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ABSTRACT
We study the question of universal provenance for regular path
queries in graph databases. Universal provenance was introduced
by Green, Karvounarakis, and Tannen in 2007 as the most general
form of semiring provenance for positive relational algebra query
results. According to this methodology, the universal provenance
is to be computed during query evaluation, and any application
provenance, such as e.g. the multiplicity of a tuple in the answer, can
then be obtained by a homomorphic projection from the universal
provenance. The methodology has subsequently been applied to
SPARQL-queries and queries expressed in first order and fixed point
logics, but for regular path queries only application provenance has
been considered. We remedy the situation in this paper, by elucidat-
ing the classical theoretical framework and results that enable us
to show that certain regular expressions form the universal prove-
nance for regular path queries. In addition, we show experimentally
that computing the universal provenance, as opposed to computing
the application provenance directly, does not incur any significant
overhead.

CCS CONCEPTS
• Theory of computation→Regular languages; • Information
systems→ Data management systems.
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1 PROVENANCE OF RELATIONAL ALGEBRA
QUERY RESULTS

Suppose we have a database 𝐷 , a query 𝑄 , and a tuple 𝑡 ∈ 𝑄 (𝐷),
the answer to 𝑄 on 𝐷 . We might be interested in questions such
as "how was the tuple 𝑡 derived to be in 𝑄 (𝐷)?" and "what tuples
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from 𝐷 contributed to the derivation of the tuple 𝑡?" Answers to
these questions form the provenance of the tuple 𝑡 ∈ 𝑄 (𝐷). Various
forms and models of provenance were proposed and studied by
database researchers in the beginning of the millennium. The area
was put on a solid theoretical footing in 2007, when Green, Kar-
vounarakis, and Tannen [13] showed that for all queries expressed
in the positive relational algebra, all proposed forms of provenance
could be uniformly captured within the algebraic framework of
semirings. Furthermore, [13] showed that there is a most general
form of semiring provenance, called provenance polynomials, from
which all other considered forms of provenance can be obtained
through projections by homomorphisms.

For an illustration, let 𝑅 be a relation with attributes 𝐴, 𝐵,𝐶
as shown below left, and let 𝑄 be the relational algebra query
𝜋𝐴𝐶

(
𝜋𝐴𝐶 (𝑅) Z 𝜋𝐵𝐶 (𝑅) ∪ 𝜋𝐴𝐵 (𝑅) Z 𝜋𝐵𝐶 (𝑅)

)
. For definitions of

the relational model and algebra, see [1]. The the result 𝑄 (𝑅) is
shown below right.

𝐴 𝐵 𝐶

𝑎 𝑏 𝑐 t1
𝑑 𝑒 𝑐 t2

𝐴 𝐶

𝑎 𝑐 t1 · t1 + t1 · t1 + t1 · t2
𝑑 𝑐 t2 · t2 + t2 · t1 + t2 · t2

Each tuple in 𝑅 is labelled by a unique tuple identifier (t1 and t2),
and the expressions on the tuples in the output relation 𝑄 (𝑅) are
provenance polynomials representing how the tuple was derived
using 𝑄 and the input tuples. In general, these expressions are
formal polynomials, or formal terms using the tuple identfiers and
operators · and +, as well as coefficients fromN = {0, 1, 2, . . .}. Thus
for instance the provenance t1 · t1 + t1 · t1 + t1 · t2 of (𝑎, 𝑐) can
be read as "the tuple (𝑎, 𝑐) can be obtained in three ways: twice
using t1 followed by a second use of t1, and once by using t1
followed by the use of t2." This can now be formalized by saying
the the provenance polynomials should come from a structure
KN[𝑋 ] = (N[𝑋 ], +, ·, 0, 1), the commutative semiring of polynomials
with variables from 𝑋 and coefficients from N. The requirement
that KN[𝑋 ] should be a commutative semiring comes from the
axioms for adding and multiplying formal polynomials, and from
the requirement of being able to embed the positive relational
algebra into KN[𝑋 ] . 1

On the other hand, if our database 𝐷 is a multiset of tuples, we
could annotate each tuple with the number of times it occurs in
𝐷 . If, for instance t1 occurs 3 times in 𝑅 and t2 occurs 5 times,
we can infer that tuple (𝑎, 𝑐) occurs 43 times in 𝑄 (𝑅). In this sce-
nario we have been working in the multiplicity semiring, which

1In general, a semiring K is a structure (𝐾, +, ·, 0, 1) , where (𝐾, +, 0) is a commutative
monoid with identity element 0, (𝐾, ·, 1) is a monoid with identity element 1, (𝑥+𝑦) ·𝑧
= (𝑥 ·𝑧 ) + (𝑦 ·𝑧 ) , 𝑥 · (𝑦+𝑧 ) = (𝑥 ·𝑦) + (𝑥 ·𝑧 ) , and 0 ·𝑥 = 𝑥 ·0 = 0, for all 𝑥, 𝑦, 𝑧 ∈ 𝐾 .
A semiring is commutative, if 𝑥 · 𝑦 = 𝑦 · 𝑥 , for all 𝑥, 𝑦 ∈ 𝐾 . We also need the notion
of a semiring homomorphism: Let K = (𝐾, +, ·, 0, 1) and K′ = (𝐾 ′, +′, ·′, 0′, 1′ ) be
semirings. A mappingℎ : 𝐾 → 𝐾 ′ is said to be a semiring homomorphism ifℎ (0) = 0′ ,
ℎ (1) = 1′ , ℎ (𝑥 + 𝑦) = ℎ (𝑥 ) +′ ℎ (𝑦) , and ℎ (𝑥 · 𝑦) = ℎ (𝑥 ) ·′ ℎ (𝑦) .
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is the commutative semiring Kbag = (N∞, +, ·, 0, 1), and the prove-
nance/multiplicity of tuple (𝑎, 𝑐) can be obtained from the N[𝑋 ]
provenance t1 · t1 + t1 · t1 +t1 · t2 and homomorphism ℎ, where
ℎ(t1) = 3,ℎ(t2) = 5, andℎ(2 · (t1 ·t1)+t1 ·t2) = 2 · (3 ·3)+5 ·5 = 43.

The observation of the relationship between KN[𝑋 ] and Kbag is
a special case of the following theorem, stating that KN[𝑋 ] is free
for the class of commutative semirings.

Theorem 1.1. Let K = (𝐾, +, ·, 0, 1) be a commutative semiring
and 𝑋 a (finite) set. For any mapping ℎ : 𝑋 → 𝐾 there is a unique
extension to a semiring homomorphism ℎ : KN[𝑋 ] → K.

Significantly, Green, Karvounarakis, and Tannen [13] show that
the positive relational algebra can be extended to construct the
provenance polynomials recursively based on the structure of the
query 𝑄 . Let K = (𝐾, +, ·, 0, 1). be a commutative semiring. Green,
Karvounarakis, and Tannen [13] introduce (in different notation)
provK,ℎ𝑡 (𝑄 (𝐷)), the K-provenance of tuple 𝑡 ∈ 𝑄 (𝐷), where ℎ maps
each tuple in 𝐷 to an element in 𝐾 . The provenance is defined2

recursively as provK,ℎ𝑡 (𝑅(𝐷)) = ℎ(𝑡), and
provK,ℎ𝑡 (𝜋 (𝑅) (𝑄 (𝐷 ) ) ) =

∑
{𝑢∈𝑄 (𝑅) :𝜋 (𝑢)=𝑡 } prov

K,ℎ
𝑢 (𝑄 (𝐷 ) )

provK,ℎ𝑡 (𝑄 (𝐷 ) ∪𝑄 ′ (𝐷 ) ) = provK,ℎ𝑡 (𝑄 (𝐷𝐵) ) + prov
K,ℎ
𝑡 (𝑄 ′ (𝐷𝐵) )

provK,ℎ𝑡 ·𝑢 (𝑄 (𝐷𝐵) Z 𝑄 ′ (𝐷𝐵) ) = provK,ℎ𝑡 (𝑄 (𝐷𝐵) ) · prov
K,ℎ
𝑢 (𝑄 ′ (𝐷𝐵) ) .

Green, Karvounarakis, and Tannen [13] show that the freeness
of KN[𝑋 ] carries over to the provenance of query results:

Theorem 1.2. Let K = (𝐾, +, ·, 0, 1) be a commutative semiring,
𝐷 a relational database, ]mapping each tuple of𝐷 to a unique identfier
in a set 𝑋 . For every mapping ℎ that maps tuples of 𝐷 to semiring
elements in 𝐾 , there is a mapping 𝑔 : 𝑋 → 𝐾 , such that 𝑔 ◦ ] = ℎ, and

𝑔

(
prov

KN[𝑋 ] ,]
𝑡

(
𝑄 (𝐷)

) )
= provK,ℎ𝑡

(
𝑄 (𝐷)

)
(1)

for all positive relational algebra queries 𝑄 .

The two previous theorems justify [13] naming provenances
in N[𝑋 ] as universal provenance. Note that the operators · and +
are used in KN[𝑋 ] to build terms, whereas in Kbag they stand for
the familiar arithmetic operations actually carried out on the ele-
ments of N. Semirings like KN[𝑋 ] will be called syntactic semiring,
while Kbag and the like will be called semantic semirings. The latter
are called application semirings in [13]. For examples of syntactic
and semantic provenance semirings, see next sections and [11, 13].
Green, Karvounarakis, and Tannen [13] argue that the provenance
polynomials in N[𝑋 ] should be computed at query evaluation time.
Any application provenance can then be obtained from the poly-
nomials by the corresponding homomorphism. The purpose of the
present paper is to apply this approach to regular path queries in
graph databases.

2 RELATEDWORK
Green et al. [13] also considered provenance for datalog queries.
We briefly return to this topic in Section 4. Their seminal paper
[13] has spawned a multitude of results building upon it. We refer
to the current survey [11]. Most closely related to our work is the
work of Ramusat et al. [22, 23]. They study semiring provenance of
2In [13] the reader can find the definitions of the provenance for the selection and
renaming operators.

regular path queries in graph databases, but only consider evalua-
tion under various application semirings, and are not concerned
with universal provenance. In [10], Geerts and Poggi define uni-
versal provenance for semirings reflecting relational algebra that
includes the difference operator, and Geerts et al. [9] do the same
for SPARQL queries. Tannen et al. have further broadened the scope
by considering universal provenance semirings for first order logic
[12, 26], for fixed point logics [4], and for linear algebra operators
[28].

As for the present paper, one could argue that everything pre-
sented here is contained in the Kleene-Schützenberger Theorem
(see e.g. [8] or [7]). However, the purpose of the current paper is to
place the provenance of regular path queries solidly in the context
of universal data provenance, outlined above.

3 PROVENANCE FOR REGULAR PATH
QUERIES

Graph databases. A graph database 𝐺 = (𝑉 , 𝐸, Σ) is an edge-
labelled directed graph, where 𝑉 = {1, . . . , 𝑛} is a finite set of
vertices, Σ is a finite set of (predicate) labels, and 𝐸 ⊆ 𝑉 × Σ ×𝑉 is
a set of (directed) labelled edges. The vertices are to be thought of
as objects, and the edges as relations between the objects. In other
words, an edge (𝑖, 𝑎, 𝑗), where 𝑖, 𝑗 ∈ 𝑉 and 𝑎 ∈ Σ, can be viewed as
a tuple (𝑖, 𝑗) in a binary relation 𝑎.

A path from vertex 𝑖 to vertex 𝑗 in a graph database 𝐺 is a
sequence 𝜋 = (𝑖, 𝑎1, 𝑖1) (𝑖1, 𝑎2, 𝑖2) . . . (𝑖𝑘−1, 𝑎𝑘 , 𝑗) of adjacent edges
of 𝐺 . We define first(𝜋) = 𝑖 and last(𝜋) = 𝑗 . The empty path
is denoted 𝜖 . The word represented by the path 𝜋 is defined as
word(𝜋) = 𝑎1𝑎2 . . . 𝑎𝑘 . The set of all paths from 𝑖 to 𝑗 in 𝐺 is
denoted Π𝑖, 𝑗 (𝐺), and the set of all paths in 𝐺 is denoted Π(𝐺).

A regular path query on a graph database𝐺 is a regular expres-
sion 𝑄 over Σ, defining a regular language 𝐿(𝑄) ⊆ Σ∗. Let𝐺𝑄 be a
graph such that

Π(𝐺𝑄 ) = {𝜋 ∈ Π(𝐺) : word(𝜋) ∈ 𝐿(𝑄)}.

Note that 𝐺𝑄 can be computed with standard automata theoretic
techniques. The answer to 𝑄 on 𝐺 is

𝑄 (𝐺) =
{(

first(𝜋), last(𝜋)
)
: 𝜋 ∈ Π(𝐺𝑄 )}.

Let (𝑖, 𝑗) ∈ 𝑄 (𝐺). Then (𝑖, 𝑗) = (first(𝜋), last(𝜋)), for some path
𝜋 ∈ 𝐺𝑄 . This tells us that 𝜋 should belong to the provenance of
(𝑖, 𝑗). If 𝜋 = (𝑖, 𝑎1, 𝑖1) (𝑖1, 𝑎2, 𝑖2) . . . (𝑖𝑘−1, 𝑎𝑘 , 𝑗) with edge identifiers
t1, t2, . . . , t𝑘 , then the term t1 · t2 · . . . · t𝑘 should be a term in
the provenance of (𝑖, 𝑗). If we think of an edge (𝑖𝑚−1, 𝑎𝑚, 𝑖𝑚) as
a tuple (𝑖𝑚−1, 𝑖𝑚) in relation 𝑎𝑚 , our provenance agrees with the
relational provenance of [13]. The class of semirings relevant to
graph databases and regular path queries is called complete star-
semirings, and is defined next.

Complete star-semirings. A semiring K = (𝐾, +, ·, 0, 1) is com-
plete if Σ𝑖∈𝐼𝑥𝑖 ∈ 𝐾 , 𝑥 · (Σ𝑖∈𝐼𝑥𝑖 ) = Σ𝑖∈𝐼 (𝑥 · 𝑥𝑖 ), and (Σ𝑖∈𝐼𝑥𝑖 ) · 𝑥 =

Σ𝑖∈𝐼 (𝑥𝑖 · 𝑥), for all 𝑥, 𝑥𝑖 ∈ 𝐾 and infinite 𝐼 . A complete star-semiring
(cs-semiring) K is a structure (𝐾, +, ·, ∗, 0, 1), where (𝐾, +, ·, 0, 1) is
a complete semiring with idempotent +, such that 𝑥∗ = Σ 𝑗≥0 𝑥 𝑗 ,
where 𝑥0 = 1, 𝑥 𝑗+1 = 𝑥 · 𝑥 𝑗 = 𝑥 𝑗 · 𝑥 for all 𝑗 ≥ 0. Let K =

(𝐾, +, ·, ∗, 0, 1) and K′ = (𝐾 ′, +′, ·′, ∗′, 0′, 1′) be cs-semirings. A map-
ping ℎ : 𝐾 → 𝐾 ′ is said to be a cs-semiring homomorphism if ℎ
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is a semiring homomorphism and ℎ(𝑥∗) = ℎ(𝑥)∗′ . The following
are some examples of cs-semirings (for more details, see e.g. [11]).
Note that all of them are semantic, or application semirings. We’ll
encounter a syntactic cs-semiring later.
• The Boolean cs-semiring Kbool = ({0, 1},∨,∧, ∗, 0, 1) with
0∗ = 1∗ = 1.
• The Tropical cs-semiring Ktrop = (R∞+ ,min, +, ∗,∞, 0) with
𝑥∗ = 0 for all 𝑥 ∈ R∞+ .
• The Bag cs-semiring Kbag = (N∞, +, ·, ∗, 0, 1) with 0∗ = 1 and
𝑥∗ = ∞ for 𝑥 ≠ 0.
• The Access Control cs-semiring Kacc = (A,min,max,𝑈 , 𝑃),
where A = {𝑃,𝐶, 𝑆,𝑇 ,𝑈 } totally ordered as 𝑃 < 𝐶 < 𝑆 <

𝑇 < 𝑈 , and where 𝑥∗ = 𝑃 , for all 𝑥 ∈ A.
• The Influence cs-semiringKinfl = ( [0, 1],max,×, ∗, 0, 1), where
𝑥∗ = 1, for all 𝑥 ∈ [0, 1].

The free cs-semiring. We now look for a (syntactic) cs-semiring
that is free for the class. Not surprisingly the familiar regular expres-
sions fit the bill perfectly. Let 𝑋 be a finite set, and rex[𝑋 ] the set of
all regular expressions over alphabet 𝑋 . Then the freely generated
semiring

Krex[𝑋 ] = (rex[𝑋 ], +, ·, ∗, ∅, 𝜖)
is a universal cs-semiring, as witnessed by the next theorem. 3 The
proof is a standard exercise in Universal Algebra (see e.g. [3]).

Theorem 3.1. Let K = (𝐾, +, ·, ∗, 0, 1) be a complete star-semiring
and 𝑋 a (finite) set. For any mapping ℎ : 𝑋 → 𝐾 there is a unique
extension to a semiring homomorphism ℎ : Krex[𝑋 ] → K.

For regular expressions e ∈ rex[𝑋 ], the language of e, that is
𝐿(e) ⊆ 𝑋 ∗, is defined in the usual way. Note that 𝐿 is a cs-semiring
homomorphism4 𝐿 : Krex[𝑋 ] → Kreg[𝑋 ] , where

Kreg[𝑋 ] = (reg[𝑋 ],∪, ·, ∗, ∅, {𝜖})
is the cs-semiring of regular languages over alphabet 𝑋 . Here
reg[𝑋 ] is the set of all regular langauges generated from 𝑋 .

The cs-semiring of paths in a graph database. We consider
the following operations on sets of paths. For singleton sets define
{𝜋} ◦ {𝜋 ′} = {𝜋 ′′} where 𝜋 ′′ is the concatenation of 𝜋 and 𝜋 ′
provided last𝜋 = first𝜋 ′ , and {𝜋} ◦ {𝜋 ′} = ∅ otherwise. Also,
{𝜖} ◦ {𝜋} = {𝜋} ◦ {𝜖} = {𝜋}. For sets of paths 𝑃 and 𝑃 ′, their
composition is 𝑃 ◦ 𝑃 ′ = ⋃

𝜋∈𝑃,𝜋 ′∈𝑃 ′ {𝜋} ◦ {𝜋 ′}. Let 𝑃∗ =
⋃
𝑗≥0 𝑃

𝑗 ,
where 𝑃0 = {𝜖}, 𝑃 𝑗+1 = 𝑃 ◦ 𝑃 𝑗 , for 𝑗 ≥ 0. We note that it is easily
verified that

KΠ (𝐺 ) = (2Π (𝐺 ) ,∪, ◦, ∗, ∅, {𝜖})
is a cs-semiring. Recall that Π(𝐺) denotes the set of all paths in
a graph database 𝐺 with vertex set {1, . . . , 𝑛}. Furthermore, let
Π𝑘𝑖,𝑗 (𝐺) be the set of paths from 𝑖 to 𝑗 with intermediate vertices in
{1, . . . , 𝑘}, where 𝑘 ≤ 𝑛. Then clearly

Π𝑘𝑖,𝑗 (𝐺) = Π𝑘−1𝑖, 𝑗
(𝐺) ∪ Π𝑘−1

𝑖,𝑘
(𝐺) ◦ Π𝑘−1

𝑘,𝑘
(𝐺)∗◦ Π𝑘−1

𝑘,𝑗
(𝐺), (2)

and Π𝑖, 𝑗 (𝐺) = Π𝑛𝑖,𝑗 (𝐺).

3To be more precise,Krex[𝑋 ] is an absolutely free term algebra. It becomes a cs-semiring
by forming the quotient algebra Krex[𝑋 ]/≡ , where e1 ≡ e2 if e1 ∈ rex[𝑋 ] can be
transformed into e2 ∈ rex[𝑋 ] using the axioms a Kleene-algebra, or equivalently if
𝐿 (e1 ) = 𝐿 (e2 ) , see [16].
4The mapping ℎ : Krex[𝑋 ]/≡→ Kreg[𝑋 ] is actually an isomorphism.

Kleene’s algorithm for regular expressions over edges. Let𝐺 =

(𝑉 , 𝐸, Σ) be a graph database with 𝑉 = {1, . . . , 𝑛}, let 𝑋 be a finite
set with |𝑋 | = |𝐸 |, and ] : 𝐸 → 𝑋 a bijection. We want to compute
expressions e𝑖, 𝑗 (𝐺) ∈ rex[𝑋 ], such that ]−1 (𝐿(e𝑖, 𝑗 )) = Π𝑖, 𝑗 (𝐺),
where ]−1 ◦ 𝐿 : Krex[𝑋 ] → KΠ (𝐺 ) . Note that in particular ]−1 (t) =
{(𝑖, 𝑎, 𝑗)}, where ] (𝑖, 𝑎, 𝑗) = t, and ]−1 (𝑢 · 𝑣) = ]−1 (𝑢) ◦ ]−1 (𝑣), for
𝑢, 𝑣 ∈ 𝑋 ∗.

Regular expressions e𝑖, 𝑗 (𝐺) —simply denoted e𝑖, 𝑗 when 𝐺 is
understood from the context— are computed recursively by Kleene’s
algorithm [20] as e0

𝑖, 𝑗
, e1
𝑖, 𝑗
, . . . , e𝑛

𝑖,𝑗
= e𝑖, 𝑗 as follows:

Let (𝑖, 𝑎1, 𝑗), (𝑖, 𝑎2, 𝑗), . . . , (𝑖, 𝑎𝑘 , 𝑗) be all the edges from 𝑖 to 𝑗 in𝑉 .
Then e0

𝑖, 𝑗
=
∑𝑘
𝑖=1 ] (𝑖, 𝑎𝑖 , 𝑗) and e0

𝑖,𝑖
= 𝜖 +∑𝑘𝑖=1 ] (𝑖, 𝑎𝑖 , 𝑖) Recursively

we define
e𝑘𝑖,𝑗 = e𝑘−1𝑖, 𝑗 + e𝑘−1

𝑖,𝑘
· (e𝑘−1

𝑘,𝑘
)∗ · e𝑘−1

𝑘,𝑗
. (3)

The next proposition is proved by induction, using equations (2)
and (3).

Theorem 3.2. Let e𝑖, 𝑗 (𝐺) ∈ rex[𝑋 ] be computed by Kleene’s
algorithm, and 𝑃 = ]−1 ◦ 𝐿 : rex[𝑋 ] → Π(𝐺). Then 𝑃 (e𝑖, 𝑗 (𝐺)) =
Π𝑖, 𝑗 (𝐺).

Proof:We show by induction on 𝑘 that 𝑃 (e𝑘
𝑖,𝑗
(𝐺)) = Π𝑘𝑖,𝑗 (𝐺). For

the base case, suppose e0
𝑖, 𝑗
(𝐺) = ] (𝑖, 𝑎1, 𝑗)+] (𝑖, 𝑎2, 𝑗)+· · ·+] (𝑖, 𝑎𝑘 , 𝑗).

Then 𝑃 (e0
𝑖, 𝑗
(𝐺)) = {(𝑖, 𝑎1, 𝑗), (𝑖, 𝑎2, 𝑗), . . . , (𝑖, 𝑎𝑘 , 𝑗)} = Π0

𝑖, 𝑗
(𝐺). For

the inductive step,

𝑃
(
e𝑘𝑖,𝑗 (𝐺)

)
=

𝑃
(
e𝑘−1𝑖, 𝑗 (𝐺) + e𝑘−1

𝑖,𝑘
(𝐺) · (e𝑘−1

𝑘,𝑘
(𝐺))∗ · e𝑘−1

𝑘,𝑗
(𝐺)

)
=

𝑃
(
e𝑘−1𝑖, 𝑗 (𝐺)

)
∪ 𝑃

(
e𝑘−1
𝑖,𝑘
(𝐺)

)
◦ 𝑃

(
e𝑘−1
𝑘,𝑘
(𝐺)

)∗◦ 𝑃 (e𝑘−1
𝑘,𝑗
(𝐺)

)
=

Π𝑘−1𝑖, 𝑗
(𝐺) ∪ Π𝑘−1

𝑖,𝑘
(𝐺) ◦ Π𝑘−1

𝑘,𝑘
(𝐺)∗◦ Π𝑘−1

𝑘,𝑗
(𝐺) =

Π𝑘𝑖,𝑗 (𝐺).

The above reasoning relies on the idempotence of + in all cs-
semirings K = (𝐾, +, ·, ∗, 0, 1), and on the fact that

𝑥 · 𝑦∗ · 𝑧 = 𝑥 · 𝑧 + 𝑥 · 𝑦 · 𝑧 + 𝑥 · 𝑦 · 𝑦 · 𝑧 + . . . ,

for all 𝑥,𝑦, 𝑧 ∈ 𝐾 .

K-annotated graphdatabases and provenance. Let𝐺 = (𝑉 , 𝐸, Σ)
a graph database and K = (𝐾, +, ·, ∗, 0, 1) a cs-semiring. A K-anno-
tation of 𝐺 is a mapping ℎ : 𝐸 → 𝐾 from the edges of 𝐺 to ele-
ments of 𝐾 . The mapping ℎ is homomorphically extended to paths
𝜋 ∈ Π(𝐺) by ℎ(𝜋) = ℎ(𝑒1) ·ℎ(𝑒2) · . . . ·ℎ(𝑒𝑛), where 𝜋 = 𝑒1𝑒2 . . . 𝑒𝑛 ,
and to sets of paths 𝑃 by ℎ(𝑃) = ∑

𝜋∈𝑃 ℎ(𝜋) . We can now define
the (K, ℎ)-provenance of a pair (𝑖, 𝑗) ∈ 𝑄 (𝐺) as

provK,ℎ
𝑖, 𝑗

(
𝑄 (𝐺)

)
= ℎ

(
Π𝑖, 𝑗 (𝐺𝑄 )

)
.

Let 𝑋 , with |𝑋 | = |𝐸 |, be a finite set of abstract edge identifiers
and ] : 𝐸 → 𝑋 an bijection. The next theorem shows that
prov

Krex[𝑋 ] ,]
𝑖, 𝑗

(
𝑄 (𝐺)

)
is the universal provenance for regular path

queries. Note that provKrex[𝑋 ] ,]
𝑖, 𝑗

(
𝑄 (𝐺)

)
∈ rex[𝑋 ].
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Theorem 3.3. Let K = (𝐾, +, ·, ∗, 0, 1) be a cs-semiring, 𝐺 a graph
database, and ] mapping each edge in 𝐺 to a unique identifier in a
set 𝑋 . For every K-annotation ℎ : 𝐸 → 𝐾 of 𝐺 there is a mapping
𝑔 : 𝑋 → 𝐾 , such that 𝑔 ◦ ] = ℎ, and

𝑔

(
prov

Krex[𝑋 ] ,]
𝑖, 𝑗

(
𝑄 (𝐺)

) )
= provK,ℎ

𝑖, 𝑗

(
𝑄 (𝐺)

)
(4)

for all regular path queries 𝑄 .

Proof: In order to prove (4) it clearly is sufficient to show that

𝑔

(
prov

Krex[𝑋 ] ,]
𝑖, 𝑗

(
𝐺)

)
= provK,ℎ

𝑖, 𝑗

(
𝐺
)
. (5)

Let 𝑔 = ]−1 ◦ ℎ. Then 𝑔 ◦ ] = ℎ. To verify (5) we first note that
prov

Krex[𝑋 ] ,]
𝑖, 𝑗

(𝐺) = ] (Π𝑖, 𝑗 (𝐺)) . Consequently 𝑔(prov
Krex[𝑋 ] ,]
𝑖, 𝑗

(𝐺)) =
𝑔(] (Π𝑖, 𝑗 (𝐺))) = ℎ(Π𝑖, 𝑗 (𝐺)) = provK,ℎ

𝑖, 𝑗

(
𝐺
)
.

Examples.We illustrate the universal and application provenances
next. Suppose that a query is (𝑎 +𝑏)∗𝑏 and that𝐺𝑄 is the following
graph.

1 2

3

4
𝑎

𝑎
𝑎

𝑎

𝑏

Assume that edges are mapped to elements of cs-semirings by
homomorphisms ℎ1 – ℎ4, as in the table below.

] ℎ1 ℎ2 ℎ3 ℎ4
𝐸 𝑋 Σ R∞+ N∞ A

edge id language distance multiplicity access
(1, 𝑎, 2) t1 {𝑎} 4 2 𝑃

(1, 𝑎, 3) t2 {𝑎} 1 4 𝐶

(3, 𝑎, 2) t3 {𝑎} 2 3 𝑃

(2, 𝑎, 2) t4 {𝑎} 3 5 𝑃

(2, 𝑏, 4) t5 {𝑏} 2 2 𝑆

We then have the following provenances of answer (1, 4).

prov
Krex [𝑋 ] ,]
1,4 (𝐺𝑄 ) = (t1 + t2 · t3 ) · t∗4 · t5

prov
Kreg[Σ] ,ℎ1
1,4 (𝐺𝑄 ) = {𝑎}+ · {𝑏}

prov
Ktrop,ℎ2
1,4 (𝐺𝑄 ) = min(4, 1 + 2) + 0 + 2 = 5

prov
Kbag,ℎ3
1,4 (𝐺𝑄 ) = (2 + 4 · 3) · ∞ · 2 = ∞

provKacc,ℎ4
1,4 (𝐺𝑄 ) = max(max(min(𝑃,max(𝐶, 𝑃 ) ), 𝑃 ), 𝑆 ) = 𝑆

4 REGULAR PATH QUERIES AND DATALOG
Green et al. also considered provenance for datalog queries in [13].
They propose that the provenance of fact 𝑄 in a program 𝑃 is the
semiring sum of the semiring product of the abstract identifiers
of the leaves in all derivation trees of 𝑄 in 𝑃 . As a fact can have
an infinite number of derivations the provenances will be formal
power series over N and [𝑋 ], and opposed to polynomials N[𝑋 ].

Alternatively, the provenance can be characterized as a solution to
a system of algebraic equations5 corresponding to 𝑄 and 𝑃 .

It is well known that regular path queries can be represented in
datalog. As pointed out by Vardi [27], regular path queries have
the advantage over datalog (and context-free grammars) that de-
cision problems are decidable. On the other hand, a datalog for-
mulation of a regular path query will give a more fine grained
provenance, as the provenance reflects the evaluation of the pro-
gram, whereas the provenance of regular path queries represent
the higher level concept of paths in a graph database. For an exam-
ple, suppose the query is 𝑎∗ and the database has one edge (1, 𝑎, 1)
abstractly labelled t. Then the provenance of answer (1, 1) is t∗. If
the query is formulated in datalog with rules 𝑡𝑟 (𝑥,𝑦) ← 𝑎(𝑥,𝑦) and
𝑡𝑟 (𝑥,𝑦) ← 𝑡𝑟 (𝑥, 𝑧), 𝑡𝑟 (𝑧,𝑦), then answer 𝑡𝑟 (1, 1) has as provenance
the formal power series

∑∞
𝑛=0𝐶𝑛t

𝑛+1, where𝐶𝑛 is the 𝑛:th Catalan
number, representing the number of ways a term with 𝑛 + 1 factors
can be parenthesized. Projecting this formal power series to the
𝑊𝐻𝑌 (𝑋 ) provenance of [13] would yield the provenance t, which
is less informative than the regular path query provenance t∗. Of
course, for instance for program debugging purposes the datalog
provenance could be useful.

5 EXPERIMENTAL EVALUATION
In recent studies, Ramusat et al. [22, 23], have undertaken a fairly
thorough experimental analysis of various algorithms for comput-
ing the provenance of answers to regular path queries in graph
databases. One of their main conclusions is that the best algorithm
depends on the semiring in question. However, all the semirings ex-
perimentally considered in [22, 23] are application semirings, such
as Kbag. Following the dictum "compute provenance as generally
as (computationally) feasible, then specialize via homomorphisms
to coarser-grain provenance, or to specific domains, e.g., count, trust,
cost or access control" by Grädel and Tannen [12], we want to de-
termine if computing the universal provenance in rex[𝑋 ] is indeed
computationally feasible.

The first task is to compute 𝐺𝑄 for a given graph database 𝐺
and regular path query 𝑄 . This can be achieved by the standard
product construction for the intersection of the langauges of finite
state automata (see e.g. [15]). Here we have an automaton for 𝑄 ,
and𝐺 can be be viewed as a finite state automaton where all states
(vertices) are both initial and final. We then project the product
automaton to the second component, that is the states (vertices)
of 𝐺 . The result is then a graph database 𝐺𝑄 , such that Π(𝐺𝑄 ) =
{𝜋 ∈ Π(𝐺) : word(𝜋) ∈ 𝐿(𝑄)}.

Having 𝐺𝑄 , the next step for a given pair of vertices (𝑖, 𝑗) is to
compute a regular expression e representing the set of all (abstractly
labelled) paths from 𝑖 to 𝑗 in 𝐺𝑄 . It is well known that Kleene’s
algorithm for computing e𝑖, 𝑗 is not feasible in practice, due to the
fact the size of the expressions e𝑘

𝑖,𝑗
grow exponentially. We note

however that if e is a regular expression such that 𝐿(e) = 𝐿(e𝑖, 𝑗 ),
and we substitute prov

Krex[𝑋 ] ,]
𝑖, 𝑗

(
𝑄 (𝐺)

)
with e, then Theorem 3.3

still holds. In our experiments we used the state elimination proce-
dure [2] for obtaining a regular expression describing the language

5In this vein, Luttenberger and Schlund [18] show that under various assumptions
of idempotence of the product operator in the semirings considered, the solution is
regular and can be represented by regular expressions.
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of a given finite state automaton. Let 𝐴 = (𝑃, Σ, 𝛿, 𝑝𝑠 , {𝑝 𝑓 }) be a
finite state automaton.6 The procedure is based on viewing the
label 𝑎 in a transition (𝑝, 𝑎, 𝑞) ∈ 𝛿 as a regular expression denot-
ing the language {𝑎}. We then construct a regular expression e
by removing, one by one, all states 𝑞 ∈ 𝑃 \ {𝑝𝑠 , 𝑝 𝑓 }. For each pair
(𝑟, e1, 𝑞), (𝑞, e2, 𝑠) of transitions, we replace them with the tran-
sition (𝑟, e1 · e2, 𝑠). If there is a self-loop (𝑞, e3, 𝑞), the replaced
transition is (𝑟, e1 · e∗3 · e2, 𝑠). If there is another transition (𝑟, e4, 𝑠)
this is merged with the new transition into (𝑟, e1 · e∗3 · e2 + e4, 𝑠).
After all pairs (𝑟, e1, 𝑞), (𝑞, e2, 𝑠) have been processed, the possible
self-loop (𝑞, e3, 𝑞) along with the state 𝑞 is removed. When all states
in 𝑃 \ {𝑝𝑠 , 𝑝 𝑓 } are removed and transitions are replaced, we are left
with transitions (𝑝𝑠 , e1, 𝑝𝑠 ), (𝑝𝑠 , e2, 𝑝 𝑓 ), (𝑝 𝑓 , e3, 𝑝 𝑓 ), (𝑝 𝑓 , e4, 𝑝𝑠 ),
for some regular expressions e1, e2, e3, and e4. This yields regular
expression e = (e1 + e2 · e∗3 · e4)

∗ · e2 · e∗3. It then follows (see
e.g. [15]) that 𝐿(e) = 𝐿(𝐴).

In order to apply the state elimination procedure to𝐺𝑄 = (𝑉 , 𝐸, Σ),
with 𝑉 = {1, . . . , 𝑛} and answer pair (𝑖, 𝑗), we consider 𝐺𝑄 as
the finite state automaton (𝐴𝐺𝑄

)𝑖, 𝑗 = (𝑉 ,𝑋, 𝐸, 𝑖, { 𝑗}), where 𝐸 =

{(𝑟, ] (𝑟, 𝑎, 𝑠), 𝑠) : (𝑟, 𝑎, 𝑠) ∈ 𝐸}. Here ] is the bijection from 𝐸 to 𝑋
assigning each edge its abstract identitifier. We have the following
state of affairs:

Theorem 5.1. Let f𝑖, 𝑗 be the regular expression obtained by the
state elimination procedure from (𝐴𝐺𝑄

)𝑖, 𝑗 , and 𝑃 = ]−1 ◦ 𝐿. Then
𝑃 (f𝑖, 𝑗 ) = Π𝑖, 𝑗 (𝐺𝑄 ).

To summarize, given a database graph 𝐺𝑄 , a K-annotation ℎ of
the edges of 𝐺𝑄 , and a pair (𝑖, 𝑗) of vertices of 𝐺𝑄 , we compute
the application provenance ℎ(Π𝑖, 𝑗 (𝐺𝑄 )) by computing f𝑖, 𝑗 using
the state elimination procedure, and then obtaining ℎ ◦ 𝑃 (f𝑖, 𝑗 ) =
ℎ(Π𝑖, 𝑗 (𝐺𝑄 )).

On the other hand, to compute ℎ(Π𝑖, 𝑗 (𝐺𝑄 )) "directly" without
first generating the universal provenance f𝑖, 𝑗 , we can use a result of
Sakarovitch [24, 25] who has shown that if states are eliminated in
order 1, 2, . . . , 𝑛, then the state elimination algorithm is isomorphic
with Kleene’s algorithm, and each expression 𝑒𝑘𝑟,𝑠 obtained at the
𝑘-th stage of the latter algorithm is equal to the expression, call it
f𝑘𝑟,𝑠 , that represents the regular expression between states 𝑟 and 𝑠
after removing state 𝑘 in the state elimination procedure.7 In other
words, e𝑘𝑟,𝑠 = f𝑘𝑟𝑠 , for all 𝑘, 𝑟, 𝑠 ∈ {1, 2, . . . , 𝑛}. In each stage, we
evaluate

ℎ ◦ 𝑃 (𝑓 𝑘𝑖,𝑗 ) =

ℎ ◦ 𝑃 (𝑒𝑘𝑖,𝑗 ) =

ℎ ◦ 𝑃 (𝑒𝑘−1𝑖, 𝑗 + 𝑒
𝑘−1
𝑖,𝑘
· (𝑒𝑘−1

𝑘,𝑘
)∗ · 𝑒𝑘−1

𝑘,𝑗
) =

ℎ ◦ 𝑃 (𝑓 𝑘−1𝑖, 𝑗 + 𝑓
𝑘−1
𝑖,𝑘
· (𝑓 𝑘−1

𝑘,𝑘
)∗ · 𝑓 𝑘−1

𝑘,𝑗
) =

ℎ ◦ 𝑃 (𝑓 𝑘−1𝑖, 𝑗 ) + ℎ ◦ 𝑃 (𝑓
𝑘−1
𝑖,𝑘
) · ℎ ◦ 𝑃 (𝑓 𝑘−1

𝑘,𝑘
)∗ · ℎ ◦ 𝑃 (𝑓 𝑘−1

𝑘,𝑗
).

Thus, when using the state elimination procedure for computing
the application provenance ℎ(Π𝑖, 𝑗 (𝐺𝑄 )), we never need to store
(unwieldy large) regular expressions, only application semiring
values ℎ(𝑃 (f𝑘𝑟,𝑠 )).
6There is no loss of generality assuming that the set of final states is a singleton.
7Note that we can choose any order of eliminating states simply by relabelling the
states accordingly.

Determining State Removal Order. The size of the regular ex-
pression resulting from the state removal procedure heavily de-
pends on the order in which states are removed. Several heuristics
for determining the removal order have been studied [6, 14, 23].
Experiments show that the heuristics proposed by Delgado and
Morais [6], the DM algorithm, produce the most compact regular
expressions. The DM algorithm repeatedly computes the weight
of each state and eliminates the state with the smallest weight.
For states 𝑟 and 𝑠 , let len(𝑟, 𝑠) denote the length of the label of the
transition from 𝑟 to 𝑠 . For a state 𝑞, let 𝑟1, . . . , 𝑟𝑚 be the states from
which there is a transition into 𝑞, and 𝑠1, . . . , 𝑠𝑝 states into which
there is an outgoing transition from 𝑞. At each intermediate step of
the state elimination procedure, the weight of state 𝑞 is computed
as weight(𝑞) =
𝑚∑︁
𝑖=1

len(𝑟𝑖 , 𝑞)×(𝑝−1)+
𝑝∑︁
𝑖=1

len(𝑞, 𝑠𝑖 )×(𝑚−1)+len(𝑞, 𝑞)×((𝑚×𝑝)−1) .

Ramusat et al. [23] proposed a new state removal heuristic based
on the degree of each node. The degree of each node is defined
as the sum of incoming and outgoing edges from the node, and
recomputed after a node with the minimum degree is eliminated.
Experiments reported in [17] showed that the algorithm [23] is
slightly faster, whereas the DM algorithm tend to produce shorter
regular expressions. In the experiments reported here we used the
DM algorithm.

We compared experimentally the time difference between com-
puting the universal provenance and then applying a homomor-
phism to obtain the application provenance as opposed to comput-
ing the application provenance directly. The computer we used for
the experiments was a commodity PC which has 16GB of RAM,
256GB SSD, and runs an M1 processor.

In the experiments we used sparse graph databases to measure
the performance of our algorithms. Most real-world networks are
sparse, such as social, computer, and biological networks, as well as
transportation and citation networks, etc. The chosen databases 𝐺
were the Retweet network [5] from SNAP8, and the Yeast protein-to-
protein interaction network [19]. The Retweet network has 256,491
nodes and 328,132 edges, and the Yeast graph database has 2,361
nodes and 7,182 edges. We generated Σ-labels and tropical semiring
weights to the edges of these datasets as they were missing annota-
tions. The queries 𝑄 we used to generate product graphs were of
sizes 3 to 10, where the size counts the number of occurrences of
alphabet symbols in the query. As computing the product graph𝐺𝑄
is standard, we didn’t include this component in the times reported.
We considered the databases as single source, and each line in Fig-
ures 1 and 2 represent 10 different trials. For each trial we chose one
vertex in 𝐺 randomly as single source and computed the product
graph 𝐺𝑄 . The product graph size is the approximate average of
the ten trials; the other columns show the average running times
and average lengths of the resulting regular expressions.

Figure 1 shows the comparison of two methods running on the
Retweet network, and Figure 2 shows the experiment results for
the Yeast network. The product graph size ranges from 1,000 to
60,000 vertices for the Retweet network, and from 1,000 to 7,000
vertices for the Yeast network. The execution times of both methods
8http://snap.stanford.edu/data/index.html
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Figure 1: Experimental results for Retweet Network

Figure 2: Experimental results for Yeast Network

increase non-linearly as the product graph size grows, which is
expected since the complexity of the state elimination procedure
is exponential. For the Retweet network, we could not finish the
experiments with a product graph size of 70,000 and above because
of the limitation of hardware memory. As for the Yeast network,
because it is small, and contains a large number of disconnect nodes,
it was not possible to generate larger product graphs.

The experimental results show that computing the universal
provenance (regular expression) first does not cause significant
overhead compared to computing the tropical semiring weights
directly. This shows its potential usage in practical scenarios, where
different application provenances need to be computed based on
the same graph. We also observe that the size of the regular ex-
pressions generated from the node elimination procedure increases
significantly when the product graph size grows. This is however
an inherent problem due to the fact that the size of regular expres-
sions increase four times after each node is eliminated. In [21], the
authors have compared multiple node elimination heuristics, and
report regular expressions of exponential size already for small
automata (graphs).

Since we use the Yeast database, as did [23], it would be natu-
ral to compare their experimental results with ours. The problem
studied in [23] was the reachability problem and they performed
node elimination (among other experiments) to get the applica-
tion provenance of paths between two random nodes. Their results
show that the node elimination method is applicable on graphs
with low tree width graphs. The tree width of a graph measures
how far the graph is from being a tree. However, the experiments in
[23] might involve unnecessary state removals because not every
node is intermediate and relevant to the input pair of nodes. This
makes it difficult to directly compare our results with theirs. We
note however that the running times of our algorithms and the
ones in [23] are of the same order of magnitude.
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