1. Find the solutionsn of the system of congru-
ences x = 4(mod 6) and x = 13(mod 15).

Solution: Can you use the Chinese Re-
mainder Theorem directly 7 NO! This is
because 6 and 15 are not relatively prime.
We have to factorize these two numbers: 6 =
2x 3 and 15 = 3 x 5. So we get the following
system of congruences:

xr = 0(mod 2)
xr = 1(mod 3)
r = 3(mod 5)

M1:15,a1:();m1:2,y1:1

Mo =10,a9 =1, m9 =3, o =1

M3 =6,a3=3; m3=5y3=1

So the solution is:

r = a1 My +aoMoys +asMsys = 0+ 104
3 X 6(mod 30) = 28(mod 30).

2. Show that the system of congruences x =
ai(mod mi) and x = as(mod mo) has a
solution if and only if ged(my, m9)|(a; —a9).
Solution: —: From z = aq(mod mq)
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and z = as(mod mg) we have x = a +
smi1 = a9 + tmo for some integers s and
t. So ay — as = tmog — smy. Therefore,
ged(my, mo)|(ar — az).

<: From gcd(mqi,ms9)|(a; — ag) we have
a1 — ag = kged(mi,mg9) = ksmy + ktms.
S0 a1 — ksmi = a9 + ktmo = x. Therefore,
r = ai(mod my) and x = ag(mod my).

. Show that an inverse of a(mod m) does not
exist if ged(a,m) > 1.

Solution: Prove by contradiction. Sup-
pose the inverse exists and it is y such that
ay = 1(mod m). So ay — 1 = km for some
integer k. Rearranging 1 = ay — km. There-
fore, gcd(a, m)|1 and ged(a,m) > 1, a con-
tradiction.

. Show that ac = bc(mod m), where a, b, ¢
and m are integers with m > 2, does not
necessarily imply a = b(mod m).
Solution: Leta =3, b=1 ¢ = 2 and
m = 4, we have 3 X 2 = 1 x 2(mod 4) but
3 = 1(mod 4) is not true.
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[t is true only when ged(c, m) = 1.

1f a = b(mod m) and ¢ = d(mod m), then
we have a + ¢ = b + d(mod m) and ac =
bd(mod m). The following is also true:

a¥ = b¥(mod m) for positive integer k.
This is very useful.
.ar = b(mod m) for 1 < k < n, then

al+---+ap=by+ -+ bp(mod m)
ap X «++ X ap = by X -+ X by(mod m).



