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Abstract We introduce a skeletal graph for topological
3D shape representation using Morse theory. The proposed
skeletonization algorithm encodes a 3D shape into a topo-
logical Reeb graph using a normalized mixture distance
function. We also propose a novel graph matching algorithm
by comparing the relative shortest paths between the skele-
ton endpoints. Experimental results demonstrate the feasi-
bility of the proposed topological Reeb graph as a shape
signature for 3D object matching and retrieval.

Keywords Skeletal graph · Morse theory · Shortest path ·
3D matching and retrieval

1 Introduction

The importance of 3D shape recognition is increasing
rapidly in the field of computer graphics and multimedia
communication due to the difficulty in processing infor-
mation efficiently without its recognition. With the increas-
ing use of scanners to create 3D models which are usually
represented as triangle meshes in computer graphics and
geometric-aided design, shape recognition of 3D objects
has become an active research field with the recent devel-
opments in solid modeling and visualization [1]. These 3D
scanners are used extensively by the entertainment industry
in the production of movies and 3D games. Other common
applications of the 3D technology include health care, air-
port security, archaeology, manufacturing, and quality as-
surance. Nowadays, vast amounts of 3D models are being
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developed and are distributed freely or commercially on the
Internet. 3D objects consist of geometric and topological in-
formation, and their compact representation is an important
step toward a variety of computer vision applications, par-
ticularly matching and retrieval in a database of 3D models.
The first step in 3D object matching usually involves finding
a reliable shape descriptor or skeletal graph which will en-
code efficiently the 3D shape information. Skeletonization
aims at reducing the dimensionality of a 3D shape while
preserving its topology [1, 2].

Most 3D shape representation techniques proposed in
the literature of computer graphics and computer vision are
based on geometric and topological representations which
represent the features of an object [3–6]. For example, Sid-
diqi et al. [5] introduced a shock detection approach based
on singularity theory to generate a skeletal shape model.
Also, Siddiqi et al. [7] recently proposed a directed acyclic
graph representation for 3D retrieval using medial surfaces.
This approach uses the geometric information associated
with each graph node along with an eigenvalue labeling of
the adjacency matrix of the subgraph rooted at that node.
Damon [8] presented an elegant algorithm for decomposing
the medial axis into irreducible medial components which
are attached to each other along fin curves. The mathe-
matical and algorithmic aspects of medial representations
are further explored in [9]. Cornea et al. [10] devised a
3D matching framework for 3D volumetric objects using a
many-to-many matching algorithm. This algorithm is based
on establishing correspondences among two skeletal repre-
sentations via distribution-based matching in metric spaces.
Hassouna et al. [11] proposed a level set based framework
for robust centerline extraction of 2D shapes and 3D volu-
metric objects. This approach is based on the gradient vector
flow and uses a wave propagation technique, which identi-
fies the curve skeletons as the wave points of maximum pos-
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itive curvatures. Tagliasacchi et al. [12] introduced a curve
skeleton extraction algorithm from imperfect point clouds.
A major drawback of curve skeletons is that they cannot cap-
ture general shape features, such as surface ridges, and are
essentially restricted to objects which resemble connected
tubular forms.

An alternative to feature-based representations is global
methods, which represent a 3D object by a global measure or
shape distribution defined on the surface of the object [13–
15]. Ankerst et al. [13] uses shape histograms to analyze the
similarity of 3D molecular surfaces. These histograms are
built from uniformly distributed surface points taken from
the molecular surfaces, and are defined on concentric shells
and sectors around the centroid of the surface. Osada et
al. [14] proposed a global approach for computing shape sig-
natures of arbitrary 3D models. The key idea is to represent
an object by a global histogram based on the Euclidean dis-
tance defined on the surface of an object. Kazhdan et al. [15]
proposed a rotation invariant spherical harmonic represen-
tation that transforms rotation dependent shape descriptors
into rotation independent ones. Chen et al. [16] presented a
lightfield descriptor for 3D object retrieval by comparing ten
silhouettes of the 3D shape obtained from ten viewing an-
gles distributed uniformly on the viewing enclosing sphere.
The dissimilarity of two shapes is computed as the mini-
mal distance obtained by rotating the viewing sphere of one
lightfield descriptor relative to the other lightfield descriptor.
The computation of this descriptor is, however, significantly
time consuming compared to spherical harmonics [17].

The proposed approach aims at representing 3D objects
with topological coding. Topology represents the connected-
ness of a shape and enables parts of shapes, which are con-
nected, to be mapped and drawn equivalently. One of the key
mathematical tools used to study the topology of spaces is
Morse theory which is the study of the relationship between
functions on a space and the shape of the space. Morse stud-
ies the properties of a Morse function which has only non-
degenerate singular points [1], and it describes the topology
changes of the level sets of this function at those singular-
ities. Regular or noncritical points do not affect the num-
ber or genus of the components of the level sets. It can be
shown that Morse functions are dense and stable in the set of
all smooth functions, that is the structure of nondegenerate
singularities does not change under small perturbations [1].
A Morse theoretic representation that captures topological
properties of objects is the so-called Reeb graph represen-
tation proposed in [3]. The vertices of the Reeb graph are
the singular points of a Morse function defined on the sur-
face of a 3D object [1, 3]. The height function-based ap-
proach may lead to the extraction of an unbounded num-
ber of critical points, except in the case of triangle meshes
where the number of critical points is bounded by the num-
ber of mesh vertices. This limitation has been addressed in

[18] by introducing a fair Morse function that produces the
least possible number of critical points. Since the level sets
of the height function are horizontal planes perpendicular to
the height axis, the weakness of such Reeb graphs is that
they are not invariant to rotation. Lazarus et al. [4] used the
geodesic distance from a manually chosen source point as
a Morse function to compute their extracted graphs which
they referred to as level set diagrams. Hilaga et al. [6] used
the geodesic distance from point to point on a surface to
overcome the problem of automatic extraction of the source
point. The geodesic integral is, however, computed using a
selected (typically small) random subset of points on the sur-
face, which may lead to inaccuracies in terms of effectively
capturing the topological structure of the surface. Moreover,
another disadvantage of using the geodesic distance is its
sensitivity to topological changes. That is, modifying the
shape connectivity may significantly alter the shortest paths
between feature points, resulting in significant changes of
the geodesic distance. Tierny et al. [19] presented a struc-
tural oriented Reeb graph based method for partial 3D shape
retrieval. Partial similarity between two shapes is then evalu-
ated by computing a variant of their maximum common sub-
graph. Gebal et al. [20] proposed a surface signature based
on the heat kernel and applied it to mesh skeletonization
and segmentation. Aouada et al. [21] proposed a topologi-
cal Reeb graph skeleton using an intrinsic global geodesic
function defined on the surface of a 3D object. This ap-
proach decomposes a shape into primitives, and then a de-
tailed geometric information is added by tracking the evolu-
tion of Morse’s function level curves along each primitive.
A detailed overview of the mathematical properties of Reeb
graphs and their applications to shape analysis is presented
in [22]. Pascucci et al. [23] introduced a robust method for
fast Reeb graph computation that is able to handle nonman-
ifold meshes. Also, Patane et al. [24] proposed an efficient
Reeb graph computation algorithm by studying the evolu-
tion of the level sets only at the saddle points of a Morse
function. More recently, Reuter [25] introduced a Morse-
theoretic method for shape segmentation and registration us-
ing the topological features of Laplace–Beltrami eigenfunc-
tions. These eigenfunctions are computed with a cubic finite
element method on triangular meshes. Moreover, the level
curves of the first eigenfunction may be used to extract the
skeletal Reeb graph of a 3D mesh.

In this paper, we propose an invariant skeletal Reeb graph
for 3D object representation using a normalized mixture dis-
tance function. A preliminary work on this approach was
presented in [26]. The key idea is to identify and encode
regions of topological interest of a 3D object in the Morse-
theoretic framework [27, 28]. The main motivation behind
using the distance function is it rotational invariance, which
makes it more adapted to object recognition than the Morse
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height function. Using this skeletal graph as a shape signa-
ture, we also extend to 3D the idea of path similarity skele-
ton graph matching by comparing the relative shortest paths
between the skeleton endpoints.

The rest of this paper is organized as follows. The next
section briefly describes the basic concepts of Morse theory,
followed by a short description of the Reeb graph represen-
tation for 3D topological modeling. In Sect. 3, we propose
a normalized mixture distance function-based approach to
construct invariant skeletal Reeb graphs of 3D objects. Sec-
tion 4 introduces a 3D extension of the idea of path sim-
ilarity skeleton graph matching by comparing the relative
shortest paths between the skeleton endpoints. In Sect. 5,
we present experimental results for topological coding us-
ing the mixture distance function-based skeletal graph, and
show its robustness to noise, mesh decimation, and invari-
ance to rigid motion transformations. Then we demonstrate
the feasibility of the proposed skeletal Reeb graph as a shape
signature for 3D object matching and retrieval. And finally,
in Sect. 6, we summarize our results and point out future
directions.

2 Morse theory for topological modeling

In computer graphics and geometric-aided design, 3D
objects are usually represented as polygonal or triangle
meshes. A triangle mesh M is usually denoted by M =
(V , T ), where V = {p1, . . . ,pm} is the set of vertices and
T = {t1, . . . , tn} is the set of triangles. Two distinct ver-
tices pi ,pj ∈ V are adjacent (denoted by pi �� pj ) if they
are connected by an edge. The neighborhood of a ver-
tex pi is the set p�

i = {pj ∈ V : pi �� pj } as shown in
Fig. 1. We define the area of a vertex pi as area(pi ) =
∑

tj ∈T (v�
i )

area(tj ), where T (p�
i ) is the set of triangles of

the vertex neighborhood. Consider a triangle tj with sides
of lengths a, b, and c. Then, according to Heron’s formula,
area(tj ) is equal to

1

4

√(
a + (b + c)

)(
a + (b − c)

)(
c + (a − b)

)(
c − (a − b)

)
,

(1)

where these lengths are arranged such that a ≥ b ≥ c.
Morse theory explains the presence and the stability of

singular points in terms of the topology of the underly-
ing smooth manifold. Topology is the study of the “shape”
of curves and surfaces [29, 30], while geometry deter-
mines where, in a given coordinate system, each part is
located [30]. The basic principle is that the topology of a
manifold is very closely related to the singular points of a
smooth function defined on that manifold [27]. A smooth
function f : M → R on a smooth manifold M is called

Fig. 1 Illustration of a vertex neighborhood p�
i

Fig. 2 Evolution of Ma as a changes

a Morse function if all its singular points are nondegener-
ate, i.e., the Hessian matrix is nonsingular at every singular
point. A point p is called a regular point of f if the dif-
ferential df : TpM → R is surjective, that is, the Jacobian
matrix (3 × 1 in the case of a 2-manifold) has rank equal to
dim(R) = 1, where TpM is the tangent plane to M at p. Oth-
erwise, the point p is called a critical point. Nondegenerate
singularities are isolated, that is, there cannot be a sequence
of nondegenerate singularities converging to a nondegener-
ate singularity p ∈ M. A level set f −1(a) of f at a value
a may be composed of one or many connected components.
Morse deformation lemma states that if no critical points ex-
ist between two level sets of f , then the two level sets are
topologically equivalent and can be deformed onto one an-
other [1]. In particular, they consist of the same number of
connected components. Furthermore, Morse theory implies
that topological changes on the level sets occur only at crit-
ical points. This property can be illustrated by considering
the subsurface Ma consisting of all points at which f takes
values less than or equal to a real number a

Ma = {
p ∈ M : f (p) ≤ a

}
. (2)

Figure 2 shows the evolution of the subsurface Ma as a

changes, when f is a height function. If a < minp∈M{f (p)},
then Ma = ∅. And as we increase the parameter a, the sub-
surface Ma changes until it covers the entire surface M. We
may think of the height function f : M → R as dipping a
doughnut into a cup of chocolate cream.

An interesting concept related to Morse theory and very
useful to analyze a surface topology is the Reeb graph.
The latter is defined as a quotient space M/∼ with the
equivalence relation given by p ∼ q if and only if f (p) =
f (q) and p,q belong to the same connected component
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of f −1(f (p)). An equivalence class is defined as [p] =
{q ∈ M : p ∼ q}. Intuitively, M/∼ is a space created by tak-
ing the space M and gluing p to any q that satisfies q ∼ p.
The classes [p] are the connected components for the Reeb
graph, and being in the same component is an equivalence
relation:

q ∼ p ⇐⇒ f (q) = f (p) and p,q ∈ C, (3)

where C denotes the connected component of f −1(f (p)).
In the next section, we propose a normalized mixture dis-

tance function based approach for topology coding of 3D
shapes.

3 Proposed Reeb graph approach

The concept of distance is of paramount importance to
topology, with the actual numeric values being of less im-
portance. In fact, topologists often use a distance function,
but the attributed numerical values have only secondary
meaning. To illustrate this, suppose we are given an object
in the ordinary 3D space, and a point outside the object,
and the question is: does the object come arbitrarily close
to this reference point? this may be stated as: is the point a
boundary point of the object? “Arbitrarily close” means that
if one imagines a ball around the reference point, then the
ball contains some points belonging to the object no matter
how small the ball is.

Denote by V = (p1 p2 . . . pm)T the m × 3 mesh vertex
matrix having as rows the coordinates of the mesh vertices

V =

⎛

⎜
⎜
⎜
⎝

x1 y1 z1

x2 y2 z2
...

...
...

xm ym zm

⎞

⎟
⎟
⎟
⎠

∈ R
m×3, (4)

where pi = (xi, yi, zi)
T ∈ V .

Let c = (x̄, ȳ, z̄)T be the centroid of the triangle mesh,
that is c is the center of the minimal enclosing sphere of the
mesh vertices V . We define the m×3 centered vertex matrix
as

Vc = (p1 − c p2 − c . . . pm − c)T

=

⎛

⎜
⎜
⎜
⎝

x1 − x̄ y1 − ȳ z1 − z̄

x2 − x̄ y2 − ȳ z2 − z̄
...

...
...

xm − x̄ ym − ȳ zm − z̄

⎞

⎟
⎟
⎟
⎠

. (5)

The Euclidean distance function of M to c is defined as

deuc
c : M → R such that deuc

c (p) = ‖p − c‖2, (6)

Fig. 3 Level sets of the a Euclidean and b affine invariant distances

and it can be easily shown that it is rotation and translation
invariant.

Let A = m(V T
c Vc)

−1, we define the affine distance func-
tion as follows:

daff
c : M → R

such that daff
c (p) = ‖p − c‖2

A = (p − c)TA(p − c), (7)

and it can be shown that it is invariant to affine transforma-
tions [31]. It is worth pointing out that A is the covariance
matrix of the surface points about their centroid. Thus, the
affine distance reduces to the Mahalanobis distance with re-
spect to this matrix. In addition, the matrix A is always well
defined for nondegenerate 3D shapes (i.e., when M is not a
point or a plane).

The level sets of the Euclidean and affine invariant dis-
tances are illustrated in Fig. 3.

3.1 Mixture distance function

We define the mixture distance function as a convex combi-
nation of the Euclidean and the affine distance functions:

dc : M → R

such that dc(p) = λ‖p − c‖2 + (1 − λ)‖p − c‖2
A, (8)

where λ ∈ (0,1) is a mixture parameter that needs to be es-
timated or chosen a priori. From the invariance properties
of the Euclidean and affine distance functions, it is easy to
verify that the mixture distance function is invariant to or-
thogonal and translation transformations.

3.2 Morse-theoretic analysis of the mixture distance
function

A surface M may be defined locally in parametric form by
a Monge patch r : M → R such that the neighborhood of
each point p = r(x, y) ∈ M may be defined as a graph of
a function u : Ω ⊂ R

2 → R. In other words, there exists
(x, y) ∈ Ω such that p = r(x, y) = (x, y,u(x, y)). Hence,
the mixture distance function may be expressed as

dc

(
r(x, y)

) = λ
∥
∥r(x, y)−c

∥
∥2 + (1−λ)

∥
∥r(x, y)−c

∥
∥2

A
. (9)
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Taking the derivatives of dc with respect to x and y, the first
partial derivatives are given by dx = rT

xBλ(r − c) and dy =
rT

yBλ(r − c), where Bλ = λI3 + (1 − λ)(A + AT), and I3

is the 3 × 3 identity matrix. Thus, dc has a critical point at
p = r(x, y) if and only if Bλ(p − c) is orthogonal to M

at p, or equivalently c − r(x, y) is parallel to the surface
normal N . Therefore,

c = p + αB−1
λ N = r(x, y) + αB−1

λ N , (10)

where α is a constant.
On the other hand, the second-order partial derivatives of

dc at a critical point are given by

dxx = rT
x Bλrx + rT

xxBλ(r − c) = rT
x Bλrx − αrT

xx N ,

dyy = rT
y Bλry + rT

yyBλ(r − c) = rT
y Bλry − αrT

yy N,

dxy = rT
x Bλry + rT

xyBλ(r − c)) = rT
x Bλry − αrT

xy N .

Hence, the Hessian matrix is given by ∇2d = I − αII ,
where I and II denote the first and second fundamental
forms [30] with respect to the orthogonal basis {√Bλrx,√

Bλry}.
A degenerate critical point of the mixture distance func-

tion satisfies det(∇2dc) = 0 if and only if

det
(∇2dc

) = 1/α2 = κ1κ2, (11)

where κ1 and κ2 are the principal curvatures [30]. A point
p ∈ M is therefore a degenerate critical point of the mix-
ture distance function dc if and only if c is a focal point of
(M,p), that is, c = p + κ−1

1 N or c = p + κ−1
2 N . If c is the

origin of the coordinate system, then it is clear that c is not a
focal point and hence dc has no degenerate critical points. In
addition, the Morse index of a nondegenerate critical point
of the mixture distance function dc is equal to the number of
focal points of (M,p) which lie on the segment from p to c.
This can be shown using the Hessian matrix ∇2dc since the
number of its negative eigenvalues is equal to the number
of eigenvalues of the second fundamental form matrix II

(assuming that the first fundamental form I is the identity
matrix) which are ≥ 1/α.

3.3 Properties of the mixture distance function

For simplicity, we consider the centroid c of the surface M

to be the origin of the Euclidean coordinate system. Hence,
the mixture distance function becomes

d(p) = λ‖p‖2 + (1 − λ)‖p‖2
A. (12)

Note that for � > 0, the level sets {p ∈ M : d(p) = �} of
the mixture distance function are concentric convex combi-
nation of quadrics. The key idea behind using the mixture
distance function is to track the changes in topology as we

cross a surface singularity. In the first step, we start with a
convex combination of quadrics having a sufficiently small
level value �, and centered as the barycenter of the under-
lying surface, then we evolve this convex combination of
quadrics by increasing the level value so that we will have
a set of concentric convex combination of quadrics cover-
ing the entire surface. The most important properties of the
mixture distance function are:

(i) The level sets {p ∈ M : d(p) = �} of the distance func-
tion are concentric convex combination of quadrics.

(ii) A 3D object can be reconstructed if we know its inter-
sections with these concentric convex combination of
quadrics.

(iii) The mixture distance function is rotation and transla-
tion invariant and can be easily normalized to achieve
scale invariance as shown next.

3.4 Normalized mixture distance function

We define the normalized mixture distance function as

d̃(p) = d(p) − dmin

dmax − dmin
, ∀p ∈ V , (13)

where dmin = mind(p) and dmax = maxd(p).
It can easily be shown that the normalized mixture dis-

tance function is scale-invariant, that is, d̃(sp) = d̃(p),
where s ∈ R. Even with the normalized form, calculating the
mixture distance function for a given surface point is simple
and computationally inexpensive.

3.5 Proposed skeletonization algorithm

The main algorithmic steps of the mixture distance-based
Reeb graph are described in Algorithm 1. In Fig. 4, the work
flow of the proposed skeletonization algorithm is shown
at selected steps to illustrate the skeletal graph extraction,
where the VerticesSet and NodeSet are marked as green and
red points, respectively.

The complexity of the proposed skeletonization algo-
rithm can be determined as follows. Computing the centroid
and the normalized mixture distance function for a 3D tri-
angle mesh with m vertices takes O(m) time. Construct-
ing the nodes and edges of the skeletal graph requires cal-
culating the connected component of triangles, and hence
also takes O(m) time. The overall complexity is, therefore,
O(m), which shows an improvement over geodesic function
based Reeb graphs with complexity O(m logm). This com-
putational cost can be further improved [6] using Patane et
al.’s Reeb-graph extraction algorithm [24], which has a com-
putational complexity of O(sm), where s is the number of
saddle points of the underlying Morse function. Thus, a con-
siderable computational improvement is expected when s <

logm.
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Algorithm 1 Proposed skeletonization approach
1: Find the centroid of c of the 3D mesh M = (V , T )

2: Find the maximum distance dmax = maxdc(p), ∀p ∈ V
3: for (k = 1 to R)
4: d(k) = k ∗ dmax/R; ⇐ R is the resolution parameter
5: VerticesSetp[0,1] = setIntersect(M,1); ⇐ Find vertices

subset of M from c to d(1)

6: NodeSetp = centroid(VerticesSetp[0,1](n)); ⇐ Assign
a node to each connected component at its centroid

7: Connect c and NodeSetp
8: for k = 2 to R do
9: VerticesSetc[k − 1, k] = setIntersect(M, k − 1, k);

⇐ Find intersection of M from distance d(k − 1)

to d(k)

10: for each component VerticesSetc [k − 1, k](n) do
11: NodeSetc = centroid(VerticesSetc [k − 1, k](n))
12: for each connected portion do
13: Connect NodeSetc and NodeSetp
14: end for
15: end for
16: NodeSetp = NodeSetc
17: VerticesSetp = VerticesSetc
18: end for

It is important to understand how the mixture distance
function relates to topology and Morse theory. The intersec-
tion of a 3D object with a growing convex combination of
quadrics results in connected components on the object sur-
face (see Fig. 5(a)). The critical points of the surface, which
define its topology, correspond to distance levels, at which
there is a change in number of connected components (see
Fig. 5(b)). This change in the number of connected compo-
nents reflects the changes in topology of a 3D shape, partic-
ularly, branching and merging or holes within as shown in
Fig. 5(b).

4 Reeb graph matching

In this section, we extend to 3D the idea of path similarity
skeleton graph matching by comparing the relative shortest
paths between the skeleton endpoints [32]. Bai et al. [32]
algorithm uses the similarity of the shortest paths between
each pair of skeleton endpoints to establish a correspon-
dence relation of the endpoints in different graphs. These
shortest path-based methods, however, were essentially pro-
posed to tackle the problem of 2D shape matching. Our pro-
posed approach, which only considers the shortest skele-
tal paths between skeleton endpoints, is focused on skeletal
graph matching for 3D objects. The proposed skeleton graph
matching is based on the dissimilarity of the shortest paths
between the endpoints of the skeletal Reeb graph. A skele-
ton endpoint refers to the skeleton node that is connected

Fig. 4 Mixture distance-based Reeb graph extraction at various steps
k = 1, . . . ,13

Fig. 5 a Connected components and b skeletal graph of a double torus

by only one edge as shown in Fig. 6. It is worth pointing
out that endpoints are the salient points of the skeleton and
can be seen as visual parts of the original 3D shape [32]. In
the same vein as [32], considering only the shortest skele-
tal paths between endpoints would help avoid the instability
problem of the skeleton junction points (i.e., points having
three or more adjacent points) and also to make our pro-
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Fig. 6 The 3D cow’s Reeb graph and its skeleton endpoints (red color)

posed method more robust to shape deformation. The short-
est path between each endpoint and all other endpoints of
the skeleton provides an important endpoint feature that will
be incorporated into our matching dissimilarity measure.

Our proposed skeleton graph matching approach is based
on the assumption that similar skeletons have a similar struc-
ture of their endpoints. It is common that the skeletons of
similar 3D shapes may have different structures of junction
nodes. Similar to [32], one of the major advantages of the
proposed method is that it does not require that the graphs
be converted to trees prior to finding the correspondence, as
this conversion may result in the loss of important structural
information and, consequently, negatively influence the 3D
object recognition result.

In contrast to existing methods for skeleton matching, our
proposed approach focuses on the dissimilarity between the
shortest paths connecting the skeleton endpoints. We use the
shortest paths between endpoints to establish a correspon-
dence relation of the endpoints in different skeletal Reeb
graphs. It is worth noting that the idea of using of shortest
paths in skeletal graph matching and classification has been
previously explored in the literature. For example, Demirci
et al. [33] proposed transforming the graphs into points
in a low-dimensional geometric space using low-distortion
graph embedding techniques. Each point in the embedding
space corresponds to a node in the original graphs. The dis-
tance in the embedding space reflects the shortest-path dis-
tance in the original graphs in order to keep topological re-
lations. Ling et al. [34] proposed using the inner-distance
to build shape descriptors that are robust to articulation and
capture part structure. The inner-distance is defined as the
length of the shortest path between landmark points within
the shape silhouette.

After generating the 3D shape skeleton, our next step is
to develop a robust approach for skeletal graph matching. To
this end, we match any two Reeb graphs by establishing a
correspondence of their endpoints. Then we apply a pruning
algorithm [35] to remove non-salient nodes from the skele-
ton graph. The proposed matching method consists of two

main steps. The first step, which we refer to as indexing, re-
duces the number of skeletons to be compared with. In the
second step, we match the Reeb graphs by applying a dis-
similarity measure to retrieve the closest 3D model. These
two steps are explained in more detail in the following sub-
sections.

4.1 Indexing

A linear search through a database of 3D models is ineffi-
cient for large databases, as it requires comparing the query
object to each model in the database and selecting the clos-
est one [7]. Therefore, the goal is to apply an efficient in-
dexing mechanism to narrow the search scoop in a small
set of objects that are most probably similar to the query ob-
ject. Using our skeletonization algorithm, we may formulate
the indexing problem as finding skeletons whose topologi-
cal structures are similar to the query skeleton. It is impor-
tant to note that similar shapes will have the same skeleton
even if they are subject to some deformation or transforma-
tion. Moreover, these skeletons will have the same number
of endpoints.

Thus, in our indexing mechanism we use the number of
skeleton endpoints as the base for indexing, with an error
rate of 2 or 3 nodes, meaning that for two skeletons to be in
the same index group they should have the same number of
endpoints. However, due to noise there might be a difference
of 1 or 2 nodes at most, as a result of the pruning process.

4.2 Endpoints correspondence

After applying the indexing mechanism, the next step is to
match the skeletons. Our proposed matching method consid-
ers both topological and geometrical features of the matched
3D models. We assign to each endpoint in the Reeb graph
(query or model) some features that may help identify the
closet endpoint in the other skeletal graph. Thus, our skele-
ton graph matching problem may be reduced to finding the
best correspondence between the endpoints in the query and
the endpoints in the model. This can be achieved by mini-
mum weight matching of the two sets of endpoints. A dis-
similarity measure between the set of endpoints in both
query and model skeletons is used. Therefore, the matching
problem aims at finding the best correspondence between
the query skeleton endpoints and the database skeletons end-
points. Two endpoints are said to be in close correspondence
if the dissimilarity measure between their endpoints has a
smaller value. In other words, the matching problem is now
reduced to finding the maximum correspondence, minimum
weight matching of the two sets of endpoints. The endpoints
correspondence process is shown in Algorithm 2.
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Algorithm 2 Endpoints correspondence

Let E = (vi )i=1,...,n1 and Ẽ = (ṽj )j=1,...,n2 be two sets of
endpoints.
For each endpoint vi ∈ E:

1: Compute a dissimilarity measure between vi and all the
nodes in Ẽ

2: Find the node ṽj with the minimum dissimilarity and
assign its correspondence to vi

3: Delete vi and ṽj from the list of nodes in E and Ẽ,
respectively

Repeat steps 1–3 for all nodes in E until one of the node sets
E or Ẽ is empty

4.3 Matching endpoints using skeleton paths

4.3.1 Endpoint features

When generating the skeletal Reeb graph of a 3D shape, we
assign three features to each endpoint of the skeleton. The
first feature is the relative node area, which is equal to the
area of the neighboring triangles of the endpoint divided by
the total area of the 3D model. This feature provides impor-
tant information about the endpoint as sometimes the skele-
tons of two models may look similar, albeit their shapes are
completely different. Thus, adding this feature to an end-
point will help discriminate between endpoints based on the
original 3D shape and not just its skeleton. The reason be-
hind using the relative area is due to its invariance to scaling.
The second feature assigned to an endpoint is the relative
node path, which is equal to the sum of shortest path dis-
tances from each endpoint to all other endpoints of the skele-
ton (see Fig. 7(b)) divided by the sum of the shorted paths
from the mesh centroid (root node) to each endpoint. And
the third feature is the relative centroid path, which is the
shortest path distance from the mesh centroid to each end-
point (see Fig. 8), divided by the sum of the shortest paths
from the mesh centroid to all endpoints.

4.3.2 Endpoints dissimilarity

Let M and M̃ be two 3D objects with skeletal Reeb graphs
G and G̃, respectively. And denote by E = (vi )i=1,...,n1 and
Ẽ = (ṽj )j=1,...,n2 the skeleton endpoints sets of G and G̃,
respectively. We define the dissimilarity measure between
two endpoints vi and ṽj as follows:

Φ(vi , ṽj ) = [
(ai − ãj )

2 + (dvi −d ṽj )
2 + (dci −d c̃j )

2]1/2
,

(14)

where

• ai and ãj are the relative node areas of vi and ṽj

Fig. 7 a Camel’s Reeb graph. b Shortest paths between pairs of end-
points on the skeleton

• dvi = ∑n1
k=1 dist(vi ,vk)/

∑n1
k=1 dist(c,vk) and d ṽj =

∑n2
k=1 dist(ṽj , ṽk)/

∑n2
k=1 dist(c̃, ṽk) are the relative node

paths of vi and ṽj

• dci = dist(c,vi )/
∑n1

k=1 dist(c,vk) and d c̃j = dist(c̃, ṽj )/∑n2
k=1 dist(c̃, ṽk) are the relative centroid paths of vi

and ṽj

• c and c̃ are the centroids of M and M̃, respectively
• dist(· , ·) denotes the Dijkstra’s shortest path distance

Therefore, the dissimilarity between two skeletal Reeb
graphs may be defined as:

D(G, G̃) =
n1∑

i=1

n2∑

j=1

Φ(vi , ṽj ). (15)

The main algorithmic steps of the proposed graph match-
ing approach are described in more details in Algorithm 3.

It is important to point out that our matching algorithm is
largely motivated by [32]. However, a significant difference
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Fig. 8 Shortest paths between the mesh centroid and an endpoint on
the skeleton

Algorithm 3 Proposed graph matching approach

Given two 3D objects M and M̃

1: Generate the skeletal Reeb graphs G and G̃ of M

and M̃, respectively
2: Apply graph pruning to remove non-salient nodes
3: Find the skeleton endpoints sets E = (vi )i=1,...,n1 and

Ẽ = (ṽj )j=1,...,n2 of G and G̃, respectively
4: for all endpoints (vi ) and (ṽj ) do
5: Compute the relative node areas ai and ãj of vi

and ṽj , respectively
6: Compute the relative node paths dvi and d ṽj

7: Compute the relative centroid paths dci and d c̃j

8: end for
9: Apply Algorithm 2 to find the correspondence between

G and G̃

10: Compute the dissimilarity D(G, G̃) given by (15)

with our algorithm is the novel choice of features that we
assigned to the skeleton endpoints as well as the dissimilar-
ity measure between these endpoints. More precisely, steps
4-to-10 of Algorithm 3 show a major difference between our
proposed approach and Bai et al.’s algorithm [32].

Let � denote the number of skeleton endpoints. Using
Patane et al.’s Reeb-graph extraction algorithm [24], the
computational complexity of our approach may be reduced
to O(sm + �2) when s < logm. In addition, the number of
skeleton endpoints � is relatively small.

Fig. 9 Skeletal graphs using affine and mixture distance functions

Fig. 10 Mixture distance-based Reeb graphs of different 3D models

5 Experimental results

The results of the proposed Reeb graph path dissimilarity
method are presented in this section. We start by present-
ing examples of mixture distance-based Reeb graphs for 3D
shapes using the proposed skeletonization algorithm. In all
the experimental results, we used a data-dependent mixture
distance parameter λ given by:

λ = max
(‖pi‖2/

(‖pi‖2 + ‖pi‖2
A

))
.

In other words, the value of λ is computed automatically
from all the vertices of the 3D shape. Also, the resolution
parameter R was set to R = 22. To justify the purpose of in-
troducing a weighted distance, Fig. 9 shows the skeletoniza-
tion results using the affine and mixture distance. As can be
seen, the mixture distance function-based approach provides
more accurate results while preserving topology.

Using the skeletonization algorithm described in Sect. 3,
we constructed the Reeb graphs of several 3D models as
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shown in Fig. 10. The results clearly indicate the robustness
of the proposed of the skeletonization algorithm in extract-
ing skeletal Reeb graphs of 3D objects.

Next, we show the robustness of the proposed skeletal
graph to noise and to mesh decimation as well as its invari-
ance to Euclidean transformations.

5.1 Robustness to noise

To test the performance of the proposed skeletonization al-
gorithm in the presence of noise, we generated the noisy
3D model by adding artificial noise to each coordinate of
the mesh vertices according to the noise model given by
p̄i = pi + σN , where pi and p̄i are the original and noisy
mesh vertices, respectively, N is a Gaussian noise process
with zero mean and unit variance, and σ is a variable pa-
rameter that specifies the amount of noise to be added and
it is usually chosen experimentally. For the noisy double

Fig. 11 a Noisy double torus and its b mixture distance-based Reeb
graph

torus shown in Fig. 11(a), we used a value of σ equal to
σ = 3.5 min(max(‖pi − pj‖)), ∀i, j = 1, . . . ,m.

Figure 11(b) depicts the extracted mixture distance-based
Reeb graph using the proposed algorithm, and it evidently
shows a good preservation of the mesh topological struc-
ture. The result is very similar to what one would expect in
the case of the skeleton graph of the noise-free double torus
shown in Fig. 5(b).

5.2 Robustness to mesh decimation

The goal of mesh decimation is to reduce the total num-
ber of mesh faces while closely approximating the original
surface. The original model shown in Fig. 12(a) contains
25,600 triangles. The two decimated heart meshes shown
in Figs. 12(b) and 12(c) contain 6400 and 1600 triangular
faces, respectively. Note that the skeletal Reeb graphs of the
decimated meshes are excellent approximations of the orig-
inal model graph.

Fig. 12 Mixture distance-based Reeb graph under mesh decimation

Table 1 Matching results using
proposed Reeb graph path
dissimilarity (RGPD). Each
object in the database is
matched against all the other
objects in the database. Each
cell shows the dissimilarity
measure between two objects
selected from the database. The
smallest value corresponds to
the correct match
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5.3 Invariance to rotation, translation, and scaling

Figures 13(a) and 13(b) show that rotating a 3D spider
model, prior to the construction of the skeletal graph,
does not change the critical points of the mixture distance
function. Their corresponding mixture distance-based Reeb
graphs are identical. Moreover, by introducing the normal-
ized mixture distance function, we guarantee that different
dimensions of the same object are modeled with the same
skeletal graph. Figure 13(c) shows the skeletal graph of the
3D spider model scaled by a factor of 2 but at the same
resolution as Fig. 13(a).

5.4 Matching and retrieval results

We tested the performance of the proposed matching algo-
rithm using the McGill Shape Benchmark [36]. This pub-
licly available benchmark database provides a 3D shape
repository, which contains 255 objects that are divided
into ten categories, namely, “Ants,” “Crabs,” “Spectacles,”
“Hands,” “Humans,” “Octopuses,” “Pliers,” “Snakes,” “Spi-
ders,” and “Teddy Bears.” Sample models from this database
are shown in Fig. 14.

Fig. 13 Illustration of skeletal Reeb graph invariance to rotation and
scaling

The McGill’s database objects are represented by voxel
grids as well as by triangle meshes. Table 1 shows that the
proposed approach yields correct matching results, where a
low value (displayed in boldface for emphasis) of the dis-

Table 2 Retrieval results using the McGill Shape Benchmark. The
query shapes are shown in the second row. The top ten retrieved ob-
jects (top-to-bottom) using spherical harmonics (SH) and our pro-
posed Reeb graph path dissimilarity (RGPD) are shown in rows 5 to 14

Fig. 14 Sample shapes from
McGill Articulated Shape
Database. Only two shapes for
each of the 10 classes are shown
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similarity measure indicates that the objects are more simi-
lar.

We also compared our approach with spherical harmon-
ics (SH) [15] and medial surfaces (MS) [7]. The results
show that our method achieve better retrieval results than the
spherical harmonic approach as shown in Table 2, where the
top ten retrieved 3D objects are displayed (top-to-bottom).

As can be seen in Table 2, the proposed approach returns
correct results whereas the spherical harmonics method
yields poor retrieval results (columns 2, 4, and 6).

To carry out comparison experiments on the entire bench-
mark of articulated 3D objects, we evaluated the retrieval
performance of the proposed approach using the standard
information retrieval evaluation measure of precision versus

Fig. 15 Precision vs. Recall
curves for spherical harmonics,
medial surfaces and proposed
approach using the McGill
Shape Benchmark [36]

Table 3 Retrieval results using
the Princeton Shape Benchmark.
The query shapes are shown in
the second row. The top five
retrieved objects (top-to-bottom)
using spherical harmonics (SH)
and our proposed Reeb graph
path dissimilarity (RGPD) are
shown in rows 5 to 9
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recall curve, where

precision = No. relevant objects retrieved

Total No. objects retrieved

and

recall = No. relevant objects retrieved

Total No. relevant objects in the collection
.

A precision-recall curve that is shifted upward and to
the right indicates superior performance. It is evident from
Fig. 15 that our method significantly outperforms spherical
harmonics and medial surfaces.

Finally, we tested the performance of the proposed algo-
rithm on the Princeton Shape Benchmark [37]. As can be
seen in Table 3, the proposed approach shows superior per-
formance over spherical harmonics, where the top five re-
trieved 3D objects are displayed (top-to-bottom).

6 Conclusions

In this paper, we presented a normalized mixture distance
function-based approach to topological modeling of 3D ob-
jects in the Morse-theoretic framework. The proposed algo-
rithm preserves well the topology of 3D shapes, and it is
robust, accurate, and has a low computational complexity.
The main attractive properties of the proposed approach are:
invariance to rotation, translation, and scaling; and robust-
ness to noise and mesh decimation. The experimental results
on 3D shape benchmark databases indicate the feasibility of
the proposed approach and a much better performance com-
pared to spherical harmonics and medial surfaces. Our ongo-
ing research efforts are currently focused on further improv-
ing the results by appropriately choosing more discrimina-
tory endpoint features. We also intend to apply the proposed
approach to 3D partial shape matching.
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