
Integral Bases

1. Resultants

Suppose f and g are polynomials in one or more variables (including x) with integer
coefficients. Say

f = A0 xm + A1 xm−1 + · · ·+ Am,

g = B0 xn + B1 xn−1 + · · ·+ Bn,

with A0, . . . , Am and B0, . . . , Bn polynomials not involving x and with A0 6= 0 and
B0 6= 0. We recursively define the resultant of f and g with respect to x as

Resx(f, g) =



An
0 if m = 0,

Bm
0 if n = 0,

(−1)mn Resx(g, f) if 0 < m < n,

(−1)mn B1−n
0 Resx(g, h) if 0 < n ≤ m,

with h = B0f −A0 xm−ng having lower degree in x than f . If you look closely you can
see that

Resx(f, g) = det



A0 · · · Am 0 0 · · · 0

0 A0 · · · Am 0 · · · 0

0 0 A0 · · · Am · · · 0
. . . . . .

0 0 0 · · · A0 · · · Am

B0 · · · Bn 0 0 · · · 0

0 B0 · · · Bn 0 · · · 0

0 0 B0 · · · Bn · · · 0
. . . . . .

0 0 0 · · · B0 · · · Bn


with A0, . . . , Am appearing in rows 1 through n and B0, . . . , Bn appearing in rows n + 1
through n + m. It follows that Resx(f, g) is a polynomial in zero or more variables (not
including x) with integer coefficients.
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When f(x) and g(x) are polynomials in Z[x] we have

f(x) = λ (x− α1) · · · (x− αm),

g(x) = µ (x− β1) · · · (x− βn),

with α1, . . . , αm, β1, . . . , βn ∈ C, and the resultant has the charming property that

Resx

(
f(x), g(x)

)
= λnµm∏m

j=1
∏n

k=1(αj − βk) = λn∏m
j=1 g(αj).

Even better, if f(x) and g(x) are monic polynomials in Z[x] then

Resx

(
f(x), Resy

(
g(y), t− xy

))
= Resx

(
f(x),

∏n
k=1(t− xβk)

)
=

∏m
j=1

∏n
k=1(t− αjβk) ∈ Z[ t ],

Resx

(
f(x), Resy

(
g(y), t− x− y

))
= Resx

(
f(x),

∏n
k=1(t− x− βk)

)
=

∏m
j=1

∏n
k=1(t− αj − βk) ∈ Z[ t ].

Thus, if α and β are roots of monic polynomials in Z[x] then so are αβ and α + β.

Exercise. Show that if α is a root of a monic polynomial in Z[x] and
λ ∈ Z then λα is a root of a monic polynomial in Z[x].

Example. Let f(x) = x2 − 2, g(y) = y2 + 5. Then

ry(t, x) = Resy

(
g(y), t− x− y

)
= det

 1 0 5

−1 t− x ·
· −1 t− x

 = x2 − 2 tx + t2 + 5,

rx,y(t) = Resx

(
f(x), ry(t, x)

)

= det


1 0 −2 ·
· 1 0 −2

1 −2t t2 + 5 ·
· 1 −2t t2 + 5

 = t4 + 6 t2 + 49.
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2. Algebraic Integers

An algebraic integer is a root of a monic polynomial in Z[x].

For example, if k is an integer and α = 1
2(1 +

√
4k + 1) then α is a root of

x2 − x− k, so α is an algebraic integer.

Exercise: Gauss’s Lemma.

Show that if f(x) is a monic polynomial in Z[x] and
g(x) and h(x) are monic polynomials in Q[x] and
f(x) = g(x) h(x) then g(x) and h(x) belong to Z[x].

Exercise. Apply Gauss’s Lemma to show that the (monic) minimal
polynomial of an algebraic integer has integer coefficients.

The set of algebraic integers belonging to an algebraic number field K we denote by OK
or simply O. From the discussion above it follows that OK is both a ring and a Z-module.

Suppose β is a nonzero algebraic integer with h(x) its minimal polynomial over Q and m
the degree of h(x), and let λ be a positive integer. Then the minimal polynomial of β/λ
is λ−mh(λx), which will not be in Z[x] if λm > |h(0)|.

For example, if β is a root of x2 − 2x− 4 then β/2 is a root of x2 − x− 1, but
the minimal polynomial of β/4 is x2− 1

2x−
1
4 , so β/4 is not an algebraic integer.

Exercise: Vandermonde Determinants.

Show that if

V =


1 v1 v2

1 vn−1
1

1 v2 v2
2 vn−1

2

1 v3 v2
3 vn−1

3
. . .

1 vn v2
n vn−1

n


then

det V =
∏

j<k
(vk − vj).

Let f(x) be an irreducible monic polynomial in Z[x] of degree n, let α be a root of f(x),
and let O be the set of algebraic integers belonging to Q(α).
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Suppose β ∈ O. Then

Z[α, β ] =
∑

1≤j≤n, 1≤k≤n
Z αj−1βk−1 ⊆ O

and the elements αj−1βk−1, 1 ≤ j ≤ n, 1 ≤ k ≤ n, expressed as vectors over Q, can be
reduced over Z (note!) to give a Z-module basis {ω1, ω2, . . . , ωn } for Z[α, β ]. Since
{ 1, α, α2, . . . , αn−1 } is a vector-space basis for Q(α) over Q there is a matrix Tω ∈ Qn×n

such that 
ω1

ω2

ω3
...

ωn

 = Tω


1
α
α2
...
αn−1

 .

Note that without loss of generality we may construct ω1, . . . , ωn so that Tω is lower-
triangular with positive diagonal entries, and so we do. And since

1
α
α2
...
αn−1

 = T−1
ω


ω1

ω2

ω3
...

ωn


it follows that T−1

ω ∈ Zn×n.

Exercises. Exploit the fact that Tω is in lower-triangular form with positive
diagonal entries to prove the following.

1. For k = 1, . . . , n there exists a positive integer dk such that (Tω)kk = 1/dk,
and in particular d1 = 1.

(Use the fact that αk−1 can be expressed uniquely as a Z-linear
combination of ω1, . . . , ωn.)

2. dk is a multiple of dk−1 for k = 2, . . . , n.

(Use the fact that if λkdk + µkdk−1 = gcd(dk, dk−1) for integers λk

and µk then λkαωk−1+µkωk can be expressed uniquely as a Z-linear
combination of ω1, . . . , ωn.)

3. dkωk ∈ Z[α] for k = 1, . . . , n.

(Use the fact that αωk can be expressed uniquely as a Z-linear com-
bination of ω1, . . . , ωn.)
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Decomposing f(x) into linear factors as f(x) = (x− α1) · · · (x− αn) we define

tr
(
h(α)

)
= h(α1) + h(α2) + · · · + h(αn)

for h(x) ∈ Q[x]. If h(α) ∈ O then

Resx

(
f(x), t− h(x)

)
=

(
t− h(α1)

)
· · ·

(
t− h(αn)

)
= tn − tr

(
h(α)

)
tn−1 + · · · ± h(α1) · · · h(αn)

∈ Z[ t ]

and therefore tr
(
h(α)

)
∈ Z.

Now let

A =



1 1 1 1

α1 α2 α3 αn

α2
1 α2

2 α2
3 α2

n

. . .

αn−1
1 αn−1

2 αn−1
3 αn−1

n


, AT =



1 α1 α2
1 αn−1

1

1 α2 α2
2 αn−1

2

1 α3 α2
3 αn−1

3
. . .

1 αn α2
n αn−1

n


so that

A AT =


tr(1) tr(α) tr(α2) tr(αn−1)

tr(α) tr(α2) tr(α3) tr(αn)

tr(α2) tr(α3) tr(α4) tr(αn+1)
. . .

tr(αn−1) tr(αn) tr(αn+1) tr(α2n−2)


and

det AAT =
∏

j 6=k
(αj − αk)

2 = disc f = (−1)n(n−1)/2 Resx(f(x), f ′(x)).
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Treating ω1 = ω1(α), . . . , ωn = ωn(α) as polynomials in α we will write ωjk for ωj(αk).

We define

W =


ω11 ω12 ω13 ω1n

ω21 ω22 ω23 ω2n

ω31 ω32 ω33 ω3n
. . .

ωn1 ωn2 ωn3 ωnn

 , W T =


ω11 ω21 ω31 ωn1

ω12 ω22 ω32 ωn2

ω13 ω23 ω33 ωn3
. . .

ω1n ω2n ω3n ωnn



so that

W W T =


tr(ω1 ω1) tr(ω1 ω2) tr(ω1 ω3) tr(ω1 ωn)

tr(ω2 ω1) tr(ω2 ω2) tr(ω2 ω3) tr(ω2 ωn)

tr(ω3 ω1) tr(ω3 ω2) tr(ω3 ω3) tr(ω3 ωn)
. . .

tr(ωn ω1) tr(ωn ω2) tr(ωn ω3) tr(ωn ωn)

 ∈ Zn×n

and hence det W W T ∈ Z.

On the other hand, with dω = d1 · · · dn we have

W = TωA,

det W W T = det(TωA ATT T

ω) = (det Tω)2(det A)2 = d−2
ω disc f,

disc f = d2
ω det W W T,

Tω = det Tω (T−1
ω )∗ =

1

dω
(T−1

ω )∗ ∈ 1

dω
Zn×n.

Proposition. If d 2 is the largest square dividing disc f then

Z[α] ⊆ O ⊆ 1

d
Z[α].
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Example. Let f(x) = x2 − 14x + 4.

Then disc f = 180 = 22 · 32 · 5, so that d = 6.

Among the 35 distinct nonzero representatives of 1
dZ[α] modulo Z[α] there are five

algebraic integers.

ω(α) Resx
(
f (x), ω(x), t− x

)
1
2 α t2 − 7t + 1

1
3 + 1

6 α t2 − 3t + 1

1
3 + 2

3 α t2 − 10t + 5

2
3 + 1

3 α t2 − 6t + 4

2
3 + 5

6 α t2 − 13t + 11

Row-reduction to lower-triangular form over Z gives

1 ·
· 1

· 1
2

1
3

1
6

1
3

2
3

2
3

1
3

2
3

5
6


−→



· ·
· ·
· ·
· ·
· ·
1 ·
1
3

1
6


and it follows that

{
1, 1

3 + 1
6α

}
is a Z-basis for O.
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Example. Let f(x) = x3 − 7x2 − x − 1. Then disc f = −1472 = −26 · 23, so that

d = 23 = 8. Among the 511 distinct nonzero representatives of 1
dZ[α] modulo Z[α] there

are seven algebraic integers.

ω(α) Resx
(
f (x), ω(x), t− x

)
1
2α + 1

2α
2 t3 − 29t2 − 6t− 1

1
4 + 3

4α
2 t3 − 39t2 + 12t− 1

1
4 + 1

2α + 1
4α

2 t3 − 17t2 + 6t− 1
1
2 + 1

2α
2 t3 − 27t2 + 23t− 5

1
2 + 1

2α t3 − 5t2 + 4t− 1
3
4 + 1

4α
2 t3 − 15t2 + 20t− 7

3
4 + 1

2α + 3
4α

2 t3 − 44t2 + 53t− 17

Row-reduction to lower-triangular form over Z gives

1 · ·
· 1 ·
· · 1

· 1
2

1
2

1
4 · 3

4

1
4

1
2

1
4

1
2 · 1

2

1
2

1
2 ·

3
4 · 1

4

3
4

1
2

3
4



−→



· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
1 · ·
1
2

1
2 ·

3
4 · 1

4


and it follows that

{
1, 1

2 + 1
2α, 3

4 + 1
4α

2
}

is a Z-basis for O.
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3. Computing Integral Bases Efficiently

Often we need to work with the ring of integers of an algebraic number field and so we
need an efficient way to find an integral basis for the field, i.e., a Z-module basis for its
ring of integers. (It is clear that the method sketched in the examples in the previous
section is not efficient.)

Let K be an algebraic number field of degree n with ring of integers O.

An order of K is a subring of K that contains 1 and is also an n-dimensional Z-module.
Note that if K = Q(α) with α ∈ O then Z[α] is an order of K, as is O itself.

Let A be an order of K and let {ω1, . . . , ωn } be a Z-basis for A.

Exercises.

1. Prove that A ⊆ O, as follows. For an arbitrary element α of A let

Mα =


a11 a12 a1n

a21 a22 a2n

. . .

an1 an2 ann

 ∈ Zn×n

be given by αωj = aj1ω1 + · · ·+ ajnωn for j = 1, . . . , n and let

χα(x) = det(xI −Mα).

Show that χα(x) is a monic polynomial in Z[x] with χα(α) = 0.

2. Apply the previous result with A = O to show that if β, γ ∈ K and β 6= 0
and β γk ∈ O for all k ≥ 0 then γ ∈ O.
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Let p be prime and define

Op = {α ∈ O | pα ∈ A},

Rp = { β ∈ A | βk ∈ pA for some k ≥ 1 },

[Rp/Rp] = { γ ∈ K | γRp ⊆ Rp }.

Exercises. For θ ∈ K let µθ denote the minimal polynomial of θ over Q.

Prove the following.

1. γRp ⊆ Rp =⇒ p, pγ, pγ2, . . . ∈ A =⇒ γ ∈ O.

2. [Rp/Rp] is an order of K.

3. A ⊆ [Rp/Rp] ⊆ Op.

4. αk ∈ pO for some k ≥ 1 =⇒ µα(x) | µpβ(x
k) with pβ = αk

=⇒ µα(x) ≡ xm (mod p) for some m ≥ 1.

5. µα(x) ≡ xm (mod p) for some m ≥ 1 =⇒ αm ∈ pA
=⇒ αk ∈ pO for some k ≥ 1.

6. Rp = {α ∈ A | αk ∈ pO for some k ≥ 1 }.

7. [Rp/Rp] = { γ ∈ O | γRp ⊆ A}.

Proposition. If A 6= Op then A 6= [Rp/Rp].

Proof. There exists m ≥ 1 such that Rm
p ⊆ pA.

Choose γ ∈ Op rA, and while γRp 6⊆ A replace γ ← γα ∈ γRp rA.

It follows that after m such replacements we would have γ ∈ A.

Therefore, after at most m− 1 replacements we will have γRp ⊆ A,
but with γ /∈ A, so that [Rp/Rp] 6= A.
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Computing Rp.

Let q = pdlogp ne. Then q ≥ n and, for α ∈ A,

αk ∈ pA for some k ≥ 1 ⇐⇒ αn ∈ pA ⇐⇒ αq ∈ pA.

Take
α = x1ω1 + · · ·+ xnωn ∈ A.

Then

αp ≡ xp
1ω

p
1 + · · ·+ xp

nω
p
n

≡ x1ω
p
1 + · · ·+ xnω

p
n (mod pA)

and so
αq ≡ x1ω

q
1 + · · ·+ xnω

q
n (mod pA).

Define the matrix T by
ωq

k =
∑

Tjk ωj.
Then

α ∈ Rp ⇐⇒ αq ∈ pA ⇐⇒
∑

Tjkxk ≡ 0 (mod p) for j = 1, . . . , n.

Solving this system of congruences gives Rp.

Computing Tp.

The computation of Rp becomes burdensome when p is large. Instead, let

Tp = {α ∈ A | tr(αβ) ∈ pZ for all β ∈ A}.

For i = 1, . . . , n let the matrix Wi express the action of ωi on ω1, . . . , ωn, i.e.,

ωiωj =
∑

(Wi)jk ωk

for i, j = 1, . . . , n, and define the matrix T by

Tjk = tr(ωjωk) = tr(WjWk).

Then, for α = x1ω1 + · · ·+ xnωn ∈ A, we have

α ∈ Tp ⇐⇒
∑

Tjkxk ≡ 0 (mod p) for j = 1, . . . , n.

Solving this system of congruences gives Tp.
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Proposition. If p > n then Rp = Tp.

Proof. It is clear that Rp ⊆ Tp. Assume p > n and take α ∈ Tp.

Let µα denote the minimal polynomial of α over Q. Since

tr(αk) ≡ 0 (mod p)

for all k > 0, it is a consequence of Newton’s relations that

µα(x) ≡ xm (mod p),

and therefore α ∈ Rp.

Computing [Rp/Rp].

Let the matrices W1, . . . , Wn be defined as above. Take

γ = y1ω1 + · · ·+ ynωn ∈ QA = K

and set
Cγ = y1W1 + · · ·+ ynWn.

The matrix Cγ expresses a Z-basis for γA in terms of ω1, . . . , ωn.

If the matrix J expresses a Z-basis for Rp in terms of ω1, . . . , ωn then JCγJ
−1 gives a

Z-basis for γRp in terms of the basis for Rp expressed by J , and therefore

γRp ⊆ Rp ⇐⇒ JCγJ
−1 ∈ Zn×n ⇐⇒

∑
yi (JWiJ

−1) ∈ Zn×n.

Solving this set of n2 relations for the unknowns y1, . . . , yn gives [Rp/Rp].
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