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ABSTRACT
We give a new closed world semantics for data exchange
called constructible solutions semantics, and argue that this
semantics is well suited for answering non-monotonic queries
in data exchange. We show that the space of constructible
solutions can be represented by conditional tables obtainable
trough a novel conditional chase procedure which generalizes
the classical chase.

1. INTRODUCTION
The chase is an algebraic proof procedure originally de-

veloped for testing logical implication between (sets of) em-
bedded dependencies. Recently the chase has experienced
a revival due to its applications in data exchange. Data
exchange consists of transforming a source database into a
target database, according to a set of embedded dependen-
cies that describe the mapping between the source and the
target database. A problem arises from the fact that there
usually are infinitely many valid target databases, also called
solutions, that correctly reflect the mapping. Nevertheless,
the target database has to be materialized in some way, and
chasing the source instance with the dependencies has been
shown to yield a result, the so called universal solution, that
correctly reflects all positive facts implied by the dependen-
cies to be in the target database. Consequently the certain
answer to any monotone query can be correctly evaluated
on the universal solution. This is however no longer true
for non-monotonic queries, e.g. queries containing negation.
Some proposals to handle non-monotonic queries in data ex-
change have appeared in the literature, but their semantic
justifications have been somewhat ad hoc, and as we show,
they do not always yield intuitively correct answers. In this
paper we formulate a closed world assumption based on pos-
sible worlds and constructively obtainable solutions. A fact
will be certainly true (false) if it is true (respectively false)
in all constructible solutions. We show that the space of
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constructible solutions can be represented as a conditional
table, and that this conditional table can be obtained by a
novel conditional chase on the source instance. Materializ-
ing the conditional table means that we now can correctly
evaluate queries containing negation, or more generally, any
generic query.

Summary of results
This paper introduces constructible solutions as a ”good”
interpretation of the set of solution for a data exchange set-
ting and a source instance. We show that the space of the
constructible solutions can be represented by a conditional
table. We also prove that such a conditional table can be
computed directly from the source instance and the data
exchange setting. This computation is done trough a novel
chase method called the conditional chase. The conditional
table resulting from the conditional chase process can be
used to compute certain answers for first order queries. The
computation of such answers is shown to be, in case of richly
acyclic set of dependencies, coNP-complete and it remains
polynomial for the certain answer over unions of conjunctive
queries.

⋆

The rest of this paper is organized as follows. Basic def-
initions together with the introduction of the constructible
solution space are given in the next section. Section 3 con-
tains a detailed description on how to chase conditional ta-
bles with tuple generating dependencies. Section 4 makes
the link between conditional chasing, incomplete informa-
tion and “classical” chasing. Comparisons with some closed
world assumptions previously proposed in the data exchange
literature are made in Section 5. Conclusions and further
work is covered in Section 6. Due to space restrictions,
proofs are omitted, as is the incorporation of equality gen-
erating dependencies.

2. PRELIMINARIES
For required background knowledge the reader should con-

sult [1]. Throughout the paper, the symbol ω will denote the
set {0,1,2, . . .}.

Relational and Herbrand instances. Let Cons be a
countably infinite set of constants, usually denoted a, b, c, . . .,
possibly subscripted. Let k be a positive integer. A k-ary
relation is a (finite) subset of the set Cons×Cons×⋯×Cons,
k-times, also denoted Consk. In order to have names for



relations, such as R, R1, R2, etc, we assume a function I
that, when applied to a “k-ary” relation name R, gives the
instance I(R) of the actual tuples from Consk. For a rela-
tional “schema”R = {R1,R2, . . . ,Rn}, the database instance
consists of an instance I(Ri) for each relation name Ri,
i ∈ {1, . . . , n}. When the schema is understood a database
instance is simply written as I.

In this paper we adopt a variation of modeling of rela-
tional instances, influenced by the logic programming ap-
proach to databases. From the domain Cons and R, we
build up a Herbrand structure consisting of all expressions
of the form R(a1, a2, . . . , ak), where R is a “k-ary” relation
name in R, and the ai’s are values in Cons. Such expres-
sions are called ground atoms, or ground tuples. A database
instance I is then simply a finite set of ground tuples, e.g.
{R1(a1, a3),R2(a2, a3, a4)}. We denote the set of constants
occurring in an instance I with dom(I).

Tuple generating dependencies. A tuple generating de-
pendency (tgd) is a first order formula of the form

∀x ∶ α(x,y)→ ∃z β(x,z)

where α is a conjunction of atoms, β is an atom1, and x,y
and z are vectors of variables. When α is the antecedent
of a tgd, we shall sometimes conveniently regard it as a set
of atoms, and refer to it as the body of the tgd. Similarly
we refer to β as the head of the tgd. Frequently, we omit
the universal quantifiers in tgd’s formulae. Also, when the
variables are not relevant in the context, we denote a tgd
α(x,y)→ ∃z β(x,z) simply as α→β.

Let ξ = α → β be a tuple generating dependency, and
I an instance. Then we say that I satisfies ξ if I ⊧ ξ,
that is, if I is a model of ξ in the standard model theo-
retic sense. Equivalently, we could require that for every
homomorphism h, such that h(α) ⊆ I, there is an extension
h′ of h, such that h′(β) ∈ I. The set of all instances satis-
fying ξ is denoted Sat(ξ), and for a set Σ of tgd’s, we have
Sat(Σ) = ⋂ξ∈Σ Sat(ξ).

Constructible solutions. Let Σ be a finite set of tgd’s.
Then the set of variables occurring in Σ is finite. Conse-
quently there is an enumeration, say v0, v1, . . . , vn, . . ., of all
mappings (also called valuations) from this set of variables
to Cons. We define

ground (∀x,y α(x,y)→ ∃z β(x,z)) =

⋃
i∈ω
⋃
j∈ω
⋃
k∈ω
{α(vi(x), vj(y))→ β(vi(x), vk(z))}.

We assume an enumeration ξ1, ξ2, . . . , of the dependencies
under consideration. If ξp = α(x,y) → ∃z β(x,z), a depen-
dency α(vi(x), vj(y)) → β(vi(x), vk(z)) in ground(ξp) can
uniquely be denoted ξp,i,j,k. For a set Σ of tuple generating
dependencies we have ground(Σ) = ⋃ξp∈Σ ground(ξp). The

set ground(Σ) now consists of all ground instances of the
dependencies in Σ. The elements of ground(Σ) are called
ground dependencies, or ground tgd’s. A set G of ground
tgd’s is said to be finitely generated, if G ⊆ ground(Σ), for
some finite set Σ of tgd’s.

Let I be an instance, G a set of finitely generated ground
dependencies, and ξp,i,j,k = α→β a ground dependency in G.

1Note that there is no loss of generality in assuming that
the head consists of a single atom, cf. [2].

Then α→β applies to (I,G) if α ⊆ I. Furthermore, we say
that ξp,i,j,k = α→β derives (I ′,G′) from (I,G), if

(I ′,G′) = (I ∪ {β},G ∖ {ξp,i,j,` ∶ ` ∈ ω}).

This relation is denoted (I,G) ⇒α→β (I ′,G′). The intuition
behind deleting the dependencies ξp,i,j,` from G is that since
ξp was fired using valuations vi and vj for the body, and
with vk(z) as a “witness” for the existential variables in the
head, we do not want to fire this dependency again, using
vi and vj .

Consider now a sequence

(I0,G0), (I1,G1), . . . , (In,Gn), . . .

where (I0,G0) = (I,G) and (Ii,Gi)⇒α→β(Ii+1,Gi+1), for
some ground dependency α→ β ∈ Gi that applies to Ii, or
where (Ii,Gi) = (Ii+1,Gi+1), if no α→β ∈ Gi applies to Ii.
We call such a sequence a chase sequence originating from
(I,G).

A chase sequence originating from (I,G) is said to be fair
if for all ground dependencies ξp,i,j,k ∈ G, for which there
exists an n ∈ ω such that ξp,i,j,k applies to (In,Gn), there
also exists m,` ∈ ω such that (Im,Gm)⇒α→β(Im+1,Gm+1),
where α → β = ξp,i,j,`. Fairness means that all applicable
dependencies are eventually fired for some instantiation of
the existential variables in the head. From now one, unless
stated otherwise, we consider all chase sequences to be fair.

It is easy to see that Ii ⊆ Ii+1 and that Gi ⊇ Gi+1, for each
i ∈ ω. We can thus define the limit of a chase sequence as

(⋃
i∈ω
Ii,⋂

i∈ω
Gi).

The notation C(I,G) will stand for the set of limits of all
chase sequences originating from (I,G).

We are now ready to define Σ(I), the set of all con-
structible models of I and Σ, as

Σ(I) = {J ∶ (J,G) ∈ C(I, ground(Σ)),G ⊆ ground(Σ)}.

It is easy to see that the definition of Σ(I) does not depend
on the particular enumeration of the valuations of the vari-
ables in the dependencies in Σ. Note also that Σ(I) may
contain finite as well as infinite ground instances.

The following lemma follows directly from the definition
of Σ(I).

Lemma 1. Σ(I) ⊆ Sat(Σ).

The definition of function Σ(I) is extended to a set of
instances I point-wise as Σ(I) = ⋃I∈I Σ(I).

Tableaux and their unification. Let Vars be a countably
infinite set, disjoint from the set of constants. Elements in
Vars are called variables, and are denoted X,Y,Z, . . ., possi-
bly subscripted. We can then also allow non-ground atoms,
i.e. expressions of the form R(a,X, b, . . . ,X,Y ). A tableau T
is then a finite set of atoms (ground, or non-ground). The set
of variables and constants in a tableau is denoted dom(T ).
The number of atoms, also called tuples, in a tableau T is
denoted ∣T ∣.

Let T and U be tableaux. A mapping h from dom(T ) to
dom(U), that is the identity on Cons, extended component-
wise, is called a homomorphism from T to U if h(T ) ⊆ U .
If h(T ) = U , the mapping h is an epimorphism. If the
range of h is included in Cons, the mapping h is called a
ground homomorphism, or valuation. The homomorphism



h from dom(T ) to dom(U) is full if for any k-ary rela-
tion R and all ai ∈ Cons ∪ Vars, R(a1, a2, . . . , ak) ∈ T iff
R(h(a1), h(a2), . . . , h(ak)) ∈ U . An injective full homomor-
phism is also called an embedding. If there is an injective
full epimorphism from T to U , the two tableaux are said to
be isomorphic. Furthermore, if h is a mapping on dom(U),
such that h(U) ⊆ U , it is called an endomorphism or re-
traction. A retraction h on U is called a proper retraction
if h(U) ⊂ U . We denote with core(U) a tableau such that
there exists an endomorphism h with h(U) = core(U), and
there does not exist a proper retraction g of core(U) with
g(core(U)) ⊂ core(U). As shown in [5], the core of a tableau
is unique up to isomorphism. If for a tableau U , we have that
U = core(U), then U is called a core . We shall also need the
concept of an h-core of a tableau, for an endomorphism h.

Definition 1. Endomorphic core. Let T be a tableau,
and h an endomorphism on dom(T ). Then we say that T
is an h-endomorphic core, or simply h-core, if there is no
T ′ ⊂ T , such that h(T ′) = h(T ).

Clearly a tableau T is a core if and only if T is an h-core
for all endomorphisms h on T . Next we introduce unifiers
of tableaux.

Let T and U be tableaux. A unifier for T and U , if it
exists, is a pair (θ1, θ2), where θ1 is a homomorphism from
dom(T ) to dom(U), and θ2 is an endomorphism on dom(U),
such that θ1(T ) = θ2(U). Note the asymmetrical role of T
and U : a unifier for (T,U) is not necessarily a unifier for
(U,T ).

A unifier (θ1, θ2) is more general than a unifier (γ1, γ2), if
there is a mapping f on dom(U), identity on constants, such
that γ1 = f ○ θ1 and γ2 = f ○ θ2. Clearly this defines a par-
tial pre-order on unifiers, and a partial order on equivalence
classes of isomorphic unifiers. Unifiers (θ1, θ2) and (γ1, γ2)
of (T,U) are considered isomorphic if (θ1(T ), θ2(U)) is iso-
morphic with (γ1(T ), γ2(U)). A unifier (θ1, θ2) is a most
general unifier (mgu) for tableaux T and U , if all unifiers
(γ1, γ2) of T and U that are more general than (θ1, θ2) actu-
ally are isomorphic with (θ1, θ2). We denote by mgu(T,U)
the set of (representatives of the) equivalence classes of all
mgu’s of T and U .

For example, consider T = {R(X,Y ),R(Y,Z)} and U =
{R(a,V ),R(W,b)}, two tableaux. In this case, the only
mgu of T and U is given by the equivalence class containing
the following two obviously isomorphic instances:

{{R(a,V ),R(V, b)},{R(a,W ),R(W,b)}}.

As is well known, if a set of atoms (a tableau) is unifiable,
then it has a most general unifier that is unique up to iso-
morphism. On the other hand, when unifying two tableaux,
there might be several non-isomorphic mgu’s. For example,
let T = {R(X,Y ),R(Y,Z)} and U = {R(a,V ),R(b,W )}.
Then (θ1, θ2), with θ1 = {X/a, Y /b, Z/W} and θ2 = {V /b} is
an mgu for T and U . On the other hand, the unifier (γ1, γ2),
with γ1 = {X/b, Y /a, Z/V } and γ2 = {W /a} is also an mgu
for T and U . It is easy to see that (γ1, γ2) and (θ1, θ2) are
not isomorphic.

We want an upper bound for the complexity of the set
mgu(T,U). The next lemma follows directly from Lemma 1.

Lemma 2. Let T and U be tableaux, and (θ1, θ2) a most
general unifier of T and U . If U is θ2-core, then ∣U ∣ ≤ ∣T ∣.

We now have

Proposition 1. Let ∣U ∣ ≤ ∣T ∣ = c, and let k be the arity
of the widest atom in T ∪ U . Then the set mgu(T,U) can
be computed in time O(ckck).

Conditional tables. A conditional table (c-table) [9] is a
pair (T,ϕ), where T is a tableau, and ϕ is a mapping that
associates a local condition ϕ(t) with each tuple t ∈ T . A
(local) condition is a Boolean formula built up from atoms of
the form x = y, x = a, and a = b for x, y ∈ Vars, and a, b ∈ Cons.
An atomic equality of the form a = a, for a ∈ Cons represents
the logical constant true, and for two distinct constants a
and b, the equality a = b represents false. If ϕ(t) = true, for
all t ∈ T , the conditional table (T,ϕ) is sometimes denoted
simply with T . A conditional table (T,ϕ) represents a set of
possible worlds (ground instances, complete databases). For
this, let v be a valuation, that is, a ground homomorphism.
Then

v(T,ϕ) = {v(t) ∶ t ∈ T, and v(ϕ(t)) = true}.

The set of possible worlds represented by (T,ϕ) is

Rep(T,ϕ) = {v(T,ϕ) ∶ v is a valuation}.

When it comes to dependencies, a conditional table (T,ϕ) is
said to satisfy a set Σ of dependencies, if all possible worlds
it represents satisfy Σ, that is, if Rep(T,ϕ) ⊆ Sat(Σ).

For formulae ϕ and φ, we denote the logical implication
between ϕ and φ with ϕ ⊧ φ, and their logical equivalence
with ϕ ≡ φ. We shall also need the following partial order
on conditional tables:

(T,ϕ) ⊆ (U,φ), means that T ⊆ U , and ∀t ∈ T,ϕ(t) ⊧ φ(t).

Let (T,ϕ) and (U,ψ) be c-tables. Consider the following
binary union operation: (T,ϕ) ∪ (U,φ) =def. (T ∪ U,ϕ∨φ),
where

ϕ∨φ (t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ϕ(t) ∨ φ(t) if t ∈ T ∩U,
ϕ(t) if t ∈ T ∖U,
φ(t) if t ∈ U ∖ T.

Clearly, this operation is a least upper bound of the partial
order on conditional tables defined above.

Two conditional tables are equivalent if the represent the
same set of possible worlds. The following definition states
a stronger relationship between c-tables.

Definition 2. Let (T,ϕ) and (U,φ) be conditional ta-
bles. We say that they are isomorphic if there is an injective
epimorphism h, such that h(T ) = U , and ϕ(h(t)) ≡ φ(t), for
all t ∈ T . This is denoted (T,ϕ) ≅ (U,φ).

Proposition 2. Let (T,ϕ) and (U,φ) be conditional ta-
bles. If (T,ϕ) ≅ (U,φ), then Rep(T,ϕ) = Rep(U,φ).

3. THE CONDITIONAL CHASE
In this section we generalize the classical chase procedure

to work on conditional tables. For this we need the following
central concept of a trigger.

Definition 3. Let Σ be a set of tgd’s, and (T,ϕ) a condi-
tional table. A trigger for Σ on (T,ϕ) is a tuple τ = (ξ, θ, T ′),
where ξ ∈ Σ, and θ = (θ1, θ2) is an mgu that unifies the body
of dependency ξ with T ′, where T ′ ⊆ T , and T ′ is a θ2-core.
The set triggΣ(T,ϕ) contains the set of all triggers for Σ on
(T,ϕ).



Figure 1: Conditional tables from Example 2

(U1, ψ1)
t ψ1(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true

(U2, ψ2)
t ψ2(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b

(U3, ψ3)
t ψ3(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b
T (b, d) Y = c

(U4, ψ4)
t ψ4(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b
T (b, d) Y = c
T (Y, b) X = d

(U5, ψ5)
t ψ5(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b
T (b, d) Y = c
T (Y, b) X = d
T (b, b) X = c

Example 1. Consider the conditional table (T,ϕ) with
the following tabular representation:

t ϕ(t)
R(X, b) true
R(b, c) true
R(Y, d) true

Let Σ = {ξ1, ξ2}, where tuple generating dependency ξ1 is
R(x, y),R(y, z)→ T (x, z) and ξ2 is T (x,x)→ R(x,x). Then
triggΣ(T,ϕ) = {τ1, τ2, τ3, , τ4, τ5}, where

τ1 = (ξ1, ({x/X,y/b, z/c},{}),{R(X, b),R(b, c)}),
τ2 = (ξ1, ({x/X,y/b, z/d},{Y /b}),{R(X, b),R(Y, d)}),
τ3 = (ξ1, ({x/b, y/c, z/d},{Y /c}),{R(b, c),R(Y, d)}),
τ4 = (ξ1, ({x/Y, y/d, z/b},{X/d}),{R(Y, d),R(X, b)}),
τ5 = (ξ1, ({x/c, y/c, z/b},{X/c}),{R(b, c),R(X, b)}).

Note that ξ2, does not generate any triggers, as there are no
tuples over relation name T . ◂

As applying a trigger to a c-table will generate new vari-
ables (unless the tgd is total), we need a mechanism for
controlling this generation in such a way that the new vari-
ables are true representatives of the implicit Skolemization
taking place. Let τ = (ξ, (θ1, θ2), T ′) be a trigger, where
ξ = α(x,y) → ∃z β(x,z). For each z in z, consider a func-
tion z ↦ zτ , such that if ρ = (ξ, (θ1, θ3), T ′′), then zτ = zρ.
Clearly such a function exists (assuming Vars can be well
ordered).

The following abbreviation will be useful. Let (T,ϕ) be a
conditional tableau. Then we define

⩕(T,ϕ) =def ⋀
t∈T

ϕ(t).

Also, when θ is finite partial mapping from Vars to the set
Vars ∪ Const we shall use the abbreviation

⩕(θ) =def ⋀
i

Xi = θ(Xi),

where the Xi’s are all the variables in the domain of θ.

Definition 4. Let τ = (α→β, (θ1, θ2), T ′) ∈ triggΣ(T,ϕ).
We denote with θ′1 the extension of θ1 that maps each ex-
istentially quantified variable z from the tgd to the variable
zτ . We say that the conditional table (U,φ) is obtained from
(T,ϕ) by applying the trigger τ if (U,φ) contains all the c-
tuples from T together with their possibly modified local
conditions, and possibly a new c-tuple, as follows:

If T contains a tuple t that is syntactically equal

to θ′1(β), then for (U,φ) the local condition of t
is changed to

φ(t) =def ϕ(t) ∨⩕(τ),

where ⩕(τ) denotes 2 the formula⩕(T ′, ϕ)∧⩕(θ2),
else add the c-tuple θ′1(β) with local condition

φ(θ′1(β)) =def ⩕(τ).

If (U,φ) is obtained from (T,ϕ) in this way we write

(T,ϕ)→τ (U,φ),

and call the transformation a conditional chase micro-step.◂

Having a table (T,ϕ) and a finite set Σ of tgd’s, the set of
triggers triggΣ(T,ϕ) is obviously finite. Consider a sequence

(T0, ϕ0)→τ1 (T1, ϕ1)→τ2 ⋯→τn (Tn, ϕn),

where τ1, τ2, . . . , τn is an ordering of all the triggers from
the set triggΣ(T0, ϕ0). We call it a conditional chase micro-
sequence for (T,ϕ) using triggΣ(T,ϕ).

Example 2. Let us continue with the c-table from ex-
ample 1. The c-table (U1, ψ1) in Figure 1 is obtained from
(T,ϕ) in one chase micro-step by applying the trigger τ1.
That is (T,ϕ) →τ1 (U1, ψ1). Next, by applying trigger τ2
to (U1, ψ1), we obtain (U2, ψ2). Note that the last tuple
has a local condition generated by the substitution {Y /b}
from τ2. In the same way we apply τ3 to (U2, ψ2) obtaining
(U3, ψ3). Then by applying τ4 c-table (U4, ψ4) is obtained,
to which we apply τ5 obtaining c-table (U5, ψ5). This gives
the following sequence of chase micro-steps:

(T,ϕ)→τ1 (U1, ψ1)→τ2 (U2, ψ2)→τ3
(U3, ψ3)→τ4 (U4, ψ4)→τ5 (U5, ψ5),

where the c-tables in question are displayed in Figure 1.◂

We note that the order in which the triggers are applied
in a conditional micro-sequence does affect the outcome, but
we shall see that in the end the order will not matter.

After a micro-sequence, it is not guaranteed that the result
will satisfy the dependencies. Then additional triggers will
be generated. We therefore abstract a micro-sequence into
a macro-step, as follows.

2Note that the formula ⩕(τ) is uniquely determined by τ .
Intuitively it represents the (“abducted”) conditions induced
by τ and necessary for the body α to apply in the standard
sense.



Definition 5. Let (T,ϕ) and (U,φ) be conditional ta-
bles, and Σ be a set of tgd’s. We write (T,ϕ) ⇒Σ (U,φ),
if (U,φ) is obtained from (T,ϕ) by applying all micro-steps
generated from triggΣ(T,ϕ). The transformation from (T,ϕ)
to (U,φ) is called a conditional chase macro-step using Σ.

The macro-step is monotone, that is, if (T,ϕ)⇒Σ (U,φ),
then (T,ϕ) ⊆ (U,φ).

We are now ready to introduce the concept of a conditional
chase-sequence.

Definition 6. Let (T,ϕ) be a c-table and Σ a set of
tgd’s. A sequence (T0, ϕ0), (T1, ϕ1), . . . , (Tn, ϕn), . . . of c-
tables, inductively constructed as

(T0, ϕ0) = (T,ϕ),
(Ti+1, ϕi+1) = (U,φ), where (Ti, ϕi)⇒Σ (U,φ),
(Tω, ϕω) = ⋃

i∈ω
(Ti, ϕi),

is called a conditional chase sequence associated with (T,ϕ)
and Σ.

Example 3. Continuing Example 2, let (T0, ϕ0) = (T,ϕ)
and (T1, ϕ1) = (U5, ψ5). Then (T0, ϕ0) ⇒Σ (T1, ϕ1). Next,
triggΣ(T1, ϕ1) = {τ1, τ2, τ3, τ4, τ5, τ6, τ7, τ8}, where τ1, . . . , τ5
are as before, and

τ6 = (ξ2, ({x/d, y/d},{X/d}),{T (X,d)}),
τ7 = (ξ2, ({x/b, y/b},{Y /b}),{T (Y, b)}),
τ8 = (ξ2, ({x/b, y/b},{}),{T (b, b)}),

By applying the triggers in the order τ1, τ2, . . . , τ8 we obtain
another micro-sequence ending in (T2, ϕ2), shown below. In
other words, (T1, ϕ1)⇒Σ (T2, ϕ2).

(T2, ϕ2)
t ϕ2(t)

R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b ∨ Y = b
T (b, d) Y = c ∨ Y = c
T (Y, b) X = d ∨X = d
R(d, d) (Y = b ∨ Y = b) ∧ (X = d)
R(b, b) ((X = d ∨X = d) ∧ (Y = b)) ∨ (X = c)

Note that the conditional chase process is not finished yet, as
for table (T2, ϕ2), beside the previous triggers the following
new triggers need to be considered as well:

τ9 = (ξ1, ({x/X,y/b, z/b},{}),{R(X, b),R(b, b)}),
τ10 = (ξ1, ({x/b, y/b, z/b},{X/b}),{R(b, b),R(X, b)}),
τ11 = (ξ1, ({x/Y, y/d, z/d},{}),{R(Y, d),R(d, d)}),
τ12 = (ξ1, ({x/d, y/d, z/d},{Y /d}),{R(d, d),R(Y, d)}).

By applying τ1, . . . , τ12 the micro-sequence will end up in the
table (T3, ϕ3) below. Thus (T0, ϕ0), (T1, ϕ1), (T2, ϕ2), (T3, ϕ3)
is a conditional chase sequence associated with (T,ϕ) and Σ.
For readability, (T3, ϕ3) is shown below in a “cleaner” iso-
morphically equivalent form.◂

(T3, ϕ3)

t ϕ3(t)
R(X, b) true
R(b, c) true
R(Y, d) true
T (X, c) true
T (X,d) Y = b
T (b, d) Y = c
T (Y, b) X = d
R(d, d) Y = b ∧X = d
R(b, b) (X = d ∧ Y = b) ∨ (X = c)
T (X, b) (X = d ∧ Y = b) ∨ (X = c)
T (Y, d) Y = b ∧X = d

The following result shows that no matter what order we
choose to apply the triggers in the micro-sequences, the re-
sults of the corresponding conditional chase sequences are
isomorphically equivalent.

Theorem 1. Let (T,ϕ) be a conditional table and Σ a set
of tgd’s. Let (T0, ϕ0), (T1, ϕ1), . . . , (Tn−1, ϕn−1), (Tn, ϕn), . . .
and (T ′0, ϕ′0), (T ′1, ϕ′1), . . . , (T ′n, ϕ′n), . . . be two distinct condi-
tional chase sequences with different orders of triggers in
their micro-sequences. Then (Tω, ϕω) ≅ (T ′ω, ϕ′ω). Even
more, Tω = T ′ω.

The theorem means that distinct orders in the micro-
sequences only affect the syntactic form of the local con-
ditions. The atoms in the table will be syntactically equal,
and the corresponding local conditions equivalent.

We shall use the notation ChaseΣ(T,ϕ) for one represen-
tative of (Tω, ϕω) in the conditional chase sequence, starting
with (T,ϕ) and Σ.

We conclude this section by stating the main property of
the conditional chase.

Theorem 2. Rep(ChaseΣ(T,ϕ)) = Σ(Rep(T,ϕ)).

4. CHASING GENERALIZED INSTANCES
In this section we compare and contrast the conditional

chase with the various chases that have previously appeared
in the literature, in particular in the context of data ex-
change. In data exchange the source instance is assumed
to be a complete instance [4]. We therefore restrict our-
selves in some places to the case where the initial table to
be chased is actually a complete instance. We shall denote a
complete instance I as a conditional table (I, true). Since
Rep(I, true) = {I} we have Rep(ChaseΣ(I, true)) = Σ(I).

Incomplete Information. In the recent chase-literature
a “generalized instance” is allowed to contain both variables
and constants. On the other hand, query answers are de-
fined in terms of instances without nulls. Libkin [10] points
out that there really is no semantic justification for this dis-
crepancy, and that ignoring the fact that we are dealing
with incomplete information has resulted in many confu-
sions and anomalies in the literature. Since the appearance
of Libkin’s paper the situation has improved, but the con-
nections to incomplete information are in many cases still
scattered ad hoc observations. This section represents an
effort to systematically relate recent results on the chase to
the theory of incomplete information that our conditional
chase is based upon.



An incomplete database is conceptually a set I of com-
plete instances, or possible worlds I. Given a query Q and
an incomplete database I, the result of Q on I is Q(I) =
{Q(I) ∶ I ∈ I}. To this exact answer [6] there are two ap-
proximations [9],

◻Q(I) =⋂{Q(I) ∶ I ∈ I} and ◇Q(I) =⋃{Q(I) ∶ I ∈ I},

called the certain and the possible answers, respectively. We
now introduce the notion of co-initial sets of possible worlds.
This notion will provide us with a characterization of when
two incomplete instances are “certain-answer equivalent” for
monotone queries. We will couple this with a characteri-
zation of “certain answer equivalence” with respect to first
order queries.

Definition 7. Let I and J be sets of possible worlds.
The we say that I precedes J , if for all J ∈ J , there is an
I ∈ I, such that I ⊆ J . This is denoted I ⪯ J . If both I ⪯ J ,
and J ⪯ I, we say that I and J are co-initial, and write
I ≈ J .

It is easy to see that co-initiality is an equivalence relation.
We now have two partial orders on sets of possible worlds,

namely I ⪯ J , and the more obvious I ⊆ J . Intuitively,
I ⪯ J means that I has less positive or monotone infor-
mation than J . The order I ⊆ J means that I has less
absolute information than J . This intuition is justified by
the following folklore theorem.

Theorem 3. Suppose that there is a least one finite rela-
tion in I ∪J . Then

1. I ⪯ J (I ≈ J ) if and only if ◻Q(I) ⊆ ◻Q(J ) (resp.
◻Q(I) = ◻Q(J )) for all monotone queries Q.

2. I ⊆ J ( I = J ) if and only if ◻Q(I) ⊆ ◻Q(J ) (resp.
◻Q(I) = ◻Q(J )) for all first order queries Q.

The theorem assumes that queries can mention constants
(elements in Cons). If this is disallowed, we need to replace
equality of instances with general isomorphism in the defi-
nitions of ⪯ and ⊆. A general isomorphism is defined as an
isomorphism that is not necessarily the identity on Cons.

Generalized instances. As recently noted in e.g. [7, 10],
instances with nulls serve as a representation of sets of ground
instances (instances without nulls). A generalized instance
is thus actually a classical tableau. In order to clearly dis-
tinguish between generalized and ground instances we shall
write the former in blackboard bold font and continue to use
italics for ground instances. Thus I denotes a generalized
instance, while I denotes a ground one. Homomorphisms
on generalized instances are defined exactly as for tableaux.
We can let the set of all homomorphisms induce partial pre-
order on the set of all generalized instances, by stating that
I is “hom-less than” J if there exists a homomorphism from
I to J. Using the notation of [3,4] we write this as I→ J, or
as h ∶ I→ J, when we want to emphasize a particular homo-
morphism h. Homomorphic equivalence between I and J is
denoted I ↔ J. By identifying homomorphically equivalent
generalized instances, I→ J will denote a true partial order.

Since a generalized instance I also is a tableau, Rep(I)
is well defined, and contains, as expected, all the ground
instances obtained by substituting in I the variables with

constants in every possible way. The following lemma pro-
vides the basic connection between generalized instances and
incomplete information.

Lemma 3. Let I and J be generalized instances. Then

1. I→ J if and only if Rep(I) ⪯ Rep(J).

2. I↔ J if and only if Rep(I) ≈ Rep(J).

A generalized instance I is said to satisfy a set Σ of depen-
dencies, if I as an interpretation satisfies Σ, that is if I ⊧ Σ
in the model-theoretic sense. Given a ground instance I and
a set Σ of dependencies, the set of all generalized instances
K with universe Cons ∪ Vars for which (1): there is a ho-
momorphism h ∶ I → K, and (2): I ∪K ⊧ Σ, is called the set
of solutions for I and Σ, and is denoted Sol(I,Σ). A solu-
tion J ∈ Sol(I,Σ), is said to be hom-universal if (3): for each
solution K ∈ Sol(I,Σ), there is a homomorphism h ∶ J→ K.

Let Solg(I,Σ) denote the subset of all ground instances
in Sol(I,Σ). The next lemma relates the above notion of
solutions to our notion of constructible solutions and gives
a characterization of universal solutions.

Lemma 4. Let I be a ground instance, and Σ a set of
dependencies. Then

1. Σ(I) ⊂ Solg(I,Σ), and Solg(I,Σ) ≈ Σ(Rep(I)).

2. J is hom-universal for I and Σ iff Rep(J) is the ⪯-
smallest set such that {I} ⪯ Rep(J) ⪯ Solg(I,Σ).

The standard chase. Let I be a generalized instance, ξ a
tuple generating dependency ∀x,y ∶ α(x,y) → ∃z β(x,z),
and let a,b be vectors of constants. Then we say that ξ fails
on I with a,b if I ⊧ α(a,b), and I /⊧ ∃z β(a,z). The standard
chase step [3,4] from generalized instance I to a generalized
instance J can be taken if ξ fails on I with some a,b and
J = I∪{β(a,z′)}, where z′ is a vector of fresh variables. The

standard chase step is denoted I ξ,a,bÐ→ J.

The standard chase [3, 4] on a generalized instance I is
defined as a sequence I = I0, I1, I2, . . . , In, . . . where for each
i we have that Ii ξ,a,bÐ→ Ii+1, for some ξ ∈ Σ and vectors a
and b of constants. In the rest of this paper, we consider
all the sequences as fair, that is, if there is an instance Ii
for which ξ with a,b fails, then there exists a j ≥ i such that
ξ with a,b does not fail for Ij . The standard chase result
for the sequence is ∪i∈ωIi. Note that a chase sequence is not
necessarily unique, since there is nondeterminism involved in
each step when choosing ξ, a, b, and z′. It is however known
[3, 4] that all standard chase results are homomorphically

equivalent. Let therefore ChasehomΣ (I) denote the set of all
standard chase results. The following is the fundamental
result for the standard chase.

Theorem 4. ([3, 4]) Let I be a ground instance. Any

element in ChasehomΣ (I) is a universal solution for Sol(I,Σ).

If I is a set of generalized instances we define the set of
possible worlds Rep(I ) = ⋃{Rep(I) ∶ I ∈ I }. We can now
compare the standard chase with our conditional chase. Let
us denote the conditional chase with ChasecondΣ (., .). Recall
from Theorem 2 that Σ(Rep(T,ϕ)) = Rep(ChasecondΣ (T,ϕ)).



Theorem 5.

1. Rep(ChasehomΣ (I)) ⪯ Rep(ChasecondΣ (I, true)).

2. Rep(ChasecondΣ (I, true)) /⪯ Rep(ChasehomΣ (I)).

The oblivious chase. The oblivious chase [2], proceeds
as the standard chase, except that each dependency is fired
once for each homomorphism that maps its body into the
instance. The firing happens irrespectively of whether the
head is satisfied or not. Cal̀ı et al. [2] show that the results of
the standard and the oblivious chases are homomorphically
equivalent, even if one (or both) of them is nonterminating.

We denote with ChaseoblΣ (I) one representative instance of
the oblivious chase.

Theorem 6. [2] ChaseoblΣ (I)↔ ChasehomΣ (I).

Corollary 1. Rep(ChaseoblΣ (I)) ≈ Rep(ChasehomΣ (I)).

The core chase. The core chase was introduced by Deutch
et al. in [3]. A core chase step consists of firing all dependen-
cies in parallel in all possible ways, and then computing the
core of the result. Formally, a core chase step for an instance
I and set of tgd’s Σ gives instance J = core(K), where

K =⋃ {L ∶ I ξ,a,bÐ→ L, ξ ∈ Σ, a,b ∈ dom(I)}.

A sequence I0, I1, I2, . . . , In, . . . , is a core chase sequence if Ii
is obtained from Ii−1 and Σ in one core chase step. As the
result of a core chase step is unique up to isomorphism, we
denote with ChasecoreΣ (I) one representative instance.

Theorem 7.

1. Rep(ChasecoreΣ (I)) ⊂ Rep(ChasehomΣ (I)).

2. Rep(ChasecoreΣ (I)) ≠ Rep(ChasehomΣ (I)).

3. Rep(ChasecoreΣ (I)) ≈ Rep(ChasehomΣ (I)).

As can be seen from the previous theorem and Theorem 3,
the (semantic) difference between the result of the standard
chase and the core chase will only become manifest when we
are dealing with the closed world assumption and queries
with negation.

The extended core chase. As a generalized instance can-
not always adequately represent Sol(I,Σ), Deutch et a. in-
troduced in [3] the extended core chase. Without going into
details of the extended core chase, we will, for comparative
purposes, give the give the characterization of the result of
this chase in terms of emb-universal modelsets [3]. A mod-
elset is a finite set I of generalized instances I.

The following partial order on on modelsets is defined in
[3]: I is “emb-smaller” than J , denoted I ⇢ J , if for
all J ∈ J there is an I ∈ I , such that e ∶ I → J, for some
embedding e. If we have both I ⇢J and J ⇢ I , we say
that I and J are emb-equivalent, and denote it I ⇠⇢J .

Definition 8. [3]. Let I be a ground instance, and J
a finite set of generalized instances. Then J is said to be
emb-universal for I and Σ if (1): J ⊆ Sol(I,Σ), (2): J ⇢
Sol(I,Σ), (3): J is finite, and (4): there is no K ⊂ J ,
such that K ⇢J .

Deutsch et al. show that whenever the extended core chase,
here denoted ChaseembΣ (I), terminates on a ground instance
I it computes a finite set of generalized instances that is an
emb-universal modelset for Sol(I,Σ).

Theorem 8. [3] ChaseembΣ (I) is emb-universal for Sol(I,Σ).

Thus ChaseembΣ (I)⇢ Sol(I,Σ).
In order to obtain a deeper characterization of the ex-

tended core chase we relate it to the theory of incomplete
information. We have

Lemma 5. Let I and J be finite sets of generalized in-
stances. Then

1. I ⇢J if and only if Rep(I ) ⪯ Rep(J ).

2. I ⇠⇢J if and only if Rep(I ) ≈ Rep(J ).

In [3] the emb-universal modelset was used in data ex-
change for computing certain answers to (unions of) con-
junctive queries containing negation and inequalities. As
we shall see in Example 4 in the next section, the emb-
universal model set is not a good choice when dealing with
closed world semantics.

The following proposition gives a characterization of the
result of the extended core chase. Σmin(.) denotes the set
of minimal elements in Σ(.).

Proposition 3. Rep(ChaseembΣ (I)) ⪯ Σmin(Rep(I)), and

Rep(ChaseembΣ (I)) ⪯ Σ(Rep(I)).

5. CERTAIN ANSWERS
A data exchange setting is a scenario where the predicates

are divided into two disjoint classes, namely the source pred-
icates, and the target predicates. A tuple generating depen-
dency where the antecedent consists only of source predi-
cates, and the consequent only of target predicates is called
a source-to-target tgd (abbreviated st-tdg). A target depen-
dency is a tgd or egd, where all atoms are over target predi-
cate symbols only. A source instance I is a ground instance
over the source predicates. The st-tgd’s describe how data
in a source instance I is mapped to an initially empty target
instance J . A generalized target instance J is said to be a
solution to the data exchange setting if I ∪ J ⊧ Σst, where
Σst contains the st-tgd’s. If target dependencies, usually
denoted Σt, are present they also have to be satisfied, that
is, I ∪ J ⊧ Σt is also required. By letting Σ = Σst ∪ Σt, the
valid target instances are simply those in Sol(I,Σ). When
issuing a query Q on the target database the certain answer
is defined as [4]

cert(Q, I,Σ) =⋂{Q(J) ∶ J ∈ Sol(I,Σ)},

where Q(J) is defined as ⋂{Q(K) ∶K ∈ Rep(J)}. This seems
like a rather strange definition, but in case of monotonic
queries, the only ones considered in [4], it boils down to

cert(Q, I,Σ) =⋂{Q(J) ∶ J ∈ Solg(I,Σ)},

that is, the ground tuples that are in the answer to the query
on all ground instances in Sol(I,Σ).

If negation is used in the queries, Deutsch et al. propose
in [3] to use the emb-universal modelset for evaluating them.
The following example however shows that this is does not
always give intuitive answers.



Example 4. Consider the source to target dependency
R(x) → T (x) and target dependency S(x) → T (x). Let the
source instance I be {R(a)}. The emb-universal model set
for I and the given dependencies is {{T (a)},{T (a), S(a)}}.
Now, consider the Boolean query ∃x ∶ T (x)∧¬S(x). Clearly,
under the emb-model set the certain answer is false, whereas
under any reasonable closed world semantics the certain an-
swer should be true.◂

Note that Sol(I,Σ) is closed under supersets and homo-
morphic images, and thus encompasses an open world as-
sumption. As pointed out by Libkin in [10], the tacit open
world assumption in [4] makes (first order) query evalua-
tion undecidable even in the simplest data exchange settings
where the target is declared to be a copy of the source. Fur-
thermore, it does not give an intuitive semantics for nega-
tion since no negative facts can be certainly true according
to Sol(I,Σ). Thus some sort of closed world assumption is
needed in data exchange. The approach proposed by Libkin
is based on the intuition that any facts in the target instance
should follow logically from the source instance and the de-
pendencies, and that no two nulls in the target should be
gratuitously equated. The intuition is formalized using so
called justifications, that actually are special cases of our
triggers. These justifications conveniently restrict the solu-
tions in Sol(I,Σ) to the universal ones, called closed world
solutions in [10], here denoted Solcwa(I,Σ). As a matter
of fact, if the data exchange setting only contains source-
to-target dependencies and no target dependencies, Libkin’s
semantics coincides with our set of constructible solutions.

Hernich and Schweikardt [8] extend Libkin’s justification
based approach by allowing Σ to also contain target depen-
dencies and they generalize the set Solcwa(I,Σ). Their set
of solutions has the peculiarity that there are generalized
instances J ∈ Solcwa(I,Σ), such that Rep(J) /⊆ Sat(Σ). Her-
nich and Schweikardt define the certain answer to a target
query in data exchange as

cert(Q, I,Σ) = ⋂
K∈Rep(J)∩Sat(Σ)

⋂
J∈Solcwa(I,Σ)

Q(K).

The intuition behind this definition is not completely trans-
parent, and it can indeed produce counter-intuitive exam-
ples, as can be seen from the following example.

Example 5. Let Σst = {ξ1, ξ2} and Σt = {ξ3}, where

ξ1 = P (x)→ G(x)
ξ2 = P (x)→ ∃x1, x2 E(x,x1, x2)
ξ3 = E(x, y, y)→ F (x)

Let the source instance I be {P (a)}. Then, according to [8],
Solcwa(I,Σ) = {{P (a),G(a),E(a,X1,X2)}}. Consider now
the FO query {x ∶ G(x)∧¬F (x)}. Under the CWA-solution
assumption the certain answer to the query is {a}. Clearly
this is not an intuitive answer, as there is a possible world
where X1 and X2 map to the same constant, and F (a) will
also be true in that world in virtue of target dependency
ξ3. Thus F (a) is not certainly false, and the answer to the
query should be empty.◂

On the other hand, based on our constructible solutions, we
may define

cert(Q, I,Σ) = ⋂
K∈Σ(I)

Q(K).

This certain answer coincides with Libkin’s when there are
only source-to-target dependencies, and with the standard
certain answer [4] for monotone queries. Returning to the
previous example, we note that Σ(I) can be computed by
applying our conditional chase on I = {P (a)}, resulting in
the following conditional table.

t ϕ(t)
G(a) true
E(a,X1,X2) true
F (a) X1 =X2

In this case, using standard conditional evaluation [9], we
obtain cert(Q, I,Σ) = ∅, which is the most reasonable an-
swer. Finally, we note that the anomalies with the certain
answer in [8] are noted by Hernich who in a recent pa-
per [7] proposes yet another semantics, where disjunction
is interpreted inclusively. This, however, leads to undecid-
able query evaluation even when considering only source to
target dependencies.

6. CONCLUSIONS
In this paper we have introduced a new closed world se-

mantics for the chase, and we have argued that it is a more
intuitive representation for the set of solutions in data ex-
change. We have also shown that the space of constructible
solutions can be strongly represented using conditional ta-
bles obtainable through our novel conditional chase process.

The full version of this paper also considers the problem of
the conditional chase termination. We show that whenever
Σ is a richly acyclic [8] set of dependencies, the conditional
chase with Σ always terminates. The full version also con-
tains complexity results. Mainly, we show that for richly
acyclic dependencies, computing certain answers to first or-
der queries is coNP-complete and remains polynomial when
considering unions of conjunctive queries. The full version
also generalizes the conditional chase to sets consisting of
both tuple and equality generating dependencies.
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