need the notation n; for our theoretical analysis but in practice,
the actual value of n; may or may not be needed. For more discussion see Sections 5 and 6). Then
a(n) = Zf\i 1 @i(n — n;) is the aggregate NRT traffic arrival to the queue at time n. We assume
that a control message is propagated from the queue of interest to the destination and back to the
source. We further define V;(n) as the predicted value of V(n) based on the history of V before
time n — n;. We assume that the predictor is linear.!

Let V(z) be the Z-transform of V (n) — V and V;(z) be the Z-transform of V;(n) — V. Then

~

Vi(z) = z " Hi(2)V (2), (1)

where H;(z), for NRT traffic source i, is a causal, stable, linear, time-invariant system [18]. It

should be noted that H;(z) will be the same for all sources with the same round-trip time n;. This

'Using a linear predictor has been found to give good results for video traffic [8, 7], and we find that it gives good
results for other types of traffic as well. Unlike other works in the literature, we allow both the control algorithm and

the queueing operation to be non-linear.



form of predictor is quite general and includes all time-series types of predictors (e.g. ARMA).
For example, if there is only one NRT flow with round trip delay 5, a possible predictor (in time
domain) could be V;(n + 5) = 2V (n) + 1V (n —1). In this case, we will have Hy(z) = £(1 + 271).
From Eq. (1), we can easily show that E{V;(n)} = V, i.e., the predictor is unbiased.

The workload or queue-length, g(n), at time n at the queue of interest will be determined by
a(n), V(n), and the service rate (link rate) of the queue y. We assume that the queue process
begins at time n = 0 and ¢(0) = 0. For stability, we also require that V' < p.

The feedback control scheme is as follows. We predict the aggregate RT traffic rate and use the
predicted value to compute a;(n),1 < n < N. Here, we ignore the time needed for prediction and
computing (however, we can just as easily add it to the delay n;). In this paper, we will present a
predictive flow control algorithm and analyze the queueing behavior of the system. For simplicity of
exposition, we will first consider only one NRT traffic source and develop a result for the queueing
behavior at the queue of interest. We extend this result to the multiple NRT traffic sources case in

Section 4.

3 Single NRT Traffic Model

3.1 Predictive Flow Control Algorithm

In this section, we assume that there is only one NRT traffic source a1(n) (or a group of NRT traffic
loops with the same round trip delay n1). Note that by definition, a(n) = ai1(n — n1). Ideally,
what we want to achieve is a(n) + V(n) = p at all time n. However, there are two difficulties in
achieving this. First, since we do not know V' (n) in advance, we need to estimate its value through
prediction, resulting in a certain possibility of error. Second, V(n) could be greater than p but
since a(n) cannot be negative, the sum a(n) + V(n) cannot be made equal to p.

Taking into account the possibility of prediction error and the possibility that V(n) > u, it

seems plausible to control the NRT traffic a;(n) such that
ar(n) = [pp — Vi(n + )], (2)

where p is the percentage of output link capacity that we would like to utilize (p > %) and [z]T = z,
if z > 0, and [z]T = 0, otherwise. Note that in [7], the non-linearity was not considered and a

simplified version of Eq. (2), i.e., ai(n) = pu — Vi(n + n1), was used. Although this method of



control is easy to implement, it has a major drawback. The drawback is that this type of control
does not take into account the queueing behavior, but simply the difference between the service
rate and the RT traffic. To elaborate, consider even the situation of perfect prediction, and let V' (n)
have exceeded p for some time. During the period that V(-) has exceeded p, the above equation
correctly sets a1(-) to be zero. But, even after V(+) is no longer larger than u, there could still be a
substantial backlog in the queue, during which time a1 (-) should be set to zero. However, according
to Eq. (2), the moment V' (n) is less than u, the NRT source is allowed to transmit, thus potentially
causing unnecessary congestion at the queue. This will also be shown in our simulation results.
Hence, we need a better flow control algorithm. What we will attempt to do is to keep the queue
length at the node of interest small, while maintaining a certain level of throughput given by

N (ati) + V() o .

n—00 n

Note again, that at time 0 the queue will be empty.
Proposed Control Algorithm (N =1 case)

1. Define a virtual queueing process ¢i(n) and set g1(0) = 0.
2. qi(n) = [q1(n — 1) + Vi(n) — pu]t. For n <0, we let V(n) = 0.
3. a1(n) = [pp — Vi(n+n1) — qi(n +ny — 1)]T. For n <0, we let a;(n) = 0.

In the above algorithm, we maintain a virtual queueing system ¢; with associated workload (or
queue-length) ¢;(n) (n = 0,1,2,...,), the predicted RT traffic V;(n) as input, and pu as the service
rate. Here we can see the difference between our algorithm and the one given by Eq. (2). In Eq. (2),
a(n) = [pp — Vi(n)]t. The NRT traffic rate depends only on the predicted RT traffic rate at time
n. But in our algorithm, a(n) = [pu — Vi(n) — ¢1(n — 1)]T. When computing the NRT traffic rate,
we consider both the predicted RT traffic rate at time n and the predicted queue length at time
n — 1. This results in much lower network congestion, as will be illustrated in the paper. Note that,
although we have used ny in Step 3 of the algorithm, this does not mean that we need to explicitly
know the actual value of ny, or even an approximation of it. All we need to know is the value of
Vi(n +n1) (note that ¢i(n +nq — 1) can be calculated from V;). To calculate Vi(n + n1), n1 may
or may not be needed, depending on the type of predictor being used. For example, if we choose

a simple predictor H(z) = 0.5+ 0.5z '. Vi(n + n1) = 0.5V (n) + 0.5V (n — 1). Here, we can see



that the value of n; is not needed to calculate Vl(n + n1). In Section 6, we will provide numerical
results comparing different predictors (some that explicitly use values of n; and some that do not).

Also note that when Vi(n) < pyu for all n, qi(n) will always be zero. In this case our control
algorithm will reduce to the linear version of Eq. (2), i.e., a1(n) = pp — Vi(n + n1). But since the
high priority RT traffic does not always satisfy this condition, although the linear version is simple,
it is not appropriate, especially for very bursty RT traffic (we will discuss this further in Section 6).

We now focus exclusively on our control algorithm. We consider two queueing systems with
Vi(n) as the RT traffic input. Note that ¢;(n) and go(n) described below are not the queue lengths

of an actual queue at a link, but merely useful descriptors for developing our theoretical analysis.

Lemma 1 Let g1(n) be the workload at time n in a queueing system with input Vl(n) and service
rate pp and let ga(n) be the workload at time n in a queueing system with input a(n) + Vl(n) and

service rate pu. Then qa(n) = q1(n) for any n > 0.

Proof: See Appendix A [ |
From Lemma 1, we observe that the queue length (or workload) of a system that uses our control
mechanism having both a(n) and V;(n) as input is the same as the queue length of a system which
only has Vi(n) as input. This is a desirable property. It means that we can send more data and
at the same time not increase the queue length. Of course, in a real network, the RT traffic rate
will be V(n) rather than V;(n), hence we will take this into account as well. Next, we will focus
on the actual queue that we wish to control. This queue will have input from both the aggregate
RT source V(n) and the controlled NRT source a(n). As mentioned before the service rate of this
queue is u. We will show that using our control algorithm, the output link utilization of the queue

of interest is fixed at p (this is what we want from (3)).

Proposition 1 For our predictive flow control algorithm defined in steps 1-3 earlier, under the
condition V < pu, we have

n .

1 a _

n—00 n

Proof: See Appendix B |
Since the input to the queue in consideration is a(n) + V(n), and since E{V (n)} = V, what
Proposition 1 tells us is that the average aggregate input rate to the queue is given by pu. As

mentioned earlier, this is exactly the desired utilization we want. This also tells us that when we



fix p in our control algorithm, the output link utilization is also fixed and does not depend on other
predictor parameters.
Next, we will fix p, and observe how the queue length of the queue of interest will be affected

by different predictor parameters.

3.2 Properties of the Flow Controlled Queue

The queue in consideration has service rate p (output link rate) and the total input to it is a(n) +
V(n) at time n > 0, where V(n) is the aggregate RT input and a(n) is the resultant NRT input, as
determined through our predictive flow control algorithm. As mentioned before, g(n) denotes the
workload or queue length of this queue.

Since the queue is empty at time n = 0, g(n), the queue length at time n, can be expressed as

[19] [20]:

an) = sup j:%jﬂ (a) +VG) = n) ¢ (4)

In this section, we will analyze the relationship between ¢(n) and the queue length go(n) of a
queueing system with only RT traffic input V' (n). The next theorem shows that our predictive flow
control algorithm can achieve a queue length ¢(n) that is only an additive constant (2C;) larger
than gg(n), for any n. Here, go(n) is defined as the queue length at time n of a queueing system
go with arrival rate V(n) and service rate u. Note that go has the same RT arrival rate V(n) as in

our controlled system, but has no NRT input!

Theorem 1 Under the definitions and predictive flow control algorithm defined above, if Viypae < 00
and IZ‘_;;/ < Hq(1) < 1, we have g(n) — qo(n) < 2C1, where C1 is a constant that does not depend

on n.

Proof: See Appendix C.1 |

What Proposition 1 tells us is that we can completely achieve the utilization constraint that we

set to achieve in Eq. (3). Now what Theorem 1 tells us is that under the condition 2 5:‘;7 < H{(1) <
1, the queue length at any time in our controlled queue will at most exceed the queue length in
a queueing system go by a constant. This is quite remarkable since ¢ is a queueing system that
has no NRT traffic input at all and hence one would expect that its queue length would be a very

loose lower bound on the queue length generated by a control scheme that attempts to achieve

10



a utilization of pu > V. However, even when the g(n) of our scheme is compared to go(n) the
queue length without NRT traffic, we can show that ¢(n) is only an additive constant (hence not
dependent on the time n) larger than go(n).

We are now ready to extend this result to the case when multiple NRT traffic sources with

different round trip delays are multiplexed at the node of interest.

4 Multiple NRT Traffic Model

We now consider a system with N NRT traffic sources. Remember that Vz(n) is the predicted value
of the aggregate RT traffic V(n) based on the history of V' before time n — n;. Again, note that
q(0) = 0, our predictive flow control algorithm is given as follows:

Proposed Control Algorithm

2. gi(n) = [g;(n — 1) 4+ Vi(n) — pu]*. For n <0, we let V(n) = 0.

3. a;(n) = % [pp — Viln +n;) — gi(n +n; — 1)]T. For n < 0, we let a;(n) = 0.

From the proof of Proposition 1 and the above algorithm, it follows that lim, s M =
%(p,u — V) for the multiple NRT traffic case. Note that how to assign the available link capacity is
in fact a network-level problem. Since we only consider a single link here, for fairness, in step 3, we
assign the available link capacity in such a way that each NRT traffic has the same average arrival
rate. This is by no means a necessary condition, and can be relaxed by modifying step 3 above in
favor of a more unfair system if the situation or the solution of the network-level problem requires
it. Also note that in our algorithm, we treat each NRT source separately. We do this for two
reasons. First, if we consider other NRT sources, we have to keep the information of other flows.
Hence, per-flow information will be needed. On the other hand, if we treat each source separately,
per-flow information may not be needed (see Section 6). Second, considering other NRT sources
will not significantly improve the performance. We give a simple example to elaborate this point.
Consider a bottleneck link with two NRT flows, flow 1 and flow 2, whose RT'Ts (round trip times)

are 1 and 2, respectively. For simplicity, we assume V;(n) < pu for all n. Now, for flow 2 (with

RTT 2), because it has the longer delay, when calculating as(n), no information about the input
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rate of flow 1 (with RTT 1) at the future time n + 2 is available. So,
1 N
a2(n) = L (o~ Vil + 2)).

For flow 1, when calculating a;(n), there is information about the input rate of flow 2 at time n+ 1

available. If we want to use this information, we will have,

ai(n) = pu—Vi(n+1)—az(n—1)
= pp=Viln+1) = 5o~ Valn 1)

1 . .
= §(pu —2Vi(n+1) + Va(n + 1)).

Now, if we let Vi(n) = 2Vi(n) — Va(n) and use Vi as the predictor when we treat each source
separately, we will get the same a;(n). Hence, intuitively it appears that considering other NRT
sources will not significantly improve the performance.

We now have a version of Theorem 1 with multiple NRT sources having different round-trip
delays. Once again let go(n) correspond to the queue length at time n of a queueing system with
service rate p and input V(n), while ¢(n) is the queue length at time n of the system with input

V(n) + a(n), where a(n) = 33N | ai(n — n;)-

Theorem 2 With the definitions and predictive flow control algorithm defined above, If Ve < 00
and IL“_;‘—Y < H;(1) <1 forall 1 <14 < N, there exists a constant C such that q(n) — qo(n) < 2C

for any n > 0.

Proof: See Appendix C.2 |
As before, go(n) is the queue length without the NRT traffic. Therefore, Theorem 2 tells us
that with our predictive flow control algorithm, the queue length of the system will be less than

the queue length with only RT traffic plus a constant finite value that does not depend on n.

5 Discussion

p“_‘-}_/ < H;(1) <1 that is obtained from our main results. We can see that

Consider the condition
when H;(1) = 1, this condition is satisfied for any p < 1. Hence, from now on the first requirement
for our predictor will be that H;(1) = 1. We now provide further justification why designing a

predictor under this condition is desirable.
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5.1 Tail of Queue Length Distribution (Tail Probability)

From Theorem 2, we know that the only requirement for the RT traffic is Vj,q, < 00. So, the result
can be applied to both short range dependent and long range dependent RT traffic.
Now, consider the probability P{g(n) > z}, when z is large. Since g(n) < go(n) + 2C, we have,

P{q(n) > z} <P{qo(n) >z —2C}. (5)

Let P{Qo > z} = lim,_,0 P{qo(n) > z} be the steady state tail of the queue length distribution
(also usually called the tail probability) of gy and let P{Q > z} = lim,_,oc P{q(n) > z} be the
tail probability of ¢, our controlled system with queue length g(n). When the aggregate RT traffic
V(n) is short range dependent, for a large class of short range dependent traffic [19], we have
P{Qo > z} ~ Ae~B% when z is large, where A, B are constants. So, we have,

. P{Q >} . Ae BE20)
B0y > 2] Sl Aemr =C ©)

When the aggregate RT traffic V(n) is long range dependent, for a large class of traffic models [21],
the tail probability P{Qo > z} ~ Ae*B‘”d, for z large and where A, B, d are constants. Further,
0 < d < 1, hence,

P{Q > z} Ae~B(z—2C)¢

B 2G> oy < B me =t g

It should be noted here that the limit of Eq. (7) also holds if the RT traffic is heavy-tailed [22].
Since the right hand side of Egs. (6) and (7) is a constant (1 for Eq. (7)), this tells us that the
tail probability for the flow controlled queue does not diverge from the queue length distribution
of the system with only RT traffic. Since the tail probability in infinite buffer systems is intimately
connected to the overflow probability in finite buffer systems, this again makes a rigorous statement
on the effectiveness of our flow control scheme.

We have show that when ZL{;‘—Y < H;(1) <1foralll <4< N, the queue length of the predictive
flow control system will not exceed the original queue length with only RT traffic plus a constant
value. Now, the question is what happens when H;(1) does not satisfy this condition? It turns out
that one can easily construct many cases when, if this condition is not satisfied, limg_, oo P{Q>z}

P{Qo>z}
will go to oco. Due to space limitations, we will not explicitly provide such examples here (for such

examples, see [23]), however, in our numerical section, this will be illustrated through the help of

Figure 7.
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5.2 Stability

Another important issue in explicit rate feedback flow control is the stability of the controlled
queueing system. From our main result, it follows that if H;(z) are stable and H;(1) = 1 for all 4,
then the queue length will not exceed that of a queue with only RT traffic plus a constant value.
This means that if the queue with only RT traffic is stable, our queueing system will also be stable.
Further, this stability does not depend on the predictor parameters, once H;(1) = 1 is imposed. In
a real system, the round trip delays of NRT traffic are not always easily determined and in most
feedback flow control schemes, this is an important factor that may cause the system to become
unstable. However, in our system, if we keep H;(1) = 1, stability will be maintained regardless of

the errors in estimating the round-trip delay.

5.3 Per-Flow Information

As discussed in Section 3, in our predictive flow control scheme we may or may not choose to use
the round-trip delay information in computing the parameters of the predictor. This is important
because the round trip delay is the only per-flow information in our predictive flow control scheme.
Our main result, H;(1) = 1, tells us that a class of predictors satisfying this condition, will perform
well. However, which predictor to choose from this class to further improve performance is still an
open problem. It depends very much on how much information can be inferred from the network.
For this reason, in the numerical examples (Section 6), we will numerically study predictors that

require per-flow information and those that do not.

5.4 Minimizing which error?

An important idea that motivates the development of our predictive control method is that mini-
mizing the error at each point in the prediction is less important than minimizing the accumulated
error. For example, the minimum mean squared error (MMSE) predictor is a widely used predictor
that can be used to predict the RT traffic. In this way, we have a minimum mean squared error
at each prediction point. However, we know that a large queue length is mainly caused by the
accumulated traffic in a time interval. Hence, a minimum error at each point in time may be less
important than a minimum accumulated error over the time period in which the queue builds up.
This is where the condition H;(1) = 1 is important. Because it tells us that if, in our predictor,

we choose H;(1) = 1, we are ensuring that the accumulated error is bounded (e.g. Theorem 2).
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This is also demonstrated by our numerical results which show that the MMSE predictor results
in poor performance compared to predictors that maintain H;(1) = 1. In fact, what we will show
is that although the MMSE predictor requires per-flow information, it does not perform as well as
predictors that explicitly consider the queueing behavior (i.e., using H;(1) = 1) but do not require

per-flow information.

5.5 More Explanation of H;(1) =1

In this subsection, we further illustrate the importance of H;(1) = 1. For simplicity, we consider a
system with only one NRT traffic source, i.e., N = 1 (hence we focus on H;(1)). First, we define
A(j) = V(j) — Vi(j) as the prediction error. When we use the control algorithm proposed in
Section 3.1, the queue length at the node of interest (see proof in Appendix D.1)

n

n
g(n) <qo(n)+ sup Y A(G)— inf D A(j). (8)
0<no<n ;4= 0<no<n 4=

This inequality (Eq. (8)) gives an upper bound on g(n). Note that the only requirement of Eq. (8)
is the proposed control algorithm in Section 3.1. It has no requirement on the predictor H;(z) and
the high priority traffic rate V' (n). Hence, Eq. (8) is true even if V;;,4, is infinite. Next, we assume
V(n) is wide sense stationary, but we do not require a finite V4.
Now, let I = n — ng and define
n n
Xpi2 ) AG) = Y AG).
j=n—I+1 j=no+1

We can see that E{X,,;} = 0 (because the predictor is unbiased) and

Var{X,;} = Var{ 3 A= Y > caGl-2
j=n—I+1 jl=n—Il+1j2=n—I+1
0

0
= > > Calit-j2), )

Jl=—I+1j2=—1+1
where Ca (j) is the auto-covariance function of A(n). Because of the stationarity of V' (n), Var{X, ;}
does not depend on n. From Egs. (8) and (9), we can see that Var{X,,;} is closely related to the
congestion in the system. In fact, from a practical point of view, Var{X, ;} is more important
than Ci. The constant C; only bounds the workload caused by NRT traffic. This bound, while
important in showing that under the condition H;(1) = 1 the workload does not keep growing

in time, may not itself be tight. On the other hand, Var{X,, ;} determines the distribution of the
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workload as we see in Section 6 (also see [13]). Further, as discussed in Section 5.4, the accumulated
error is much more important than the error at each point. One way of making the overall error
small is to minimize the asymptotic variance of the error, i.e., minimize lim;_, o, Var{X,,;}. In fact,
as can be seen from the following proposition, when H;(1) = 1, the asymptotic variance of the

error can also be shown to converge.
Proposition 2 When Hy(1) = 1, limy_, Var{X,;} ezists and goes to a finite constant.

Proof: See Appendix D.2 [ |

In Section 6, we will discuss more about lim;_,, Var{X,,;}, especially its relation to the uti-
lization, the predictor, and the stochastic properties of RT traffic. Note that when Hy(1) # 1,
lim;_, o, Var{X,, ;} may go to infinity. To see this, note that from Eq. (17) in Appendix D.2, z =1
will in most cases (not so when H;(1) = 1) be a second order pole point of S(z). Hence, when
[ = o0, S(I) = Var{X,,;} will go to infinity. An illustration of the above proposition is also provided

in Fig 8, in the numerical results section.

6 Numerical Results

In this section, we assume that V(n) is wide sense stationary. We also assume that H;(z) is of the
form Z%i:() Bg)z*m, where M; is the order of the predictor and Bﬁ,? are the predictor parameters

that we need to design. From the above discussion, we know that if we design predictors that do

not satisfy the condition ’Z‘:‘—Y < H;(1) < 1, the tail probability of the queue length may be much
larger than that of predictors which satisfy the condition. Most current works on predictive flow
control and even more general feedback flow control focus on minimizing the mean square of some
control objective, for example, the mean square of unused link capacity. In [7], a low pass filter
is also applied to the high priority traffic to improve the performance and stability. Under this

-V H;(1) <1 and in some cases
p=V

type of method, the predictor may not satisfy the condition
could result in increased congestion. We will demonstrate this through our simulation results. As
mentioned in Section 5, since the above condition is satisfied for all p when H;(1) = 1, the first
requirement for our predictor is that H;(1) = 1. Under the condition that H;(1) = 1, there are
still a number of predictors that we can choose. How to choose an appropriate predictor depends
on how much information we can infer from the network. We will discuss three approaches to

designing the predictors under the condition of H;(1) = 1.
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Predictor A1: The first predictor we use is very simple. We simply choose a fixed low pass
filter Hrpr(z) as the predictor. Since this predictor is fixed, H;(z) = Hrpr(z), for all 5. This is in
fact the predictor used in the Hy scheme of [7]. Note that although the Hy scheme uses a low pass
filter as the predictor, it does not use our control algorithm. In [7], it is assumed that V;(n) < pu
at all time n and a linear version of Eq. (2), a1(n) = pu — Vi(n 4+ n1), is used to calculate the
available link capacity. This could result in poor performance, when Eq. (2) is applied, as will be
shown in Figure 9 of this Section. So, for predictor Al, we let H;(z) = Hppp(z), which satisfies
the condition H;(1) = 1.

Predictor A2: In designing predictor A2, we assume that we can obtain information about both
the NRT traffic and the aggregate RT traffic. Hence, here we assume that per-flow information will
be available. Again, for simplicity, we first consider the case of one NRT traffic source. What we

do now is to minimize limy;_,, Var{X, ;}, where Var{X, ;} is defined in Eq. (9). Define
k=-2 Y (k—|m|)Cy(m), (10)
where C,(m) is the auto-covariance function of V(n). We get

M
ll_iglOVar{Xn’l} = _ZB%)(Snﬂ—m

M1
+ > Z B BG) 6y —my (11)

m1=0 ma=m1+1
From Egs. (10) and (11), we can see that lim;_,,, Var{X,,;} is determined by the predictor param-
eters and the stochastic properties of the RT traffic, but has no relation to the target utilization.
Hence, we can design the predictor independently of the target utilization. Define the Lagrangian

function as

f(B(()l)’ ' B(l ZB ‘5n1+m

My
+ ) Z B, m2m2m1+AZB<1 1)

m1=0ma=mi1+1 m=0
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From Z{I) =0, m=0,---,M; and % =0, we get,
0 - by, 1 |[BPT] O 6. ]
SRR VAN | BF) Oni+1
. . _ . (12)
oy - 0 1| BY 5
M M n1+ M
RS 1 0] [ A | 1]

From Eq. (12), we can calculate BSI),B§1), e ,BJ(\z, and we are done. In the case of multiple NRT
sources, we can still use Eq. (12) to calculate H;(z). What we need to do now is to replace M;
with M;, ni with n, and By, -, By with B{”, .-, B}

From Eq. (12), it is immediately apparent that per-flow information (i.e., round trip delay n;)
is required. Hence, for different NRT traffic loops with different round trip delays, we need to have
different predictors. This approach is the most complex of the three approaches.

Predictor A3: In predictor A3, we still use Eq. (12) to calculate the predictor parameters. But
rather than trying to estimate the round trip delay for each NRT flow, we roughly estimate a round
trip delay ng for all NRT flows. Once the round trip delay n; is fixed to ng, Eq. (12) will be the same
for all NRT flows. Thus, as in A1, only one predictor is needed for all NRT traffic flows (this also
implies that only one virtual queue needs to be maintained). Since A3 also does explicit prediction
based on the stochastic properties of the RT traffic, rather than just use smoothing, we expect
that A3 will perform better than Al. In fact, what we will demonstrate through our numerical
results is that the performance of A3 (that does not require per-flow information) approximates
the performance of A2 (requires per-flow information) quite well.

Under the condition H;(1) = 1, there are still other approaches to choose the predictors. For
example, in the above approaches, we have only considered the stochastic properties of the RT
traffic up to two moments. Higher order moments and distributions are not considered, primarily
because of the complexity this would entail in practice in terms of measurements. However, given
more information on the RT traffic, for example, an accurate model for the RT traffic, one can
always design a better predictor.

In the following simulations, we will use the control algorithm defined in section 3.1 (single
NRT source case) and in section 4 (multiple NRT sources case). From Proposition 1, we know that

once p is fixed, the output link utilization will also be fixed. Note that how to choose the target
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link utilization p is not the main focus of this paper. A possible way of choosing the utilization
is by attempting to maximize the goodput on the link. Given the utilization and buffer size, we
can approximately estimate the loss probability [13] and hence the goodput. We can then choose
the utilization that gives the maximum goodput. In this section, we will simply choose a fixed
utilization and compare the performance of different predictors for the same output link utilization.
For predictors A2 and A3, we also need to measure the covariances of the RT traffic. This can be
done by using any standard method. Also note that we need to know the order of the predictor M;
before we use Eq. (12) to calculate the predictor parameters. The larger the value of M;, the better
the performance. But the predictor will also become more complex. Hence, the choice of M; involves
a trade-off. In our simulations, we find that when M; > 5, the improvement in performance is not
significant. So, in our simulation, we set M; = 5. The predictor designed with minimizing mean
square method is called MMSE. The MMSE predictor is designed as follows. First, a low pass filter
is applied to the high-priority RT traffic. Here, we use a simple moving average filter Hypr(z) =
%(1 +2 14+ 272+ 273) as the low pass filter. Next, a standard minimizing mean square error linear
predictor Hp prsp(z) with the form ZTA,;IZ':O Br(,i)z_"i_m is calculated based on the low frequency
part of the RT traffic. And the final MMSE predictor is z " H;(z) = Hrpr(z)Hyamse(z). Note
that Hasprse(z) will require explicit knowledge of the round trip delays (i.e., per-flow information).

In A1, the fixed low pass filter is chosen as Hppp(z) = %(1 + 27 42724 27%). In A2, A3,
and MMSE predictors, M; is set to 5. Our simulation results are shown in Figs. 4-6. In these
simulations, five NRT sources are simulated and the round trip delays are varied from 5 to 9. For
A3, the roughly estimated round trip delay ng is set to 5 (the time unit will be specified later in
the description of each simulation). Note that we use the same controller (proposed in Section 4)
for all predictors. We also measured the actual link utilization with different predictors. They all
equal to the target link utilization.

Fig. 4 shows the result of a simulation generated with 30 actual MPEG-video traces as the RT
traffic input. The mean rate of the aggregate RT traffic is 11.6Mbps. We set the output link rate
1 = 15Mbps and the utilization p = 98%. The time unit used in this simulation is ﬁsec. The unit
of the queue length is 1kbit. From this figure, we can see that Al, A2, and A3 predictors all have
comparable performance, but are all much better than the traditional MMSE predictor.

In Fig. 5, V(n) is a generated Gaussian process which is multi-time scale correlated with C, (k) =

479.599 x 0.999/% + 161.787 x 0.99/%/ 4 498.033 x 0.9/¥/ and V = 100kbps. This type of source has
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Figure 4: Tail probability with MPEG video traces as RT traffic
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Figure 5: Tail probability with Gaussian process as RT traffic

20



0 50 100 150 200
x (bit)

Figure 6: Tail probability with voice sources modeled by exponential on-off processes as RT traffic

often been used to represent the multiple time-scale correlation in network traffic 24, 15]. The link
capacity is 200kbps, and the utilization is set to 98%. The time unit is 1msec and the unit of the
queue length is 1bit. In this case, V4, is no longer finite and our theorem will not hold. However,
just as we discussed in Section 5.5, we can observe from Fig. 5, that our predictors still significantly
outperform the MMSE predictor. In this case, predictors A2 and A3 have similar performance and
both outperform A1, especially for small values of the buffer level z. Also note that A2.1 is designed
in the same way as A2 except that we use the exact covariance of the RT traffic in designing A2.1,
while in designing A2, we use the estimated covariance. Even though the error in the covariance
estimation is about 10%, we can see that there is almost no difference in the performance of A2
and A2.1. We have made similar observations with all the cases that we have studied, indicating
that our method of designing predictors is quite robust to the errors in covariance estimation.

In Fig. 6, 1000 multiplexed voice sources correspond to the aggregate RT traffic. Each voice
source is modeled by a Markov modulated On-Off fluid process. The state transition matrix and

rate vector are given as follows.

0.9833 0.01677

State transition matrix :

0.025  0.975
0
Input rate vector : kbps
0.85

The mean rate of the aggregate RT traffic is 341.2kbps. We set the link capacity to 500kbps and
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Figure 7: Tail probabilities with different utilization

the utilization to 99.8%. The time unit is 1msec and the unit of queue length is 1bit. In this figure,
we compare the performance of three predictors A1, A2, and A3. Since all three predictors satisfy
the condition H;(1) = 1, in most cases, they perform quite well. For example, in the above two
figures, A2 and A3 are better than A1, but not by a significant amount. However, in some cases,
the difference between the Al predictor and the other two predictors can be quite substantial, as
is illustrated by Fig 6. This is the case, here, because the A2 and A3 predictors (unlike A1) try
to predict the RT traffic at the queue at explicit times in the future, which can be done more
accurately for voice types of traffic models (as is the case, here). We can also see from the above
simulations that although predictor A3 does not require per-flow information, the performance of
A3 is almost identical to A2 in most cases. Hence, compared to Al and A2, the predictor A3 will
be a better choice in practical networks.

To explain our main results more clearly (Theorem 1), we do the following simulation. In this
simulation, we have only one NRT sources with round trip delay 5msec. The RT source and the
link capacities are the same as in Fig. 5. But we vary the utilization from 90% to 99% with a step
of 1%. The result is shown in Fig. 7. We observe that, with an A3 predictor, the tail probability
remains low even when the utilization is very high. But with the MMSE predictor, when the
utilization increases, the tail probability also increases. For the MMSE predictor, H;(1) = 0.878.

When p = 94%, we have p;f:\;/ = 0.88. So, when p < 94%, the tail probabilities of the MMSE and

A3 predictor are quite close. However, when p > 94%, the difference is substantial. Hence, our
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Figure 9: Tail probabilities with different control algorithms
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analytical result in Theorem 1 provides a guideline as to when the MMSE predictor will work well
and when it would not. We also show Var{X,,;} in Fig. 8. We can see that since MMSE predictor
does not satisfy H;(1) = 1, when [ increases, Var{X,, ;} also goes up. But for A1 and A3 predictors,
Var{X,,;} converges to some constant when [ is large enough. The asymptotic variance of A3 is
also smaller than that of Al. This also gives another explanation as to why A3 performs better
than Al and the MMSE predictor.

In Fig 9, we compare our control algorithm with the control algorithm that uses Eq. (2). As we
mentioned in Section 3, when Vi (n) < py for all n, our control algorithm and Eq. (2) reduce to the
same linear equation. But when this condition is not true, the two algorithms are quite different.
We can see this difference in performance in Fig. 9. In this simulation, there is only one NRT source
with round trip delay 5msec. The RT source and the link capacity are still the same as in Fig. 5.
To see the difference when the condition Vl(n) < pu is violated, we use the same A3 predictor in
both control algorithms. In the figure, our control algorithm is marked C1, and the one that uses
Eq. (2) is marked C2. The utilization is set to 98%. But note that when using control algorithm
C2, given p, the utilization is not equal to p. In this simulation, we set p such that the measured
utilization for C2 is 98%, the same as in C1. From this figure, using the same predictor, we can

see that our control algorithm outperforms the one that uses Eq. (2).

7 Conclusion

In this paper, we first present a predictive flow control model and motivate its development. We
then analyze this predictive flow control system allowing both the control and the queueing process
to be non-linear. Our analysis gives us insights on what parameters to choose for designing the
predictor. Through simulations, we show that our predictive flow control algorithm can significantly
outperform the MMSE based predictive flow control algorithm. In fact, even our predictive flow
control algorithms that do not require per-flow information also do substantially better than the
MMSE based algorithm that uses per-flow information. This tells us that simply minimizing the
prediction error without taking into account the queueing in the system, can yield very poor
performance.

Through our analysis, we are also able to determine when other predictors in the literature
such as the MMSE predictor work well. For example, if a prediction scheme has H(1) = 1, it is

generally expected to perform well. Our main contribution has been in solving the individual-link
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level problem and to provide a scheme to predict the available link capacity when high priority

traffic is present. It can be combined with other solutions for network-level problems to form a

complete solution. Qur scheme has also been shown to be flexible. For example, depending on the

characteristic of the RT traffic, a control algorithm using a virtual queue or a simple linear control

algorithm can be chosen. Similarly, depending on how much information we can obtain from the

network, there are different approaches that can be used to design the predictor in our framework.

In our numerical study, we compare the performance of three such approaches that use differing

level of information from the network.
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Appendices

A Proof of Lemma 1
For gi(n), we have, ¢1(0) = 0 and
qi(n) = [q1(n — 1) + Vi(n) — pu]™ (13)
For go(n), we have, g2(0) = 0 and
¢2(n) = [g2(n — 1) + Vi(n) +a(n) —pp]*,

where a(n) = ai1(n —nq). For n < nq, a(n) = a1(n — n1) = 0, Hence, for n < nq, ¢2(n) = q1(n).
For n > n;, we will use induction to prove ¢g2(n) = ¢i(n). Assuming that go(n —1) = ¢1(n — 1), for
n > n1, we have,

a(n) = ai(n —m) = [pp — Vi(n) — qa(n — 1)]*.
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Next, we will discuss two cases. When py — Vi(n) — q1(n — 1) > 0, we have q1(n) = [q1(n — 1) +
Vi(n) — pu]*t =0 and
@2(n) = [g2(n —1) +Vi(n) + a(n) — pul*
= [g2(n — 1) + Vi(n) + pu — Vi(n)
—qi(n —1) —pp]*
= [gp(n—1)—q(n—1]" =0
When pp — Vi(n) — qi(n — 1) <0, a(n) =0,
@(n) = [g2(n— 1)+ Vi(n) - pul*
= lq(n—1) +Vi(n) —pu]*
= qn)
In both cases, we have

g2(n) = q1(n).

B Proof of Proposition 1

Throughout this proof, we use the definitions of ¢;(n) and g2(n) defined in Lemma 1.

For any j > ni, we have,
a(j) =a1(j —m) = [pu—Vi(j) — (G — 1"
= [pp—V1(j) — @@ - 1)]"
> pu—Vi(j) — g2 — 1)

So,

a(j) +Vi(j) +q2(j —1) —pu >0
() = leG —1) +a() + Vi) —pul"
= @@ —1) +aQy) + Vi(y) — pu.
a(j) = @) — @@ -1)+pp—Vi(j)
= q(j) —q1(j — 1) +pp - Vi(5).
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Because a(j) =0 for j < np, we have,

Sa) = Y al)
j=1 j=ni+1
= q(n) —q(m) + (n—n))pp— Y Vi(j) (14)

j=ni1+1
Next, we focus on ¢1(n) — gi1(n1). Let ¢1 and ¢ be the queueing systems with queue lengths

g1(n) and go(n), respectively. Further, let pu(n) be the amount of traffic that leaves g; at time n.
We then have,

am)+ >, Vi) =am)+ > ul)

j=ni+1 j=ni+1
n n
an) —qn)= > Vi) - > ul).
j=ni1+1 j=ni1+1

Because V < pu, ¢; will be a stable system. Hence,

n—00 n n—oo n

ie.,
lim q1(n) — q1(n1) —0 (15)
n—00 n
So, from Egs. (14) and (15),
2?21 a(j) -
nlggo - =pu—"V. (16)

C Proof of the Theorems

C.1 Proof of Theorem 1

First, we will prove two lemmas that will be needed later to prove Theorem 1.

For the next lemma, we define two queueing systems with service rate u'. The first queueing
system has input rate Vi(n) and corresponding queue length ¢;(n), while the second queueing
system has input rate a(n) + Vi(n) (where a(n) is determined by our flow control algorithm) and

queue length gy (n).

Lemma 2 Under the above definitions, if i’ > pu, we have gy(n) = ¢,(n), for any n > 0.
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Proof: From Lemma 1 and our algorithm, we know that a(n) = [pu — Vi(n) — qi(n — 1)1,
n > n1 and a(n) = 0, n < ni. Now, we define a'(n) as, a' (n) = [’ — Vi(n) — ¢y(n — 1)]*, n > ny
and a'(n) = 0, n < my. ¢ and ¢, have the same input traffic rate Vi(n). But the output link
rates are py and g respectively. Because y > pu, we have qi(n) > ¢;(n) for any n. So, we have
a(n) < d'(n) for any n > 0.

Now, consider a queueing system with z’ as the output link rate and a (n) + Vi(n) as the input
traffic rate. We denote the queue length as gy(n). Comparing g, and ¢;, we find they have the
same output link rate. But since a(n) < a'(n) for any n, the input traffic rate of g, will always be
less than or equal to the input traffic rate of g;. Hence, we have g,(n) < g3(n) for any n.

Similar to the proof of Lemma 1, we can also prove that qj(n) = gs(n). Hence, gy(n) < ¢;(n).

Also, obviously, q'2 (n) > q’l(n) Thus,
ga(n) = ¢ (n).
|
It should be noted that the requirement that u' > pu is necessary for stability because our

objective is to utilize the link at a level ppu.

Lemma 3 Define D(j) = Hi(1)(V(j) = V) — (Vi(§) = V). If Vinaz < 00, there ezists a constant

Cy such that Z?:noﬂ D(j)| < Cy for any n >0 and 0 < ng < n.

Proof: Let D(z) be the Z-transform of D(j). We have,
D(z) = Hi()V (2) = Vi(2) = (H1(1) — 2" Hy(2))V (2)
Because z = 1 is a zero point of Hy(1) — 2™ H;(z), we can write the above equation as:
D(z) = (1 -z ")H(2)V(2),
where H(z) is still causal and stable. Now, define Y'(n) = Y7 D(i). We have,
¥(e) = D) = HV ()

Because V(n) is bounded and H(z) is a stable linear system, we know that Y'(n) will also be
bounded. So, %, 1 D(j) = Y (n) — Y(no) is also bounded, i.e, there exists a constant C; such

that for any n > 0 and 0 < ng < n,
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Now, we can prove Theorem 1. First, we define A(5) = V(§) — Vi (4).

AG) = V() -Vi(i) = (V(G) - V) - (ViG) = V)
= D(j)+ (1 - H())(V () = V).

a(j) + V() — p = a(j) + Vi(j) + A() — p
= a(j)+Vi(j) + D)+ (1 - HH AV () = V) — p

= a(j) +Vi(j) — 4 + D) + (1 - Hi))(V () — ),

where y' = Hy(1)p + (1 — Hy(1))V.

qw) = sup n{j:%jﬂ (at) + V(i) —n) }

< sw {3 (al)+ViG) - 4)}

0<no<n j=no+1

R

wa-m) sp { Y (Vo) -u)}

0<no<n

n

am)+ s { DT DG+ (1 - H())ao(n).
Snosn Jj=no+1

IN

If Hi(1) > plf‘:‘-f/, we will have y' > pu. From Lemma 2 we know,

s =am = sw {3 (Go)-u)}

0<no<n j=no+1
Vi) —u = (i) = V)= Hi()(V(j) = V)
FHI()(V () = V) +T =i
= —D(j) + Hi(1)(V(j) — n)-

So,

Bm) = am= s { S (Vi) -u)}

0<no<n j=no+1
n
< s { Y i)
0<no<n j=ng+1



IN
|
—
=
=y
—N
)
<
SN
H,—/
+
=
=
)
o

I\
)
(=)
3
+
w0
=
ko]
o
<
W—/

AN
<
=
2
+
[\]
Q

C.2 Proof of Theorem 2

First, we let Q;(n) denote the queue length of a queue with Na;(n —n;) + V(n) as the input traffic
rate and y as output link rate. From the definition of a;(n) and Theorem 1, we know, there exists
a constant C; such that

Qi(n) < qo(n) +2GC;,
where go(n) is the queue length of a queue without NRT traffic.

Because the input rate to g is a(n) + V(n), we have,

) = s { Y (o) +vG) -n))

0<mosnm ™ ;11
n N
= s {j_%jﬂ (Xt —n)+V0) - u)}
N n
- {% ;F%:H (Naitj —n) + V() - 1) }
N n
< % ; (Ossrlll(]};n {j_%;rl (Naz'(j —ni) +V(j) — u) })
1 Y 1 Y
= T2 Qim) <X (a0(n) +2Gi) < golm) +2C,
=1 =1
where C' = maxi<;<n C;j. [ ]
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D Details of Section 5.5

D.1 Proof of Eq. (8)

o) = s n{j_%?ﬂ (at) + V() — 1)}

n

= sup { Z (a(j)+171(j)—u+A(j))}

0<no<n

j=no+1
n n
< 05;‘;”{].:%1 (o) + V2 05) u)}+0§s;;;n{j:%ﬂ (i)}

Because we use the control algorithm proposed in Section 3.1, from the proof of Lemma 1, we

have . .
S P2y a(J)+V1(J)—u)} = S 2 (Vl(J)—u)}
Hence
n n
a(n) < sup Vi) =)} + sup AG)}
0<no<m *,_, 41 O<mosm * j_pot1
— Ogsrlzlop<n{ %}:ﬂ (V(])—M—A(j))}+OSS71llop<n{]_§+lA(J)}
<o {2 (o-n)ir o {5 (-o0)}r {5 20}
n
= @) P{ PORCI NI W)

D.2 Proof of Proposition 2

Since Var{X,,;} does not depend on n, we define S(I) = Var{X,,;} and let S(z) =312, S(1)z~" be
the Z-transform of S(I). From Eq. (9), we get,

0 0 -1 l
SH= > Y Ca(ir-52= > (@-1i)Cali) =D~ i)Cali)-
jl=—I+1j2=—1+1 j=—14+1 j=—1

So,

00 00 l
Y oSWzt=)" Y (-1ihCali

=0 1=0 j=—1
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= 2: 2:1-—U|CA }: Calj “'E:l—ﬂﬂ =

Jj=—o0l=|j| j=—00 =3l

= > Ca()z 11> nz " (n=1-j)
n=0

j=—o00

z—l

= C(A+)(Z)m )

where C\7(2) = 0 __ Ca(n)z~I" = CA(0)42 3%, Ca(n)z™™. Let Ca(z) = 3 __ Ca(n)z™"
be the Z-transform of Ca(n). We can easily see that

Oale) = 5 (05 (2) + 05 ). (18)

So, if we can decompose Ca(z) to be in the above form, we can get C(A+) (z). Now, let Cy,(n) be the
auto-covariance function of V(n) and let Cy(2) = >.°° __ Cy(n)z™" be the Z-transform of Cy(n).

n=—oo

Since,

we have

A(z) = (1 — 2z ™Hy(2)V(2).

Now, if Hi(1) =1, z = 1 will be a zero point of 1 — z ™ H;(z). We can write the above equation
as:

AZ) = (1- 2 YHEV(2) = (1 - 27 )Y (2),

where H(z) is still causal and stable, and Y (z) = H(z)V (z) is the Z-transform of Y (n), which is
the output of a linear system H(z) with V(n) — V as the input. Let Cy(n) be the auto-covariance
function of Y'(n) and Cy(z) be the Z-transform of Cy(n). We have,

Cy(z) = Z Cy(n)z™" = Cy(0) + Z Cy(n)z™" + i Cy(n)z™"

n=—00 n=1 n=—00
= Cy(0) + O (2) + Oy (=7),
where CZSH () =>°02, Cy(n)z~". Hence,
Calz) = (1-27)(1=2)Cy(z) = (1= 27)(1 = 2)(Cy(0) + C{H(2) + C§ (7))
= (=200 + (1 - 271 - 2)C57(2)

+((1=2)C,(0) + (1 -2 H(1 - D). (19)

Y

34



Comparing Egs. (18) and (19), we can see that

@) = 2(1-210,0)+ (1 -2 )1 -2)Cf(2)

= 21—z} (cy(o) +(1- z)qgﬂ(z)).

So, from Eq. (17), we have

_ A 2 - Z !
Se) = @Gy =20 -2 (G0 + 1 -2606)) =5
51
= o0 - 206

From Eq. (20), it follows that

for any I > 0. Since Cy(0) = Var{Y'(n)} is finite, Eq. (21) tell us that when H;(1) =
bounded and lim;_,, S(I) = 2Cy(0).

(20)

(21)

1, S(I) is
|

From the proof, we can also see that the reason that S(I) is bounded is that z = 1 is a zero

point of 1 — 27" H;(z) and hence it is also a zero point of C(A+) (2). When H1(1) #1, z =1 will no

longer be a zero point of 1 — 27" Hy(z). From Eq. (17), we can see that in most cases, z = 1 will

be a second order pole point of S(z). Hence, when [ — oo, S(I) will go to infinity.
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