A CONSTRUCTION FOR PRIME IDEALS AS ABSOLUTE VALUES
OF AN ALGEBRAIC FIELD

By SAUNDERS MACLANE

1. Introduction. The difficulties of actually constructing the prime ideal fac-
tors of a rational prime p in an algebraic field have had a considerable influence
upon the development of ideal theory. One of the most practical of the methods
for this construction consists of three successive “approximations” to the prime
factors of p in terms of certain Newton Polygons, similar to the polygons used in
the expansion of algebraic functions. This method, due to Ore,! is directly appli-
cable in all but certain exceptional cases. The present paper extends the method
to all cases by making not three but any number of successive approximations.
To formulate this extension simply, it is necessary to replace the prime ideals by
certain corresponding “absolute values”, which succinctly express the essential
properties of the Newton polygons. In terms of these values, the successive ap-
proximations are a natural application of a method of finding possible “absolute
values” for polynomials.

To introduce these absolute values, consider the ring o of all algebraic integers of
an algebraic number field, and let p be a prime ideal in 0. Since every integer «
of the field can be written in the form (a) = p™-b, where b is an ideal prime to p,
we can write the exact exponent m to which p divides « as a function W(a) = m.
Because of the unique decomposition theorem,

(1) W(a-B)=W(a)+W(p), W(a+p)>min(W(a), W(B)).

Any function V(«) which has these two properties is called a non-archimedean
value or a “Bewertung”? of the ring o, while the particular function W obtained
from p may be called a p-adic value. Every value V of o is a constant multiple?
of some p-adic value W. Hence absolute values can replace prime ideals.

In the same way every non-archimedean value Vj of the rational integers is a
“p-adic” value for some rational prime p; that is, for any integer a, Vj(a) is md,

1@. Ore, Zur Theorie der algebraischen Kérper, Acta Math, 44 (1924) 219-314; @. Ore,
Newtonsche Polygone in der Theorie der algebraischen Korper, Math Annalen, 99 (1928) 84—
117. These papers will be cited as Ore I and Ore II, respectively.

2W. Krull, Idealtheorie, Ergebnisse der Mathematik und ihrer Grenzgebiete, Bd 4, Heft 3.
This text, cited henceforth as Krull I, contains further references on absolute values.

3E. Artin, Ueber die Bewertungen algebraischer Zahlkérper, Jour fiir Math 167 (1932) 157—
159. The theorem may be proved thus: Given V, first show that any rational integer n =
1+ 1+--- 41 has a non-negative value and then from (1) that every algebraic integer has a
non-negative value. If the value of an ideal b be defined as the minimum of V() for o € b,
then one and only one prime ideal p can have a positive value, and V must be p-adic. A similar
theorem holds when o is an abstract ring in which the usual prime-ideal decomposition holds.
(B. L. van der Waerden, Moderne Algebra 2, §100.)
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where m is the highest power of p dividing a and ¢ is a constant > 0. If p is
a prime ideal factor of p in an algebraic field, every p-adic value W, considered
only as a value of the rational integers, coincides with one of the p-adic values Vj.
Thus W is an “extension” of V.

The equivalence of prime ideals to values enables us to state the problem of
constructing the prime ideal factors of a rational prime in the following generalized
form (with a notation to be used throughout the paper): Given a field K and a
separable extension K(0) generated by a root 0 of the irreducible polynomial G(x);
given also a “discrete” (see §2) value Vo of K, to construct all extensions W of

This problem will first be reduced in §2 to that of constructing for the ring
of polynomials with coefficients in K those values V which are extensions of
Vo and which assign the defining equation G(x) the value +oo. All values of
this polynomial ring can be constructed* by successive approximations, which
consist essentially in determining first the values of the polynomials of lowest
degree (in x and in p). The salient features of this method are summarized in
§2. Those approximations which can ultimately give G the desired value +oco we
call “approximants” to G (see §3). Each such approximant is itself a value V}, of
the polynomial ring and can be constructed from a previous approximant Vj_;
by using a unique “equivalence” decomposition of G(z) (see §4) and a “Newton
polygon” of G(x) with respect to Vi1 (see §5). After a finite number of steps
(§8) we obtain a set of approximants corresponding to the desired values or prime
ideals of K (). The proof of this fact uses the integers of K (§7) and the exponents
of prime ideals (§6). The computation of the degrees of prime ideals in §9 yields a
constructive proof of the usual relation betwen degrees and exponents. Finally, the
theorems of §10 summarize the results. A comparison with previous methods is
also made. We note that some of the concepts resemble those used by Ostrowski®
and by Deuring and Krull® in the (non-constructive) theory of Galois fields with
absolute values.

2. Non-finite values of polynomial rings. A non-archimedean exponential
absolute value of a ring S is a function V, such that, for a in S, V(a) is a uniquely
defined real number or +oo, with the properties

(1) V(ab) = V(a)+ V(b), V(a+b)>min(V(a), V(b))

48. MacLane, A construction for absolute values in polynomial rings, to appear in the Trans
Amer Math Soc. Cited henceforth as M. All theorems from M required in the sequel will be
explicitly stated, so that we refer to M only for certain proofs.

5A. Ostrowski, Untersuchungen zur arithmetischen Theorie der Kérper (Die Theorie der
Teilbarkeit in allgemeinen Koérpern), Math Zeit 39 (1934) 269-404.

SM. Deuring, Verzweigungstheorie bewerteter Korper, Math Ann 105 (1931) 277-307.

W. Krull, Galoissche Theorie bewerteter Kéorper, S B Miinchen Akad Wiss (1930) 225-238.

31-Oct-2014, 8:12 pm



for all @ and b in S. These properties are called the “product” and “triangle”
laws respectively. If we exclude the trivial cases when V(a) = 0 for all a or
V(a) = oo for all a, the laws (1) imply that V(1) = V(—1) = 0, that the equality
in the triangle law of (1) must hold whenever V(a) # V(b), and that V(0) = +oo.
Contrary to previous usage, our definition allows elements not 0 to have the value
+oo. However, if V(a) # oo for all a # 0, we shall call V' a finite value. Since
V(a=t) = —V(a), every value V of a field must be finite. A value V is discrete if
every V(a) is an integral multiple of some fixed § > 0. The original value Vj of
K is discrete by assumption.

Two elements a and b of S are equivalent in V if and only if either V(a — b) >
V(a) = V(b) or V(a) = V(b) = co. We write a ~, b for this equivalence. It is a
reflexive, symmetric and transitive relation. An element a is equivalence-divisible
by b in V if and only if there is a ¢ in .S such that a ~, cb. For this divisibility
we write b ||y a.

A value V of a ring S is an extension of a value Vy of a subring of S if V(a)
and Vj(a) are identical for all a in the subring. Our original problem can now
be reduced to one concerning the polynomial ring K[z], which consists of all
polynomials in x with coefficients in K.

Theorem 2.1. There is a one-to-one correspondence between the values W of
K(0) and those values V of K[z] for which V(G(x)) = oo. Corresponding values
V and W are extensions of identical values of K.

The proof depends on the homomorphism of K[z] to K(6). If the value V' with
V(G(z)) = oo is given, two polynomials congruent mod G(z) must have the same

value, so that the value W for any f(6) can be defined by W(f(0)) = V(f(z)).
The same equation serves to define V' when W is given.

The method of the paper M for constructing finite values of K[z] applies without
essential change for non-finite values. It consists fundamentally in the formation
of a sequence of simple values

(2) ‘/17‘/&7‘/37""‘/]6717‘/]67""

To obtain any Vj in (2) from the preceding Vi _;, we assign a new value pj to a
suitable polynomial ¢5, = ¢ (x). The following conditions” must hold:

2.21 ¢y is equivalence-irreducible in Vi,_1; that is, ¢y ||y, _, f(z)g(x)
always implies ¢ ||lv, _, f(x) or ¢ ||v,_, 9(x);

"Functions f(z), g(z) or simply f and g, etc., will always represent polynomials in K[z],
while deg f(z) stands for the degree of f(z). If f = 0, deg f is meaningless, and statements
about deg f are taken to be vacuously true.
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2.22 ¢y is minimal in Vi,_1; that is, ¢y, ||y, _, 9(x) always implies that
deg g1, < deg g();

2.23 ¢y has the leading coefficient 1 and deg ¢y > 0;
2.24 pg > Vk—1(¢k)-

When these are true, we call ¢y a key polynomial and py a key value of ¢y over
Vi—1. Given such “key” quantities the new value Vj of any polynomial f(z) is
determined from Vj_; by first finding the expansion of f(x)

(3) f(.lf) = fm(x)¢zl+fm—l(x)¢;cn_l ++f0(~73)7
in powers of ¢y (x) with coefficients of degree less than that of ¢, then setting
o Vie1(fo)]-

The so-defined function Vj is always a value of K[x]. We say that V} is obtained
by augmenting Vi_1, and write

deg fi(r) < deg ¢,

(4) Vk(f(x)) = min [Vk_l(fm)er,uk, Vie—1(fm—1)+ (m—1)p, ..

(5) Vie = [Vi1, Vi(or) = |-
To apply the condition 2.22 it is convenient to note (M, Theorem 9.3):

2.3 The polynomial f(z) with the expansion (3) is minimal in V}, if and only if
fm(z) is a constant from K and Vi (f(z)) = Vi(fm(2z)¢}"). In particular,
the product of two minimal polynomials is itself minimal.

The construction of any value V' of K[z] starts with a “first stage” value V; which
is defined as in equation (4), except that the first key polynomial ¢; is now taken
to be z itself and p; is arbitrary; while the value Vi used for the coefficients f;,
which are now constants, is simply the originally given value V; for K. Given such
a V1, new values can now be defined by repeatedly augmenting V;. A sequence
(2) in which each V; arises by augmenting V;_; with a pair of keys ¢; and y; from
Vi_1 is called an augmented sequence. Each Vj of such a sequence is an inductive
value, and may be symbolized as

(6) Vie = [Vo, Vila) = pa, Va(da) = pa, -, Vie(dr) = p |-
We assume in addition the conditions (M, Definition 6.1)

241 deg¢; > deg ¢i—1
242 ¢i %y, | Pr—1
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The last key value p; may be 400, but then there is no key over Vj, satisfying these
conditions, so that no further augmented value is possible. An infinite augmented
sequence (2) also gives a limit value, defined by

(7) Vao () = Jim Vi (£ () (for all f(z)).

We will consider only those inductive or limit values which are extensions of the
originally given V.

To put the values of K[z] in a normal form, we first choose in K a complete set of
“representatives” with respect to V4, such that each element of K is equivalent in
Vo to one and only one representative. If next the coefficients of the expansion (3)
are expanded repeatedly with respect to ¢p_1, Px—2, ..., then f(x) is expressed
uniquely in the form

(8) f(!E) _ Zj a; ¢§ﬂ1j 727121‘ . Z’ch

The exponent m;; is always less than (deg ¢i+1)/(deg¢;), fori =1, ..., k—1 (see
M, §16). If all terms in (8) have the same value in V}, and if each a; is one of the
previously specified representatives, then f(z) is in a sense homogeneous in Vj.
Any polynomial is equivalent in V} to a homogeneous polynomial. Henceforth we
require in any inductive or limit value (6) that each ¢; be homogeneous in the
previously constructed V;_;. Then, since the given Vj is discrete, every extension
of Vo to K|zx] can be uniquely represented as an inductive or limit value (M, §8,
§16).

(aj € K)

3. Approximants to non-finite values. Our program requires the construc-
tion of values V of K[z] for which V(G(z)) = co. Any such V can be obtained
from a sequence of suitable inductive values V. A Vi which might be so used
to construct a V' with V(G) = oo will be called an “approximant”, in an ex-
plicit sense now to be given. This involves the way in which V;(G) increases in
a sequence of inductive values V;, ¢ = 1, ..., k. This increase is described by M,
Theorems 5.1, 6.4, and 6.5, for any f(z) and any i # k:

3.11 Vi(f) = Vi(f);
3.12 Vi (f) > Vi(f) if and only if ¢t [|v, f;
3.13 Vi(¢i) = Vi(és), and Vi (f) = V;(f) whenever deg f < deg ¢i1.

Further analysis uses the expansion of G(z) in ¢:
(1) G(l’) :gm(x) ¢7cn+gm—1($) Z-n_l +"'+go($)~

Among the exponents j for which V(G) = V;g(gj¢i), let « be the largest and 3
the smallest. The difference o — 3, which depends on both V; and G, will be
called the projection of Vi (symbol: projsVi). One application is
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Lemma 3.2. If projs Vi =0, then no V with V(G) > Vi(G) can be obtained by
augmenting Vi.

Proof. The value of each term in (1) is by 3.13 the same in any V as in V.
By hypothesis there is but one term of minimum value, so that the triangle law
(82, (1)) proves V(G) = V(ga®y) = Vi(G). O

Since we want only those values V;, leading to V(G) = oo, we are led to

Definition 3.3. A k-th approximant to G(x) over Vy is a k-th stage homogeneous
finite inductive value of K|x]| which is an extension of Vi and which has a positive
projection.

Lemma 3.4. If Vi, given as in §2, (6), is a k-th approzimant to G(x), then so
is Vi fori=1, ..., k—1. Furthermore ¢y, ||y, _, G(x) and

Vk(G(JL‘)) > Vk_l(G(x)) > > V1(G(1‘))

First note that in the expansion (1) of G(x)

(2 Vi-1(G) = min [Vie1(gméf), Vie1(gm-107"""), -+, Vie1(90) ],

much as in the definition of V. For were Vi—1(G) to exceed the indicated mini-
mum, then by the triangle law Vi_1(g;¢}) would equal this minimum for at least
two i’s. Were vy the largest such ¢, then

—1
_g’y(bz %vk,lg'y—lﬁb’]z + -+ go-

Then ¢ would be an equivalence-divisor of the polynomial on the right, which
is of smaller degree than ¢, a contradiction because ¢, and hence ¢, is minimal
(see §2, 2.3).

By hypothesis proj; Vi > 0, so that there is an a > 0 with Vi(G) = Vi(g.0%).
As Vi—1(dk) < Vi(ér), we have by (2) and 3.13

Vi—1(G) £ Vi—1(9ak) < Vi(9adi) = Vi(G).

Hence by 3.12 ¢y, ||y, _, G, and the remaining conclusions follow by Lemma 3.2.
Another useful fact is

Lemma 3.5. Let a(x) be a minimal polynomial in Vi, and r(x) the remainder
of the division of a polynomial f(x) by a(z). Then Vi(r) > Vi(f) if and only if
a(x) [|v, f(z).

The proof is exactly like that of M, Lemma 4.3.
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4. Unique equivalence-decomposition. The construction of an approximant
V41 from a given approximant V; must by Lemma 3.4 use a key polynomial ¢y, 1
which is an equivalence factor of G(x). These factors can be found from the unique
equivalence-decomposition of G(x), the existence of which will now be established
by a modified euclidean algorithm.® We first introduce for any V} an “effective
degree” thus: if f(z) is any polynomial, expanded in powers of ¢y as in §2, (3),
the largest exponent i for which Vi (f) = Vi (fi¢}) is the effective degree of f in ¢y,
and is denoted Dy, (f). Equivalent polynomials have the same effective degree.
The proof of the product law (§2, (1)) for any inductive Vj, (see M, §4, end) shows
that

(1) Dy, (fg) = Dy, (f) + Dg,(9)-

If we call a polynomial of effective degree zero an equivalence-unit, then e(z) is an
equivalence unit if and only if there is an “equivalence-reciprocal” h(x) such that
e(z)h(r) =, 1. For if e(z) has such a reciprocal, then (1) proves that Dg,(e) = 0.
Conversely, if Dy, (e) = 0, then, by definition of Dy, , e(z) is equivalent to the last
term eg(z) in the expansion of e in powers of ¢r. As degeg < deg ¢y, eg is prime
to ¢, so that there are polynomials g(z) and h(z) with g(x)dr + h(x)eo(z) = 1.
Using the minimal property of ¢, we then conclude that h(z)e(r) ~,, 1.

Lemma 4.1. Any polynomial f(x) can be represented as f(x) =, e(z)a(z), where
e(z) is a unit and a(x) is minimal and has the first coefficient 1. In addition,
f(x) and a(z) have the same equivalence-divisors.

Proof. Expand f(x) as in §2, (3), pick out the first term f, ()¢5 of minimum
value, and find the equivalence-reciprocal h(x) for the equivalence-unit fq ().
Then expand the polynomial h(z)- f(z) and drop out all terms not of minimum
value. There remains an equivalent polynomial a(z), with an expansion beginning
with ¢f. This a(z) is minimal, and we have f(z) ~,, fa(2)-a(z), as required. [

To carry out the euclidean algorithm for two polynomials f(z) and g(x) with
Dy, (f) = Dy, (g), write g(x) =, e1(x)ai(x) in accordance with Lemma 4.1 and
divide f(z) by a1(z), getting

(2) f(@) = q(z)-a1(x) + ra(2)

If Vie(r2) > Vi(f), a1 and hence g is an equivalence-divisor of f. Otherwise, since
ay is minimal, Vi (r2) = Vi(f) and all three terms in (2) have the same value.
Repeat this process with a;(x) and ro(x) =, ea(w)az(x), etc., until a remainder

Dy, (r2) < Dgy(ar).

8 A similar algorithm has been used by A. Fraenkel, Ueber einfache Erweiterungen zerlegbarer
Ringe, Jour fiir Math 151 (1920) 120-166. Compare Ore I, Theorem 6.
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exceeding the dividend in value is obtained. The preceding remainder d(z) is the
greatest common equivalence-divisor of f(x) and g(z). As usual,

(3) d(z) =y, () f(x) + t(x)g(x)

for suitable s(z) and t(x). To establish (3), it is convenient to note that, unless
g(x) ||y, f(x), all the terms in (3) must be of the same value in Vj.

The properties of equivalence-irreducible polynomials are now obtained as usual
from (3). A decomposition of any f(z) into such irreducible factors must exist
(because of Dy,). If we factor out a suitable unit, these irreducible factors can
as in Lemma 4.1 be made minimal and hence key polynomials (§2, Conditions
2.21-2.23).

Theorem 4.2. In an inductive value Vi, every polynomial f(x) has a decompo-
sition

(4) f(x) my, e(@) i () Ya() - - - Pr(x)

where e(x) is a unit and each ;(x) is a key polynomial. This decomposition is
unique, except for the order of the factors and except that e(x) may be replaced
by any equivalent unit and 1;(x) by any equivalent key.

If we require the factors v;(z) to be homogeneous in Vi (see §2, (8)), they are
then unique. Note also that ¢ itself may occur as a factor, by

Lemma 4.3. In an inductive Vi, ¢ is a key polynomial.

Proof. Since ¢ is a key in Vi_1, it has the first coefficient 1. Furthermore
Dy, (¢r) = 1, hence in any factorization of ¢ one factor is a unit, so that ¢
is equivalence-irreducible. Finally, ¢ is minimal in V. L]

In many cases the construction of the unique equivalence-decomposition (4) for
a given polynomial f(z) in a given Vj can be carried out in a finite number of
steps.

Theorem 4.4. The decomposition (4) is constructive when K is the field of
rationals.

The original value V} is then associated with a rational prime p, so that every
rational number is equivalent in V} to one of the numbers c-p™, ¢ =0, 1, ..., p—1;
Vo(p) = 1. Hence the complete set of representatives for V4 (see §2, end) includes
but a finite number of representatives of each possible value? m.

9Theorem 4.4 is true for any K and Vp with this property.
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There are but a finite number of minimal homogeneous polynomials b(z) of a
given degree d and with first coefficient 1. For any such b(z) may be expanded
in powers of x, ¢, ..., ¢ as in §2, (8) with a highest coefficient 1 of value 0.
Because of the homogeneity, this determines the value of every other non-zero
coefficient in the expansion. Since these coefficients are representatives, there is
but a finite number of possibilities for each coefficient, and hence but a finite
number of polynomials b(x).

If f(x) is to be decomposed, write f(x) =, e(z)a(z) by Lemma 4.2, find all
minimal homogeneous polynomials b(z) of degree less than that of a(z) as above
and by trial find which products, if any, are equivalent to a(z).

The decomposition (4) can often be constructed by first decomposing the residue-
class of f(x) (cf. §9 and M, part IT). We can assume that all factors ¢y, if any,
have already been removed from f. Then Vj ( f (x)) will be in the previous value-
group I'y_1 (M, Lemma 9.2), so that there is a unit polynomial f‘?k (z) such that
Vie(f2.f) = 0. In the value Vj the residue-class of any polynomial g(z) is denoted
by [g]v, and is itself a polynomial in a new variable y (M, Theorem 12.1). In
particular, [ f2 f]v, is a polynomial with a decomposition

(5) [0 T, = aaly) az(y) -+~ culy)

into irreducible polynomials «;(y). But there is essentially just one key poly-
nomial 9;(z) in Vi with the residue-class [¥j1); ]y, = a;, for a suitable unit v;
(M, Theorem 13.1). Since the residue-class of a product is the product of the
residue-classes

[[fxgkf]]vk = ﬂ¢11¢1¢12¢2 T wgwt]]vk,
and since polynomials in the same residue-class are congruent,
Fof =i - diyi - v (mod Vi),

If we multiply by an equivalence-reciprocal of f“}k, we get the decomposition (4).
Consequently, (4) can be constructed in this way whenever (5) can be found; that
is, whenever polynomials can be constructively factored in the residue-class field
of Vp in K (see §9). In particular, this method applies when K is the field of
rationals.

5. The construction of approximants. If
(1) G(x) = ana™ 4+ an_12" " + -+ ag,

the key pq of any first approximant V4 = [Vp, Vi(x) = p1 ] must by Definition 3.3
be so chosen that, for suitable o > g,

(2) Oé,Ul-FVO((la) :6N1+V0(a6) < Z#z‘FVO(az) (7’:0’ ceey TL),
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where the inequality holds for ¢ > a or 8 > i. To interpret this, plot the points
P, = (n — 1, Vo(ai)) in a cartesian plane. Then (2) states that the line P,Pg
has slope p; and that all the points P; are either above this line or on the line
between P, and Pz. The line segments P, Pg with this property for some u;
form a convex broken line stretching from P, to P,. This broken line segment
is called the Newton polygon of the points P;, while none of the points lie below
the polygon. We have shown that each first approximant V; corresponds to a
side of this polygon of slope p1 = Vi (z) and of horizontal projection equal to the
“projection” of V5. Hence

(3) Z projo Vi = deg G,
the sum being taken over all first approximants V;.

Next, given any (k — 1)-th approximant Vi_; we wish to construct all k-th ap-
proximants Vj;, which can be obtained by augmenting Vj_;. Consider first the
“terminating case” when G(z) is a homogeneous key polynomial'® over Vj,_;.
Then by Lemma 3.4 the key polynomial ¢ must be an equivalence-divisor of the
equivalence-irreducible G(z), whence ¢ = G. We obtain no finite approximants,
but only the non-finite value Vj, = [Vk,l, Vi (G(x)) =00 ] , which by Theorem 2.1
corresponds to a value of K (6).

Suppose instead that G(z) is not a homogeneous key polynomial over Vj,_;. Then
by Theorem 4.2 and Lemma 4.3

(4) G(z) =y, e(x) gr—1(x)™ Pr(z)™ - ()™,

where the ;(z) are homogeneous keys over Vj,_1, all different and different from
G(z) and ¢_1, while the exponents n; are all positive, except perhaps for ng. An
augmented Vi, must have a key ¢ with ¢y, ||y, _, G(r) (Lemma 3.4) and ¢p # ¢p_1
(§2, Condition 2.42). Hence ¢y is one of ¢1, ..., 1.

If one of these factors 1; has been selected as ¢, then G(z) has as in §3, (1)
an expansion with coefficients g;(x). To determine the new value u; = Vi(or)
to be assigned to ¢, we again use a point Q; = (m — i, Vi—1(gi(2))) for each
term in the expansion and construct the Newton polygon for these points. The
requirement that proj; Vi > 0 again means that p; must be the slope of some
side of this polygon. An inductive value requires also that pg > Vi—1(¢x), so that
we use only the principal part'! of the polygon, composed of those sides of slope

p> Vi1 (on).

10For convenience, we assume henceforth that the first coefficient in (1) is an, = 1.

n special cases, this has been called a “Haputpolygon” by Ore (Ore I, p 229; Ore II, p
88) and a “verkiirztes Polygon” by Rella, Ordnungsbestimmungen in Integrititsbereichen und
Newtonsche Polygone, Jour fiir Math 158 (1927) 33-48.
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Theorem 5.1. If V1 is a (k — 1)-th approximant in which G(z) is not a ho-
mogeneous key, then the k-th approximants which can be derived by augmenting
Vie—1 are all values Vi, = [Vi—1, Vie(dr) = pr | in which ¢, # ¢r—1 is any one of
the keys in the decomposition (4) of G(x), while, for given ¢i, ui is the slope of
any side of the principal Newton polygon of G(x) with respect to ¢y and Vi_1.
Furthermore

(5) 3" (projg Vi) - (deg ¢(Vi)) = (proje Vi—1) - (deg é(Vi—1)).

where the sum is taken over all such augmented Vi, and where ¢(V') represents
the last key of V. Hence there is at least one approximant Vi, from Vi_q.

It remains to prove (5). On the left side of (5) suppose first that ¢y, is the factor
11 in (4), and consider the power n = ny to which ¢y divides G. Since ¢ and
hence ¢} is minimal in V},_1, the remainder

7(2) = gno1 )+ gn2d} 24+ g0

obtained on dividing G by ¢} must by Lemma 3.5 have Viy_1(r) = Vi_1(G).
Calculation of Vi_1(r) as in §3, (2) gives

(6) min [ Vio1(gn-10p ), -+, Vic1(90) ] > Vic1(gndR) = Vi1(G),

with the equality because n is the largest exponent with ¢} |, | G. If we set
v =Vi_1(¢r) and use §3, (2), this becomes

(j=n+1...,m)
(i=0,...,n—1).

Vi—1(gn) +nv < Vi—1(g;) + jv
< Vi—1(g:) +iv

Geometrically, this means that the line L of slope v through the point @, lies
above none of the points @); and lies below Q,,—1, ..., Qo. The convex Newton
polygon is hence above or on L, so that the principal polygon, containing those
sides of slope exceeding v, consists of the sides joining @),, to Qy. The horizontal
projection of the principal polygon for ¢ = 1 is therefore n = n;.

However, projs Vi is by definition (§3) the projection of the corresponding side
of the principal polygon. Hence a sum taken over those Vi with ¢; as the last
key gives Y projs Vi = ny. Similar equations for all +; yield

(1) > (projg Vi) - (deg ¢x) = ny deg by + -+ + ny deg by = deg (¢ -+ '),

But ¢1* - - ¢y is minimal, so that its effective and actual degrees in ¢ = ¢p_1
must agree. Thus
(8) deg(r -+ ¢y") = Doy, (¥1 -+ 9y"") - (deg dp—1).
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Because of (4) the effective degree is
) Doy (7" - ") = Doy _1(G) = Doy, (821) = Doy, _1(G) = no.

If the expansion of G(z) is > hi(x)¢%_,, then Dy, (G) is by definition the ex-
ponent of the first term of minimum value, while ng, the highest power with
11 llv,._, G, is by the argument used in (6) simply the exponent of the last term
of minimum value in the expansion of G(z). By the definition of the projection,

(10) Dy, (G) = ng = projg Vi—1.

The last four equations combine to give the result (5).
obtain from (3) and (5) the following result.

By induction on k we

Theorem 5.2. If the “terminating” case does not occur by the k-th stage, there
is a finite number of k-th approximants, such that'?

(11) > (projg Vi) - (deg (Vi) = deg G,
the sum being taken over all k-th approximants Vj,.

Theorem 5.3 (Terminating case). If there is a non-finite homogeneous inductive
value Vi, with Vi(G) = oo, then for i < k the value V; from which Vi, is obtained
is the only i-th approximant.

Proof. By Lemma 3.2, Vi_1, and hence by Lemma 3.4 each V;, is an approximant.
Since Vi (G) = oo and G is irreducible, G must be the last key of Vi, whence G
is minimal in Vj_; (see §2, 2.3):

G(x) = ¢y + gn-1(2)P]" 7 + - + go().

Since G is minimal and (§2, 2.42) ¢p_1 ffy, _, G, the first and last terms here take
on the minimum value V;_1(G), so that projs Vi—1 = m. Thus

deg G = mdeg ¢r—1 = (projg Vi—1)- (deg dr_1),

and by (11) Vi_1 is the only (k — 1)-th approximant. Hence each V; is the only
i-th approximant. O

6. Exponents for values. To estimate the growth of u; we need “value-
groups”. If in an algebraic number field the prime ideal p is a factor of the
rational prime p, and if the corresponding p-adic value W is an extension of the
p-adic value Vj, then the highest power e to which p divides p is characterized

12 An invariant interpretation of (11) will be given in §9.
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by Vo(p) = eW(p). Hence the group of all numbers used as p-adic values is a
subgroup of index e in the group of p-adic values. For any value V of a ring S,
the additive group I" which contains all real numbers V(b) — V(¢) for b and ¢ in
S is called the wvalue group of V. This group is cyclic if and only if the value V
is discrete (§2). If V is an extension of Vj to K[z] or to K(6), the value group
Ty of Vy must be a subgroup of the value group I' of V. The order of the factor
group I'/Ty is called the exponent,' exp(V).

Now compute this exponent for an inductive value Vi, with a value-group I'y,. The
definition of §2, (4) indicates that every number in T'y has the form v + n-py,
where n is an integer and +y is in I'y_;. If we consider only the case when py is
commensurable with I'y_; (by M, Theorem 6.7, this is true whenever V) can be
augmented to some V1), there is a unique smallest positive integer 75, with the
property that 7xur € I'x_1. By group theory

(1) order(T'y /Tk—1) = Tg,
(2) exp(Vi) =11 712 Tk
where 7; for i = 1, ..., k is similarly defined. The assumption that py is com-

mensurable also proves I'y is discrete. If pp = oo, the formulas still hold if we
take 7, = 1.

In the course of §8 we shall need an estimate for exp(V}). Since each key poly-
nomial ¢;11 is homogeneous (§2) in V;, any two terms in the expansion of ¢;41
in powers of ¢; must be of equal value, so that this expansion appears as a poly-
nomial in ¢;* (M, §11). Consequently deg¢;11 > 7; degp;. Combining these
inequalities for all 7, we find

(3) deg(bk 2 T1T2 Tk zexp(Vk,l).

7. Integral key polynomials. It is often convenient to use keys with “integral”

coefficients. Here an integer'® with respect to V, is an element a € K with
Vo(a) > 0. All such integers form a ring, and every element of K is a quotient of
two such integers. After the usual transformations we can assume that G(z) has
Vo-integers as coefficients and the first coefficient 1. The Newton polygon of the
first stage then must give a g > 0, so that Vi (x) > 0 for every approximant.

Theorem 7.1. In a homogeneous Vi1 with Vi41(x) > 0, we have
(1) 0 < <pg<-or < pg < figy1,

and the keys ¢; are all polynomials in x with Vy-integers as coefficients.

13Similarly defined in Deuring, op cit, p 281 and Ostrowski, op cit, p 322.
14 Cf. Ostrowski, op cit, p 288, or the “Bewertungsring” in Krull, Idealtheorie, p 101.
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The last key ¢p1 is minimal (2.3), so has a leading term ¢,* and a homogeneous
expansion as in §2, (8):

(2) Prr1 = ¢Zk + Zj a; ¢71n1j¢;nzj ¢Zlkj
where, if n; stands for deg ¢;, the degrees m,; are limited by

(allj,i=1,2 ..., k—1).

(aj c K, my; < uk),

(3) Mij < Nit1/n;

Since ¢g41 is homogeneous, all terms in (2) have the same value. Hence

(4) 41 > Vi(@rg1) = upie = (Rk+1pk) / 1k

Since p; > 0, (4) for every k gives (1). We next estimate the terms of (2).

Lemma 7.2. In any Vi, with Vi(x) > 0, a term
me_1

— A1 M2
T_¢1 2 T PE—1

has a value Vi(T) < Vi(dr).

(m; < njp1/n; for all i)

This inequality can also be written as
maipy + - M1 pe—1 <
It is true for kK = 1 or 2, by hypothesis and (4). If we assume it for k — 1, then,

since ng/nk—1 is integral,

N
Nk—1

k—1 k—2
Zmi,ui = Mp_1 k-1 + Zmi,ui < (Mpg—1 + Dpg—1 < f—1 < fhk-
i—1 i=1

Theorem 7.1 now follows by induction. It is true for kK = 1. If all the keys of
Vi have Vj-integral coefficients, all terms in the expansion (2) of ¢r41 have the

same value. But ¢7""7 -+ ¢,"" = T-$;"* has by the lemma a value not exceeding
V(™ = Vi(¢,*). Hence the coefficient a; has a non-negative value, and a;

is Vp-integral.

Note. If K is the field of rational numbers, G(x) with leading coefficient 1 can be
so chosen that all its coefficients are ordinary integers (with non-negative value
in every V). The same proof then shows that all ¢ have ordinary integers as
coefficients, provided only that the representatives (§2) for each p-adic value Vj
are chosen as the numbers ¢-p™, ¢ =0, ..., p — 1. Similar results hold when K
is an algebraic number field.

8. The finiteness theorem. FEach k-th approximant may give rise to one
or more (k + 1)-th approximants, so that the number of k-th approximants can
increase with k. Ultimately, the number of approximants stops increasing, but
for a finite construction we must be able to tell how soon this is the case:
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Theorem 8.1. One can find an integer k' so large that each k'-th approzimant
has the projection 1. As a result, only one (k+1)-th approximant can be obtained
by augmenting any given k-th approrimant, for any k > k'.

The second conclusion follows from the first, because in §5, (5), deg ¢, cannot
decrease (§2, Condition 2.41). To establish the first conclusion, we will show that
a projection not 1 gives G’ a multiple factor “mod p”, in the sense in which A(z)
is a common factor “mod v” in

Lemma 8.2. If, in any homogeneous Vi, with Vi(xz) > 0, f(x) and g(x) are
polynomials with Vy-integral coefficients and a resultant R(f,g), if there are poly-
nomials h(x), a(z), and b(x) with

Vi(f —ha) > v, Vi(g—hb) >, (v real),

and if h(x) is not a unit in Vi, then Vi (R(f, g)) > .

Proof. Since R(f,g) = 0 would imply Vi (R) = oo, we can assume R(f,g) # 0, so
that there exist ¢(x) and d(x), with Vj-integral coefficients, such that

c(x) f(z) + d(x)g(x) = R(f,9)
(van der Waerden, Moderne Algebra 2, page 4). Hence
R(f,9) = (ca+db)h + c(f — ha) + d(g — hb).

Since Vi (z) > 0 and therefore Vi(c¢) > 0 and Vi (d) > 0, the last two terms here
have values not less than v. Were Vi (R) < v, we should have

R(f,9) =y, (ca+ db)h.
Since R is a constant, this makes h a unit (see §4), contrary to hypothesis. O

To apply this lemma when R is a discriminant, use

Lemma 8.3. In any homogeneous Vi, with Vi(x) > 0 and Vi(¢dr) = pr the
derivative f'(z) of any polynomial f(x) has a value Vi,(f'(z)) = Vi(f(z)) — px.

For k = 1 the result follows readily, since the value of a natural integer 1+4---+1
is never negative. If the lemma is true for Vi_1, and if f(z) has the expansion

Zf](x)#c as in §2, (3), then
F) =" f@éh + > ifi@)el ().
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The value of the first sum exceeds Vi (f) — ux because of the induction assumption
and because pp > prp—1. The value of the second sum is > Vi(f) — px, since
Vi(7) > 0 and Vi(¢},) > 0, the latter because ¢y has Vp-integral coefficients by
Theorem 7.1.

To establish Theorem 8.1, consider a Vj, with a projection o« — f > 1. The
expansion of §3, (1), used to define this projection gives
(1) Vi—1(9a) + app < Vie_1(9s) + ik (i=0,...,m).

Division of G(z) by ¢ yields, in terms of this expansion,

a—1

(2) G@) = a(@)of +7(2), r(@) =D g:(2)¢.
i=0

For this remainder r(x) the triangle law (§2, (1)) and (1) show

Vie—1(r) > ml_in [Vie1(gi) + i+ Vie—1(ow) |
> min [Vio1(9a) + (@ — ) + i Vi1 (r) |,
where 7 ranges from 0 to a—1. Since py > Vi—1(¢dx), the minimum is at i = «—1:

(3) Vi1(r) > Vi-1(ga) + px + (o — 1) Vi(ér,)- [Vi—1(¢x)?]

As the divisor ¢ has Vp-integral coeflicients and first coefficient 1, the quo-
tient and g, (z) likewise have integral coefficients, whence Vi_1(go) > 0, since
Vie—1(z) > 0. Further, (4) of §7 proves Vi_1(¢x) > ug—1, while @ > projs Vi was
assumed to exceed 1, so that (3) becomes

(4) Vi—1(r) = pk + pie—1.
Differentiation of (2), with Lemma 8.3, now proves
Vie1 (G = (aqd, + ¢ i) by ™) > ps

Thus G and G’ have a “common factor” ¢z‘71, with a — 1 > 0. This factor is not
a unit because ¢y, is minimal in V;_;. Thus Lemma 8.2 with §3, (1) gives

Vie(G = q07) > .

(5) Vi1 (R(G,G")) > pg > g1 (k>1).

For large k this is impossible. For if T'y_1, the cyclic value group of Vj_1, has
the generator §;_1 > 0, while the group I'y for Vj is generated by &g > 0, then,
because of §6, (3), and §5, (2),

(6) 00/0k—1 = exp Vy—1 < deg ép, < (deg G)/(projg Vi)-
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Hence 61 is bounded below by dp/ deg G. But the sequence p; for i < k —1 lies
in T'y—; and is increasing (§7, (1)), so that it increases by steps of at least dj_1.
Therefore pi_1 — oo with k. But the field K(6) was assumed separable, so that
G has no multiple roots, whence R(G,G’) # 0 and Vi_1(R) = V,(R) is finite.
Thus the inequality (5) is impossible for large k, and the assumption proj. Vi > 1
is untenable for large k.

This proof can be used to estimate how soon proj, Vi becomes 1.
If one combines (5) and (6) as indicated above, then
Vi1 (R(G,G") = ((k — 2)d0- projg Vi) /(deg G).

This gives an upper bound for any k with proj, Vi > 1. If we use the worst value,
proja Vi = 2, in this bound and compute k' as the next larger integer, we find
that the integer k' of Theorem 8.1 may be taken as

(7) K = [%} 13,

where n is the degree of G(z) and p the integer determined by Vo (R(G,G’)) = pdy.

Several improvements in this estimate are possible: (i), the term pur — pg—1,
neglected in (5), can be estimated as not less than do/n; (ii), if n is odd and
projo Vi = 2, the last inequality of (6) can be improved, while the remaining
cases of projo Vi > 3 or n even, proj; Vi = 2 can be treated by the original
method. If this is carried out, one finds

(8) K=p|5] +2

2
The whole argument can now be repeated with proj. Vj, replaced by the projection
of the principal polygon for ¢;. This shows that once ¢, is chosen for & > £/,
the principal polygon has only one side, so that uj is completely determined. In
other words, only the first half of the k’-th stage is needed for Theorem 8.1.

In the algebraic number case, p is the power to which the prime p under con-
sideration divides the discriminant of G. If p = 0, then two stages suffice. This
is essentially a part of the result of Dedekind, that under these conditions the
prime ideal factors of p correspond to the irreducible factors ¢o(z) of G(z) mod-
ulo!® p. Presumably the estimate (8) could be improved by introducing the index
(involving the non-essential discriminant divisors) of the original equation.

9. The degree of a value. To interpret the relation (11) of §5 we need the
notion of the “degree” of an absolute value. In an algebraic number field, the

15R. Dedekind, Ueber den Zusammenhang zwischen der Theorie der Ideale und der Theorie
der hoheren Kongruenzen, Gesammelte Werke I 202-233.
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“inertial” degree of a prime ideal factor p of a rational prime p is just the degree
of the residue-class field of p over the field of the integers mod p. To generalize
to any value V' of a ring S, use the ring of all “integers” a € S with V(a) > 0,
and call two integers a and b congruent mod V if V(a — b) > 0. The set of
residue-classes of the integers with respect to this congruence forms as usual a
ring, the residue-class ring S/V. If S is a field, so is S/V. If W is any extension
of our original value Vg to K(#), the usual arguments show that the residue-class
field K(6)/W contains a subfield Fy isomorphic to K/Vy and that K(0)/W is
algebraic over this Fy. The degree of W is defined to be the degree, deg W, of
K(0)/W over Fy.

To compute the degree, we use the results of M, part II, which show that for a
sequence of discrete inductive values Vy, Vs, ..., Vi the residue-class ring of each
V; has the form of a polynomial ring F;[y], where F; is an algebraic extension
of Fy = K/Vy. Furthermore (M, Theorem 12.1) Fy; = Fp, while, for i # 0, Fi4q
is an algebraic extension of F; of a degree which is exactly the degree of ¢; 11
considered as a polynomial in ¢*. In other words (M, Theorem 12.1),

degree(Fiq1 : F;) = deg ¢;11/ (7 - deg ¢;)
These formulas, combined with the interpretation of 7; in §6, (2), give

deg ¢, deg ¢,

Fz = = .
) T1T2 " Tk—1 eXp(Vk—l)

(i=1,....k—1).

(1) degree(F; 1

These results can be extended to non-finite inductive values thus'®:

Theorem 9.1. For a non-finite value Vi, = [Vi_1, Vi(dr) = oo] the residue-class
ring K[z]/Vy is isomorphic to a field Fy,, which is an algebraic extension of Fj_1
of a degree determined as in (1), where Fy_1[y] is the residue-class field of Vi._1.

Proof. Exactly as in the proof M, Theorem 12.1, F}, is defined as the set of all
residue-classes modulo Vj, which contain a polynomial f(x) with V,_1(f) > 0.
But if a polynomial f(z) in any residue-class is divided by ¢, giving

9(x) = q(v)dx +r(z),

then the term g¢, has value oo, so that g and r belong to the same residue-
class, while V_1(r) = Vi(r) > 0. Hence Fj, includes all residue-classes and is the
residue-class ring. Its degree is found as in M, Theorem 12.1. O

Theorem 9.2. If W, an extension of Vi to K(0), corresponds as in Theorem 2.1
to an inductive value Vi, with Vj, (G(sc)) = 00, then

(2) (exp W) (deg W) = deg ¢

16Theorem 9.1, as well as the last paragraph of §4, was revised July 15, 1936.
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The correspondence of W to Vi yields an isomorphism between the residue-class
rings K (0)/W and K|[z]/Vi. Hence by (1) and the definition of the degree of W,

deg W = degree(Fy, : Fy) = (deg éy)/ exp Vi—1.

But since any Vi (f) is either 400 or some value from Vj,_1, the value-groups of V
and Vj_; are identical, and Vj_1, Vi, and W have the same exponent. Therefore
(2) results.

A similar interpretation holds for a limit-value Vo = lim V.. We first prove as
in M, Theorem 14.1, that, as soon as deg ¢, = deg pr+1 = -+, we have Fj =
Fyiq1 = -+, and that this constant Fj is the residue-class ring K[x]/V,. As
before, this F}, is then also the residue-class field of the corresponding value W of
K(0). Consequently, using (1) again, we get

Theorem 9.3. If W is an extension of Vo to K(0) which corresponds as in
Theorem 2.1 to a limit-value Voo = lim Vj, with Vo (G(a:)) = o0, then

(3) (expW)-(deg W) = lim deg ¢,
—00
and the limit on the right is actually attained for large k.

10. The totality of values. The existence theorem is

Theorem 10.1. There are only a finite number of extensions W', W", ..., W)
of a given discrete value Vy of K to the separable field K(0), where 0 is a oot of
G(z) = 0. Furthermore,

(1) (expW')-(degW') + - - -+ (exp W®)) . (deg W) = deg G(x).

The relation (1) is a generalization of a well-known property of prime ideals.
We first show that all W come from approximants. Every value W of K(0)
corresponds by Theorem 2.1 to a value of K[z], which must be either an inductive
value Vj, or a limit-value V.. In the latter case, V, is the limit of a sequence V7,
Vo, ..., in which each V} is by Lemma 3.2 an approximant. In the former case,
Vi (G(m)) = oo and V}_1 is by §2 and Lemma 3.2 a finite approximant. Since V}
is not finite, Vi (¢r) = pr = 0o. Then only the multiples of ¢, have non-finite
values, so that the last key ¢ must be G(z) itself. This is the “terminating case”
of Theorem 5.3. In this case there is only one sequence of approximants and
hence only one value W of K(6). The equation (2) of §9 thus gives the relation
(1) above.

In the non-terminating case, we can construct one or more sequences of approxi-
mants Vi, Vo, V3, .... We must show that each such sequence gives a value W of
K(0). By Lemma 3.4

(2) Vi(G()) < Va(G(x)) < V3(G()) < -+,
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while ultimately projs Vi = 1 and deg ¢y, is constant (Theorem 8.1 and §5, (5)).
The index 7, of each value-group I'y_; in the succeeding I'j is thus eventually
unity (§6, (1) and (3)). Therefore all the values in (2) lie in some one discrete group
Iy, so that Vi (G) must approach co. The limit-value V, then has Vi (G) = oo,
so that Vi corresponds to a value W of K (). The relation (1) for all these values
follows from Theorems 5.2 and 9.3 because proj, Vi = 1.

The complete limit-value V., cannot be written down, but its essential properties
can be calculated.

Theorem 10.2. Each value W(©) of Theorem 10.1 is uniquely determined by an
“approzimant” inductive value Vk(z) of K|xz], for some k = K'. If it is possible
to construct the irreducible factors of polynomials with coefficients in the residue-

class field K/Vy, the approximants Vk(z) can be computed in a finite number of
| ]
key polynomials gby) as the irreducible factors of G(x) in wvarious equivalence-
decompositions. In this case one finds, in a finite number of steps, (i) the number
s of extensions of Vi to K(0); (ii) the exponent and degree of each such W@ ; (iii)
the values W () for any previously given o in K (6).

steps by finding certain slopes ) of the Newton polygons of G(x) and certain

This is a restatement of previous results, except for the last assertion, which gives
a construction of the “prime ideal” decomposition of any . If o = g(6) # 0, then
we need only compute Voo (g(a:)) for each limit value V,, involved. If for every
k, Vi.(g) > Vi—1(g), the argument following (2) proves Voo (g9) = oo and o = 0.
Otherwise Vi (g) = Vi—1(g) for some k, so that V} is not an approximant to g(x)
in the sense of Definition 3.3 and Vi (¢9) = Vi(g) as in Lemma 3.2. Hence W,
can be computed in k stages.

In the algebraic number case (K = the field of rationals) the construction of a
prime ideal with inductive values can be extended to give a representation of the
prime ideal as the greatest common divisor of integers. It can then also be proved
that the “terminating case” of the construction arises whenever the prime p in
question has only one prime ideal factor. The proof depends on the fact that
every rational integer can be expressed as a sum of a finite number of terms cp™,
with ¢ =0, 1, ..., p— 1. Thence it can be argued that any approximant V; with
deg ¢, = deg G must ultimately lead to the terminating case.

It remains to connect our results with previous investigations on this topic. Ore!”
developed (Ore I) a construction for prime ideals in algebraic fields which for this
special case is equivalent to the first 2% stages of our method, which involve the
approximants V5 and the key polynomials ¢3. This part of the construction does

170re uses p1 = 0, which is possible because 6 is assumed integral.
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not suffice’® for all equations G(z). In a subsequent paper (Ore II, especially
Kap 2, §5) Ore made an extension equivalent to one more stage of our method,
coupled with successive transformations of the defining equation G(z), which have
the effect of reducing several stages of our method to one stage. This method is
constructive and applies in all cases, but is justified only by appeal to another,
more elaborate construction'? of prime ideals in terms of congruences mod p®.
Berwick has developed?® approximations equivalent to 2% stages of our method,
and mentions the possibility of a third stage. The investigations of Wilson,?!
although they are formulated in terms of group-bases for ideals, are closely related
to the first two stages of our method. However, if the method of successive
approximations is to be universally applicable, it must be formulated in terms of
an arbitrary number of steps; for, given an integer k and a prime p, an irreducible
polynomial G(x) can always be constructed so that the decomposition of p in the
field defined by G(z) will require more than k stages.

Our construction can also be employed to give a simple form to a number of ir-
reduciblity criteria,?? to prove one of the fundamental theorems relating Hensel’s
p-adic numbers to prime ideals and to constructively establish the unique decom-
position theorem in terms of the “Hauptordnungen” of Krull.?? I plan to discuss
some of these topics in a later paper.
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