1. Find a recurrence relation for the number of
strictly increasing sequences of positive inte-
gers that have 1 as their first term and n as
their last term where n is a positive integer.

Solution: Let s, be the number of such
sequences. A string ending in n must consist
of a string ending in something less than n,
followed by an n as the last term. Therefore
Sn = Sp—1 + Sp—9 + -+ S1.
The initial condition is s1 = 1.

2. Find a recurrence relation for the number of
bit strings of length n that contain a pair of
consecutive 0s.

Solution: The string can start with a 1
and be followed by a string containing a pair
of consecutive 0s.

1 00

The string can also start with 01 and be fol-
lowed by a string containing a pair of consec-
utive 0s.

01—-00




The string can also start with 00 and be fol-
lowed by any strings of length n — 2.

00 -
Therefore, we have a,, = @, 1+a,_o+

on=2
The initial conditions are: ag = a1 = 0.

. Find a recurrence relation for the number of
bit strings of length n that contain three con-
secutive 0s.

Solution: The string can start with a 1
and be followed by a string containing three
consecutive 0s.

1 000

The string can start with 01 and be followed
by a string containing three consecutive 0Os.

01——000

The string can start with 001 and be followed
by a string containing three consecutive 0Os.

001—000——-

The string can also start with 000 and be
followed by any strings of length n — 3.

000 -




Therefore, we have ap, = ap—1 + ap—o +
p—3 + on—s
The initial conditions are: ag = a; = a9 = 0.

. Find a recurrence relation for the number of
bit strings of length n that do not contain
three consecutive Os.

Solution: Let a;, be the number of such
strings. When the last bit is 1, the previous
n—1 bits do not contain three consecutive 0Os.
(ay,—1). When the string ends with 10, the
previous 1 — 2 bits do not contain three con-
secutive 0s. (ap—9). When the string ends
with 100, the previous n — 3 bits do not con-
tain three consecutive 0s. (ay,_3). Therefore,
we have ap = ap_1+ ap_9+ ap_3.

The initial conditions are: ag = 1, a1 = 2,
as = 4.

. Find a recurrence relation for the number ot

bit strings of length n that contain the string
O1.

Solution: Let a;, be the number of bit
strings of length n that contain 01. If we

3



want to construct such a string, we could
start with a 1 and follow it with a bit string
of length n — 1 that contains 01, and there
are a,_1 of these. Alternatively, for any k
from 1 to n — 1, we could start with k 0’s,
follow this by a 1, and then follow this by
any n — k — 1 bits. For such k£ there are
on—k=1 guch strings, since the final bits are
free. Soap = an_1+2V+2 - 42772 =
Gp—1 + on—1_ 1.

The initial conditions are: ag = a1 = 0.

. Find a recurrence relation for the number of
ternary strings that do not contain two con-
secutive 0s.

Solution: Let a;, be the number of such
strings. When the last bit is 1 or 2, the
previous n — 1 bits do not contain two con-
secutive 0s. (ap_1). When the string end
with 10 or 20, the previous n — 2 bits do
not contain two consecutive 0s. (a,_2). So,
ap = 20y_1 + 20, _9.

The initial conditions are: ag =1, a1 = 3.
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7. Solve the linear nonhomogeneous recurrence
relation: a, = 2a,,_1+3n2", for g = 1 and
n > 1.

Solution: a%h) = a2". The root of the
characteristic equation is 2.

agp) = (cn + b)n2™.

Substitute a?(lp ) — (en + b)n2"™ into the orig-
inal equation and collect terms containing n
on one side and other terms on the other side
to obtain: n(3 —2c) =b—c. Sob=c= %
The general solution is: a, = 2" + 3(n +
1)n2" 1. Now use the initial condition: ag =
1 to obtain @ = 1. Therefore ay, = [2 +
3n(n +1)]27 1.

8. Solve the following recurrence relation for n
is a power of 2. i.e. n = ok.
f(n) =8f(n/2) +n?.
forn > 1 and f(1) = 1.
Solution:

() = 85 (n/2) +
F(n) = 8f(n/2°) + 2n* + n?
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f(n) = 8f(n/2) + 2°n* + 2n* + n?

k=1 _;
> 2
1=0

f(n) =88 f(1) +n?



