
Robust Uncapacitated Hub Location

Carlos Armando Zetinaa, Ivan Contrerasa, Jean-François Cordeaub,∗, Ehsan
Nikbakhshc

aConcordia University and CIRRELT, Montréal, Canada H3G 1M8
bHEC Montréal and CIRRELT, Montréal, Canada H3T 2A7

cFaculty of Industrial and Systems Engineering, Tarbiat Modares University, Tehran, Iran

Abstract

In this paper we present robust counterparts for uncapacitated hub location prob-
lems in which the level of conservatism can be controlled by means of a budget of
uncertainty. We study three particular cases for which the parameters are subject
to interval uncertainty: demand, transportation cost, and both simultaneously. We
present mixed integer programming formulations for each of these cases and a branch-
and-cut algorithm to solve the latter. We present computational results to evaluate
the performance of the proposed formulations when solved with a general purpose
solver and study the structure of the solutions to each of the robust counterparts.
We also compare the performance between solutions obtained from a commensurable
stochastic model and those from our robust counterparts in both risk neutral and
worst-case settings.
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1. Introduction

In many transportation, telecommunications and computer networks, direct rout-
ing of commodities between a large number of origin-destination (O/D) pairs is not
possible due to economic and technological constraints. Instead, hub-and-spoke net-
works are commonly used to connect O/D pairs so as to efficiently route flows by
using a small number of links. The key feature of these networks is the use of
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centralized units, known as hub facilities, for consolidation, sorting and transship-
ment purposes. Hub location problems (HLPs) consider the design of hub-and-spoke
networks by locating a set of hub facilities, activating a set of inter-hub links, and
routing a predetermined set of commodities through the network while optimizing a
cost-based (or service-based) objective.

Applications of HLPs in the design of transportation and distribution systems
are abundant. These include air freight and passenger travel, postal delivery, ex-
press package delivery, trucking, and rapid transit systems. Since the seminal work
of O’Kelly (1986), hub location has evolved into a rich research area. Early works
focused mostly on a first generation of HLPs which are analogue to fundamental
discrete facility location problems, while considering a set of assumptions (hubs fully
interconnected, no direct connections, constant discount factor, all commodities must
be routed, etc.) that allow to simplify network design decisions (see, Campbell and
O’Kelly, 2012; Contreras, 2015, for a discussion). Recent works have studied more
complex models that relax some of these assumptions and incorporate additional
features of real-life applications. For instance, hub arc location problems (HALPs)
(Campbell et al., 2005) extend HLPs by relaxing full interconnection of hub nodes and
incorporating hub arc selection decisions. Hub network design problems with profits
(Alibeyg et al., 2016) further extend HALPs by integrating within the decision-
making process additional network design decisions on the nodes and commodities
that have to be served. Other models consider: the design of multimodal networks
(Alumur et al., 2012a; Serper and Alumur, 2016), competition and collaboration
(O’Kelly et al., 2015b; Mahmutogullari and Kara, 2016), capacitated networks (Cor-
reia et al., 2010; Contreras et al., 2011b), flow dependent discounted costs (O’Kelly
et al., 2015a; Tanash et al., 2016), and the design of particular network topologies
(Martins de Sá et al., 2015; Contreras et al., 2016), among other things. We refer
the reader to Campbell and O’Kelly (2012), Zanjirani Farahani et al. (2013), and
Contreras (2015) for recent surveys on hub location.

In most HLPs considered in the literature, the input parameters are assumed to be
known and deterministic. In practice, however, this assumption is unrealistic. Long-
term strategic decisions such as the location of hub facilities have to be made under
high uncertainty on future conditions for relevant parameters (i.e., costs, demands
and distances) that have a direct impact on the performance of hub networks. In
some cases, some probabilistic information is known for these parameters and can be
used to minimize the total expected cost by using stochastic programming techniques.
However, in other cases, no information about their probability distributions is known
except for the specification of intervals containing the uncertain values and thus, one
must rely on robust optimization techniques to design hub networks which are robust
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in the sense that they can perform well even in the worst-case scenarios that may
arise.

In this paper we show how discrete robust optimization techniques can be used
in hub location to incorporate both independently and jointly demand and trans-
portation costs uncertainties when the only available information is an interval of
uncertainty. In particular, we study several robust counterparts for one of the most
fundamental problems in hub location research, the uncapacitated hub location prob-
lem with multiple assignments (UHLP). In this problem, a predetermined set of
commodities has to be routed via a set of hubs. It is assumed that open hubs are
fully interconnected with more effective pathways, which allow a flow-independent
discount factor to be applied to the transportation costs between hub nodes. The
number of hubs to locate is not known in advance, but a setup cost for each hub facil-
ity is considered. It is also assumed that the incoming and outgoing flows at hubs as
well as the flow routed through each link of the network are unbounded. Commodi-
ties having the same origin but different destinations can be routed through different
sets of hubs, i.e. a multiple assignment strategy is allowed. Demand between O/D
pairs and transportation costs are assumed to be known and deterministic. The ob-
jective is to minimize the sum of the hub setup costs and of demand transportation
costs over the solution network. To the best of our knowledge, the most efficient for-
mulations for the UHLP are those of Hamacher et al. (2004), Marín et al. (2006), and
Contreras and Fernández (2014), whereas the best exact algorithm is the Benders
decomposition of Contreras et al. (2011a).

The main contributions of this paper are the following. We introduce three dif-
ferent robust counterparts of the UHLP. The first is the robust uncapacitated hub lo-
cation problem with uncertain demands (UHLP-D) in which demands between O/D
pairs are considered to be uncertain values lying in a known interval. The second
is the robust uncapacitated hub location problem with uncertain transportation costs
(UHLP-TC) in which the transportation costs for all links of the network are uncer-
tain values lying in a known interval and independent for each link. The third is the
robust uncapacitated hub location problem with uncertain demands and transportation
costs (UHLP-DTC) where uncertainty exists in both demands between O/D pairs
and transportation costs for all links. This problem considers that the uncertainties
of both classes of parameters are independent from each other. In these robust coun-
terparts of the UHLP, the objective is to minimize the sum of the hub setup costs
and of demand transportation costs in the worst-case scenario that may arise for the
uncertain parameters. In the spirit of Bertsimas and Sim (2003), we use a budget of
uncertainty to allow decision-makers to control the desired level of conservatism in
an independent way for both demand and transportation costs.
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For each of the proposed robust models, we present mathematical programming
formulations which are non-linear due to the min-max nature of the objective func-
tions. For the case of UHLP-D and UHLP-TC, we use a dual transformation to
reformulate them as compact mixed integer linear programs (MIP) having a poly-
nomial number of variables and constraints. However, for the case of UHLP-DTC
this transformation cannot be used due to the interaction of demand and transporta-
tion costs parameters in the objective function. We show how the UHLP-DTC can
be modeled as an MIP with a polynomial number of variables but an exponential
number of constraints. As a result, we develop a simple branch-and-cut algorithm to
handle this formulation. We perform extensive computational experiments on several
sets of benchmark instances to assess the computational performance of the proposed
MIP formulations when solved with a general purpose solver and our branch-and-cut
algorithm. We study the effects of the intervals of uncertainty and of the budgets of
uncertainty in the structure of optimal solution networks. In addition, we compare
the performance between solution networks obtained from a deterministic model, a
commensurable stochastic model and those from our robust counterparts in both risk
neutral and worst-case settings.

The remainder of the paper is organized as follows. Section 2 provides a liter-
ature review on hub location problems dealing with uncertainty. In Section 3 we
introduce the three considered robust counterparts of the UHLP. Section 4 describes
the computational experiments we have run. The results produced by each model
are presented and analyzed. Conclusions follow in Section 5.

2. Literature Review

Discrete facility location problems under uncertainty have been widely studied
in the literature. Louveaux (1993), Snyder (2006), and more recently Correia and
da Gama (2015) provide comprehensive reviews on modeling approaches for stochas-
tic and robust facility location. However, much less work has been done to study how
different uncertainty aspects can be taken into account when designing hub networks.
One of the first is the paper by Marianov and Serra (2003) for an application in the
airline industry. The authors model hubs as M/D/c queuing systems to derive an
analytic expression for the probability of a number of customers in the system. This
expression is then represented in the model as a constraint that limits the number
of airplanes in the system. Sim et al. (2009) consider the p-hub center problem with
travel times following a normal distribution. The authors use chance constraints to
incorporate service level guarantees. Their model takes into account the uncertainty
in travel times when designing the network so that the maximum travel time through
the network is minimized.

4



Yang (2009) proposes a two-stage stochastic model for air freight hub location
under a finite set of possible demands. The locational decisions are treated in the
first stage while the routing is the second stage. Data from the air freight market in
Taiwan and China is used to test the proposed model. Contreras et al. (2011b) show
how the UHLP can be stated as a two-stage integer stochastic program with recourse
in the presence of uncertainty in demands and transportation costs. Three different
variants are introduced. The first assumes demand between each O/D pair to be
stochastic. The second considers that uncertainty in transportation costs is given by a
single parameter equally influencing all links of the network. The third focuses on the
more general case in which the uncertainty of transportation costs is independent for
each link of the network. It is shown that the first two variants are equivalent to their
associated expected value problem in which uncertain demand and transportation
costs are replaced by their expectation. However, this situation does not hold for
the third case. The authors present a sample average approximation method based
on Monte Carlo simulation to obtain an estimate on the stochastic solution. Alumur
et al. (2012b) study the uncapacitated hub location problem both with single and
multiple assignments under uncertain setup costs for the hubs and demands. The
first class of models deals with uncertainty in the setup costs assuming there is no
known probability distribution for there random parameters. The authors propose
the use of a min-max regret model where the objective deals with the minimization
of the worst-case regret over a finite set of scenarios. The second class focuses
on uncertainty in demand and uses a two-stage stochastic program with recourse.
However, as shown in Contreras et al. (2011b), these problems are actually equivalent
to their associated expected value problem. The third class considers uncertainty in
both setup costs and demands and are models as two-stage min-max regret programs
with recourse.

Ghaffari-Nasab et al. (2015) present robust capacitated hub location problems
with both multiple and single assignments in which demand uncertainty is modeled
with an interval of uncertainty. The authors consider the uncertainty in the capacity
constraints and use a budget of uncertainty for each of them. However, they do not
consider demand uncertainty in the objective function and use the nominal demand
value instead. Habibzadeh Boukani et al. (2016) study the same capacitated hub
location problems with multiple and single assignments but now the uncertainties
relate to the setup costs and capacities. The authors present min-max regret models
involving five scenarios for each uncertain parameter. Shahabi and Unnikrishnan
(2014) present robust counterparts for uncapacitated hub location problems with
both multiple and single assignments with demand uncertainty. Demand is assumed
to be affinely dependent on a known mean and a number of independent random

5



variables, i.e. ellipsoidal demand uncertainty. The authors propose mixed integer
conic quadratic programming formulations and a linear relaxation strategy. Given
the inherent difficulty for solving this class of mathematical programs, instances
with up to 25 nodes are solved with a general purpose solver. Merakli and Yaman
(2016) study robust uncapacitated p-hub median problems with multiple assignments
under polyhedral demand uncertainty. The authors use a hose uncertainty model
and a hybrid model to characterize demand uncertainty. The former considers that
the only available information is an upper limit on the total flow adjacent to each
node, while the latter incorporates lower and upper bounds on each O/D flow. The
authors present MIP formulations and a Benders algorithm to solve these problems
for instances with up to 150 nodes. We would like to highlight that, compared
to our proposed models, none of these papers dealing with robust optimization in
hub location considers uncertainty in transportation costs and its interaction with
demand uncertainty.

Demand uncertainty has also been studied when designing hub networks from
a congestion perspective. Elhedhli and Hu (2005) study a hub location model that
considers hub congestion costs, caused by delays at hub facilities, as an exponential
function of the hub flow. Elhedhli and Wu (2010) propose a different approach
in which hubs behave as a queue with exponential service rate determined by its
capacity. The congestion cost is modeled using a Kleinrock average delay function.
de Camargo and Miranda (2012) extend the previous models by considering two
different perspectives: a network owner perspective in which the the goal is to design
a network with the least congestion cost, and a user perspective where the goal is
the minimization of the maximum congestion effect. Other works have considered
reliability issues. An et al. (2015) and Azizi et al. (2016) present models in which
disruptions at hub facilities are taken into account when designing hub networks. The
proposed models mitigate the resulting hub unavailability by using backup hubs and
alternative routes for demands. Finally, Sun and Zheng (2016) study a probability
model devised to identify promising hub locations for liner shipping networks.

3. Robust Uncapacitated Hub Location Problems

Before presenting the considered robust models, we formally define their deter-
ministic counterpart, the UHLP. Let G = (N,A) be a complete directed graph where
N is the set of nodes and A the set of arcs. Without loss of generality, let N rep-
resent the set of potential hub locations, and K the set of commodities each with
an origin, destination in N and demand, denoted by the triplet (o(k), d(k),Wk). For
each node i ∈ N , fi is the fixed setup cost for locating a hub. For each (i, j) ∈ A
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the distances, or transportation costs dij ≥ 0 are assumed to be symmetric and
satisfy the triangle inequality. The UHLP consists of locating a set of hub facilities
and of determining the routing of commodities demand through the hubs, with the
objective of minimizing the total setup and transportation cost.

In the case of UHLP, given that open hubs are fully interconnected at no cost,
distances satisfy the triangle inequality, and direct connections between non-hub
nodes are not allowed, every O/D path will contain at least one and at most two
hubs, i.e. Pak = (o(k), a1, a2, d(k)), where a = (a1, a2) ∈ A is a hub arc and a1, a2

is the ordered pair of hubs to which o(k) and d(k) are assigned, respectively. The
unit transportation cost for routing commodity k along path Pak is given by Cak =
χdd(k)a1+αda1a2+δda2d(k), where χ, α and δ represent the flow-independent collection,
transfer and distribution costs along the path. To reflect economies of scale between
hub nodes, we assume that α < χ and α < δ.

For each i ∈ N , we define binary location variables zi equal to 1 if and only if a
hub is located at i. For each k ∈ K and a ∈ A, we also introduce continuous routing
variables xak equal to the fraction of commodity demand Wk routed via first hub a1

and second hub a2. The UHLP can be stated as follows (Hamacher et al., 2004):

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WkCakxak (1)

subject to
∑
a∈A

xak = 1 ∀k ∈ K (2)∑
a∈A:i∈a

xak ≤ zi ∀k ∈ K, i ∈ N (3)

zi ∈ {0, 1} ∀i ∈ N (4)
xak ≥ 0 ∀a ∈ A, k ∈ K. (5)

The first term of the objective is the total setup cost of the hubs and the second
term is the total transportation cost. Constraints (2) ensure that each commodity
demand is fully routed. Constraints (3) prohibit commodities from being routed
via a non-hub node, whereas (4)-(5) are the standard integrality and non-negativity
constraints. This formulation contains |N | + |K||A| variables and |K| + |N ||K|
constraints. Given that there are no capacity constraints on the hubs or links of the
network, there always exist an optimal solution of (1)-(5) in which all xak are integer.
That is, each k is fully routed on a single path. As we will later see in Section 4, this
property does not necessarily hold for some of the studied robust counterparts.

We next present three robust variants of UHLP that incorporate uncertainty on
demandsWk and transportation costs Cak. We note that an interesting characteristic
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of formulation (1)-(5) is that the uncertain parameters only appear in the objective
function and not in the constraints defining the feasible region. As a consequence,
when using (1)-(5) as a basis to model the robust counterparts the uncertain param-
eters will not affect the feasibility of the problem. This is not necessarily true when
using other existing MIP formulations for the UHLP as the demand and transporta-
tion costs do appear in the constraint matrix (Contreras, 2015).

In a similar fashion to the approach used in Bertsimas and Sim (2003), we use a
budget of uncertainty to allow decision-makers to control the desired level of conser-
vatism. However, instead of defining a budget for the maximum number of variables
for which the objective coefficient is allowed to differ from its nominal value, as in
Bertsimas and Sim (2003), we use two budgets of uncertainty to control the maximum
number of commodity demands and transportation costs, respectively, whose value
is allowed to differ from its nominal value. This is an important modeling feature
due to the fact that objective coefficients of xak variables are defined as functions of
several uncertain parameters, i.e. WkCak = Wk(χdd(k)a1 + αda1a2 + δda2d(k)). As we
will show, this makes the proper modeling of the robust counterparts more involved,
as compared to the approach of Bertsimas and Sim (2003), given that each uncertain
parameter appears in several objective coefficients associated with different routing
variables Xak.

3.1. Case A: Uncertain Demands
We consider the UHLP-D in which demand is subject to interval uncertainty. For

each commodity k ∈ K, let Wk ∈ [WL
k ,W

L
k + W∆

k ] be the interval of uncertainty of
Wk where WL

k is its nominal value and W∆
k ≥ 0 its deviation. Let hW denote the

uncertainty budget on the maximum number of demand parameters Wk whose value
is allowed to differ from its nominal value. The UHLP-D can be stated as:

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WL
k Cakxak + max

SW⊆K:|SW |≤hW
{
∑
k∈SW

∑
a∈A

W∆
k Cakxak}

subject to (x, z) ∈ Θ,

where Θ = {(x, z) : (2)− (5) are satisfied}. Given a solution (x, z) ∈ Θ, the goal of
the inner maximization of the objective function is to select a subset of commodities
SW ⊆ K such that their demand perturbations W∆

k maximize the total cost. Refor-
mulating this inner problem as a mathematical program by introducing the binary
variable uk ∈ {0, 1} for each k ∈ K, we obtain
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minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WL
k Cakxak + max{

∑
k∈K

∑
a∈A

W∆
k Cakxakuk}∑

k∈K

uk ≤ hW (6)

subject to 0 ≤ uk ≤ 1 ∀k ∈ K (7)
(x, z) ∈ Θ.

Note that the integrality conditions of uk variables have been relaxed given that
the constraint matrix of (6) is totally unimodular. Let (µ, λ) denote the vector of
dual multipliers of constraints (6)-(7) of appropriate dimension. Dualizing the inner
maximization problem we obtain the following MIP formulation for the UHLP-D:

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WL
k Cakxak +

∑
k∈K

λk + hWµ

subject to λk + µ ≥
∑
a∈A

CakW
∆
k xak ∀k ∈ K (8)

λk, µ ≥ 0 ∀k ∈ K
(x, z) ∈ Θ.

The above formulation contains |K|+1 additional continuous variables and 2|K|+
1 additional constraints compared to the deterministic UHLP.

3.2. Case B: Uncertain Transportation Costs
We now consider the UHLP-TC in which transportation costs are subject to

interval uncertainty. For each arc (i, j) ∈ A, let dij ∈ [dLij, d
L
ij + d∆

ij ] be the interval of
uncertainty of dij, where dLij is its nominal value and d∆

ij ≥ 0 its deviation. Observe
that now each coefficient of the routing variables xak involves up to three uncertain
parameters, i.e. Cak = χdd(k)a1 + αda1a2 + δda2d(k). To simplify the exposition of the
model, the transportation cost associated to each path Pak is stated as

Cak =
∑

(i,j)∈Pak

κijakdij =
∑

(i,j)∈A

κijakdij,

where

κijak =


χ if (i, j) = (o(k), a1) ∈ Pak,
α if (i, j) = (a1, a2) ∈ Pak,
δ if (i, j) = (a2, d(k)) ∈ Pak,
0 otherwise,
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for each a ∈ A, k ∈ K and (i, j) ∈ A. In addition, for each a ∈ A and k ∈ K,
we define the nominal transportation cost as CL

ak =
∑

(i,j)∈Pak
κijakd

L
ij. Let hd denote

the uncertainty budget of the maximum number of transportation cost coefficients
whose values are allowed to differ from their nominal value. The UHLP-TC can be
stated as:

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WkC
L
akxak + max

Sd⊆A:|Sd|≤hd
{
∑
k∈K

∑
a∈A

∑
(i,j)∈Pak∩Sd

d∆
ijκ

ij
akWkxak}

subject to (x, z) ∈ Θ.

Given a solution (x, z) ∈ Θ, the goal of the inner maximization is to select the
subset of arcs Sd ⊆ A whose transportation costs perturbations d∆

ij maximize the total
cost. Reformulating this inner problem as a mathematical program by introducing
the binary variable wij ∈ {0, 1} for each (i, j) ∈ A, we obtain

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WkC
L
akxak + max{

∑
k∈K

∑
a∈A

∑
(i,j)∈Pak∩Sd

d∆
ijκ

ij
akWkxakwij}

subject to
∑

(i,j)∈A

wij ≤ hd (9)

0 ≤ wij ≤ 1 ∀(i, j) ∈ A (10)
(x, z) ∈ Θ.

Similarly to UHLP-D, the integrality conditions of wij variables can be relaxed
given that the constraint matrix of (9) is totally unimodular. Let (µ, λ) denote the
vector of dual multipliers of constraints (9)-(10) of appropriate dimension. Dualizing
the inner maximization problem we obtain the following MIP formulation for the
UHLP-TC:

minimize
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WkC
L
akxak +

∑
(i,j)∈A

λij + hdµ

subject to λij + µ ≥
∑
k∈K

∑
a∈A:(i,j)∈Pak

d∆
ijκ

ij
akWkxak ∀(i, j) ∈ A (11)

λij, µ ≥ 0 ∀(i, j) ∈ A
(x, z) ∈ Θ.

The above formulation contains |A|+1 additional continuous variables and 2|A|+1
additional constraints compared to the deterministic UHLP.
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3.3. Case C: Uncertain Demand and Transportation Costs
We now focus on the more general variant UHLP-DTC in which both demand and

transportation costs are subject to interval uncertainty. Similar to previous models,
let Wk ∈ [WL

k ,W
L
k +W∆

k ] and dij ∈ [dLij, d
L
ij + d∆

ij ] denote the interval of uncertainty
for commodity demands and transportation costs, respectively, and hd and hW their
respective uncertainty budgets. To simplify the exposition fo the proposed model,
we define

F (z, x) =
∑
i∈N

fizi +
∑
k∈K

∑
a∈A

WL
k C

L
akxak,

as the nominal cost function, i.e. set-up cost and nominal routing cost, and

R(z, x, SW , Sd) =
∑
k∈SW

∑
a∈A

W∆
k C

L
akxak +

∑
k∈K

∑
a∈A

∑
(i,j)∈Pak∩Sd

κijakW
L
k d

∆
ijxak

+
∑
k∈SW

∑
a∈A

∑
(i,j)∈Pak∩Sd

κijakW
∆
k d

∆
ijxak,

the uncertain routing cost function. Given that the coefficients of the routing vari-
ables xak contain the multiplication of the demand Wk and some transportation
costs dij, three different scenarios may arise and those correspond to each term of
R(z, x, SW , Sd). The first term represents an additional cost caused by an increase
only in demands Wk, whereas the second term relates to an additional cost due to
an increase only in transportation costs dij. The third term corresponds to the situ-
ation in which there is an additional cost caused by a simultaneous increase of both
demand and transportation costs. The UHLP-CDT can be stated as:

minimize F (z, x) + max
Sd⊆A,|Sd|≤hd,SW⊆K,|SW |≤hW

R(z, x, SW , Sd)

subject to (x, z) ∈ Θ.

For a given solution (x̄, z̄) ∈ Θ, the goal of the inner maximization of the objective
function is to select a subset of commodities SW ⊆ K and a subset of arcs Sd ⊆ A,
such that their perturbations maximize the total cost. This inner program, denoted
as SP , can be reformulated as the following mathematical program:

(SP ) maximize
∑
k∈K

∑
a∈A

W∆
k C

L
akx̄akuk +

∑
k∈K

∑
a∈A

∑
(i,j)∈Aak

κijakW
L
k d

∆
ij x̄akwij

+
∑
k∈K

∑
a∈A

∑
(i,j)∈Aak

κijakW
∆
k d

∆
ij x̄akukwij

subject to
∑
k∈K

uk ≤ hk
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∑
(i,j)∈A

wij ≤ hd

uk ∈ {0, 1} ∀k ∈ K,
wij ∈ {0, 1} ∀(i, j) ∈ A.

SP is a nonlinear integer program which can be linearized using standard tech-
niques. However, it can also be stated as the following combinatorial optimization
problem. Given a bipartite graph B = (K∪A,E) where each node in K and A has a
profit ak and bij, respectively, and each edge in E has a profit cijk, select node subsets
S1 ⊆ K and S2 ⊆ A whose cardinality do not exceed |S1| ≤ hW and |S2| ≤ hd, so
as to maximize the total profit, given by the sum of the profits of the nodes in S1

and S2 and of the edges e ∈ S1× S2 ⊆ E. SP is thus a generalization of the heaviest
k-subgraph problem (Bruglieri et al., 2006).

Proposition 1. The SP problem is NP-hard.

Proof The result follows by reduction from the heaviest k-subgraph problem, which
is known to be NP-complete even for the case of bipartite graphs (see Corneil and
Perl, 1984). �

The above result implies that we cannot use a dual transformation as in UHLP-D
and RHLP-TC to obtain a MIP formulation for UHLP-DTC. However, we can still
reformulate it as an MIP by introducing an additional continuous variable y that
keeps track of the maximum transportation cost associated with different sets SW
and Sd. The UHLP-DTC can thus be formulated as the following MIP:

minimize F (z, x) + y

subject to y ≥ R(z, x, SW , Sd) ∀Sd ⊆ A, ∀SW ⊆ K, |Sd| ≤ hd, |SW | ≤ hW (12)
y ≥ 0 (13)
(x, z) ∈ Θ.

Observe that the above formulation contains a polynomial number of variables - it
only contains one extra continuous variable with respect to the deterministic UHLP.
However, it requires an exponential number of constraints (12) whose separation
problem is equivalent to the solution of SP, which is NP-hard. Therefore, we resort
to a cutting-plane algorithm to handle this formulation with a general purpose solver.
Details are given in the next section.
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4. Computational Experiments

In this section we describe the extensive computational experiments we have run
in order to analyze the performance of the three studied robust counterparts of the
UHLP. This section is structured as follows. We first describe the computational
environment and the sets of benchmark instances we have used in our experiments.
In Section 4.1 we give insights on the impact of the level of uncertainty (worst
estimation error of the nominal value) in optimal solutions of the robust counterparts,
whereas in Section 4.2 we study the effect of the budgets of uncertainty hd and
hW on the solution networks and objective values. Section 4.3 provides numerical
results to assess the usefulness of the proposed MIP formulations when solved with a
general purpose solver and to compare the computational difficulty of the three robust
counterparts. Finally, in Section 4.4 we compare the performance of optimal solution
networks of the deterministic model, the robust counterparts and a commensurable
stochastic model in both worst-case and risk-neutral settings. This provides some
indication of the virtues and limitations of each approach when dealing with demand
and transportation costs uncertainty.

All experiments were run on HP servers managed by Calcul Québec and Compute
Canada with an Intel Xeon X5650 Westmere processor at 2.67 GHz and 24 GB of
RAM under Linux environment. All MIP formulations were coded in C and solved
using the callback library of CPLEX 12.6.0. We use a traditional (deterministic)
branch-and-bound solution algorithm with all CPLEX parameters set to their default
values with the exception that the number of threads was set to only one.

We have used three different sets of benchmark instances found in the literature
to construct a testbed for our experiments. The first one is the well-known CAB data
set of the US Civil Aeronautics Board. These instances were obtained from the web-
site (http://www.researchgate.net/publication/269396247_cab100_mok). The data
in the CAB set refers to 100 cities in the US. It provides Euclidean distances between
cities, dij, and the values of the service demandWk between each pair of cities, where
o(k) 6= d(k). Since CAB instances do not provide the setup costs for opening facili-
ties, we use the setup costs fi generated by de Camargo et al. (2008). We selected the
instances with |N | = 25. The second set is the classical AP (Australian Post) set of
instances, which is the most commonly used in the hub location literature. They were
obtained from the OR library (http://mscmga.ms.ic.ac.uk/jeb/orlib/phubinfo.html).
Transportation costs are proportional to the Euclidian distances between 200 postal
districts in the metro Sydney area and the values Wk represent postal flows between
pairs of districts. We selected instances with |N | = 10, 20, 25, 40, and 50. Finally, the
third set is the Set I instances introduced in Contreras et al. (2011b) for the stochas-
tic counterparts of the UHLP. We used all instances within this set with |N | = 10,
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20, 30, 40, and 50. For each of the considered instances in the entire testbed, the
nominal values WL

k and dLij were set to the associated deterministic values provided
in each dataset, and the collection and distribution factors χ = δ = 1. To control the
size of the generated intervals of uncertainty for WK and dij, we define an additional
parameter Ω as the maximum possible deviation of the value of each parameter. For
each k ∈ K, we independently set W∆

k by considering W∆
k ∼ U

[
0,ΩWL

k

]
, and for

each (i, j) ∈ A we independently set d∆
ij by considering d∆

ij ∼ U
[
0,ΩdLij

]
.

4.1. The Impact of the Interval of Uncertainty on Optimal Solutions
For the first set of experiments we use the CAB 25-node instances and the AP

and Set I 20-node instances with a transfer discount factor α = 0.2. We consider a
5% and 15% uncertainty budget for both the number of commodities and arcs. For
each value, we generate instances with Ω ∈ {0.1, 0.2, 0.3, ..., 2.0} for the three robust
counterparts. We note that smaller values of Ω correspond, on average, to narrower
intervals whereas larger values to wider intervals. Figures 1, 2 and 3 illustrate for
the CAB, AP and Set I instances, respectively, the increase in the optimal solution
values of each robust counterpart as the intervals of uncertainty increase in size (i.e.
Ω increases). In particular, they give the percentage increase of the optimal solution
value with the respect to the optimal value of the deterministic (or nominal) UHLP.
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Figure 1: Impact of interval of uncertainty for CAB 25-node instances with α = 0.2

14



0

10

20

30

40

50

60

70

80

90

100

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

%
 i

n
cr

e
a

se
 f

ro
m

 n
o

m
in

a
l 
co

st
 

Ω

UHLP-D UHLP-TC UHLP-DTC

(a) 5% budget

0

10

20

30

40

50

60

70

80

90

100

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

%
 i

n
cr

e
a

se
 f

ro
m

 n
o

m
in

a
l 
co

st
 

Ω

UHLP-D UHLP-TC UHLP-DTC

(b) 15% budget

Figure 2: Impact of interval of uncertainty for AP 20-node instances with α = 0.2
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Figure 3: Impact of interval of uncertainty for Set I 20-node instances with α = 0.2

For the considered instances, increasing Ω implies a higher optimal value for each
of the robust counterparts. This is to be expected as larger values of Ω are associated
with the possibility of wider intervals of uncertainty. It is interesting to note how
the change in relative cost seems almost constant through the range of considered
values of Ω. Moreover, observe that the behaviour of the robust counterparts varies
depending on the dataset used. In general, the relative increase of the CAB instances
is higher than that of both the AP and Set I instances. Of the latter two, the AP
instances are the least sensitive to an increase in Ω. Also, the relative increase
of the transportation cost and of the demand have very similar behaviour in the
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Set I instances while for the other datasets, the robust counterpart of uncertain
transportation costs is clearly more sensitive to an increased value of Ω.

Another interesting characteristic is the interaction of the robust counterparts.
At a 5% budget, UHLP-D is the least sensitive to the increase of Ω followed by
UHLP-TC and the most sensitive being UHLP-DTC. At a 15% budget, the gap in
behaviour between UHLP-D and UHLP-TC becomes smaller. In fact for the Set I
instances, the sensitivity relation is inverted, UHLP-D appears to be slightly more
sensitive to Ω than UHLP-TC. This comes from the effect the uncertainty budget
has on the robust counterparts. This is further explored in Section 4.2.

Tables 1, 2 and 3 show the open hubs at optimal solutions for varying values of
Ω. We note that Ω = 0 actually corresponds to the optimal hub configuration of the
deterministic UHLP. Given that the set of open hubs for these counterparts changes
for different levels of uncertainty Ω, each row on these tables corresponds to a set of
values of Ω for which the optimal solution is the same.

Ω UHLP-D UHLP-TC UHLP-DTC
[0.0, 0.8] 13 19 25 13 19 25 13 19 25
[0.9, 1.2] 13 19 25 13 19 25 5 13 19 25
[1.3, 1.9] 13 19 25 5 13 19 25 5 13 19 25

2.0 13 19 25 5 13 19 25 5 12 13 25

(a) Impact of uncertainty at 5% budget

Ω UHLP-D UHLP-TC UHLP-DTC
[0.0, 0.7] 13 19 25 13 19 25 13 19 25
[0.8, 1.1] 13 19 25 13 19 25 5 13 19 25
[1.2, 1.4] 13 19 25 5 13 19 25 5 13 19 25
[1.5, 2.0] 13 19 25 5 13 19 25 5 12 13 25

(b) Impact of uncertainty at 15% budget

Table 1: Open hubs at optimal solutions for CAB 25-node instances

Ω UHLP-D UHLP-TC UHLP-DTC
[0.0, 0.5] 7 14 7 14 7 14
[0.6, 0.8] 7 14 7 14 1 7 14
[0.9, 1.1] 7 14 1 7 14 1 7 14

1.2 7 14 6 8 14 1 7 14
[1.3, 1.5] 7 14 6 8 14 1 7 8 14

1.6 7 14 7 8 14 1 7 8 14
1.7 7 14 8 11 14 1 7 8 14

[1.8, 2.0] 6 14 8 11 14 1 2 8 11 14

(a) Impact of uncertainty at 5% budget

Ω UHLP-D UHLP-TC UHLP-DTC
[0.0, 0.4] 7 14 7 14 7 14
[0.5, 0.7] 7 14 7 14 1 7 14
[0.8, 0.9] 7 14 1 7 14 2 7 14
[1.0, 1.1] 7 14 1 7 14 2 7 8 14
[1.2, 1.4] 7 14 1 7 8 14 2 7 8 14

1.5 6 14 1 7 8 14 2 7 8 14
[1.6, 2.0] 2 11 14 1 7 8 14 2 7 8 9 14

(b) Impact of uncertainty at 15% budget

Table 2: Open hubs at optimal solutions for AP 20-node instances
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Ω UHLP-D UHLP-TC UHLP-DTC
0.0 2 20 2 20 2 20
0.1 2 20 2 4 20 2 4 20
0.2 2 20 2 4 20 2 4 13
0.3 2 4 20 2 4 20 2 4 13
0.4 2 4 20 2 4 13 2 4 13
0.5 2 4 20 2 4 13 2 4 6 11

[0.6, 0.9] 2 4 13 2 4 13 2 4 6 11
[1.0, 1.1] 2 4 6 11 2 4 13 2 4 6 11
[1.2, 1.5] 2 4 6 11 2 4 6 11 2 4 6 11
[1.6, 1.7] 2 4 6 11 2 4 6 11 2 4 6 9 11
[1.8, 2.0] 2 4 6 11 2 4 6 11 2 4 6 9 11 20

(a) Impact of uncertainty at 5% budget

Ω UHLP-D UHLP-TC UHLP-DTC
0.0 2 20 2 20 2 20
0.1 2 20 2 4 20 2 4 20
0.2 2 4 20 2 4 20 2 4 13

[0.3, 0.5] 2 4 20 2 4 13 2 4 13
[0.6, 0.7] 2 4 13 2 4 13 2 4 13
[0.8, 0.9] 2 4 13 2 4 13 2 4 6 20

1 2 4 6 11 2 4 13 2 4 6 9 20
[1.1, 1.7] 2 4 6 11 2 4 13 2 4 6 9 11 20
[1.8, 1.9] 2 4 6 11 20 2 4 13 2 4 6 9 11 20

2 2 4 6 11 20 2 4 6 9 20 2 4 6 9 11 20

(b) Impact of uncertainty at 15% budget

Table 3: Open hubs at optimal solutions for Set I 20-node instances

The results of Tables 1, 2 and 3 show that in general the optimal hub configuration
of UHLP-DTC changes from that of the deterministic solution at a lower level of
uncertainty than the other two robust models. For example, the CAB instance with
a fixed 15% uncertainty budget changes at Ω = 0.8 while for the Set I instance, it
changes as early as Ω = 0.1. With respect to the other two robust models, UHLP-
TC is more susceptible to changing its optimal hub configuration than UHLP-D as
seen in the tables. Another noteworthy characteristic is the difference in behaviour
between datasets. Note that the CAB instance has a less varied array of optimal hub
configurations for the different values of Ω despite the elevated increase in relative
cost observed in Figure 1. However, in practice, this may be partially explained by
the existence of very important O/D nodes that contain a high percentage of the
total amount of commodity demands being routed on the network, thereby making
these nodes promising hub candidates despite a high level of uncertainty.

4.2. Impact of Budget of Uncertainty on Optimal Solutions
Our modeling approach allows decision-makers to select the level of conservatism

of the robust counterparts by means of the uncertainty budgets hd and hW . For some
problems, it is unrealistic to assume that all values of the parameters will change
and require protection against this possibility. With this in mind, we study the
effect that different uncertainty budgets have on the robust counterparts using the
same set of instances as in the previous section with Ω = 1.0 and α = 0.2. We
test the models at budget values of hd ∈ {b0.05|A|c, b0.1|A|c, b0.15|A|c, ...|A|} and
hW ∈ {b0.05|K|c, b0.1|K|c, b0.15|K|c, ...|K|}. As before, we analyze the effects on
UHLP-D, UHLP-TC, and UHLP-DTC with respect to the relative increase of the
optimal solution value and the set of open hubs.
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Figures 4, 4a and 4b give for the CAB, AP and Set I instances, respectively, the
increase in the optimal solution values of each robust counterpart as the budget of
uncertainty increases. In particular, they give the percentage increase of the optimal
solution value with respect to the optimal value of the deterministic UHLP.
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Figure 4: Effect of budget of uncertainty for CAB 25-node instance
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(b) Set I 20-node instance

Figure 5: Effect of uncertainty budget

We note that while increasing the budget of uncertainty for UHLP-D leads to a
greater optimal value for all budgets, for UHLP-TC there is a point after which the
effect of increasing the budget becomes null and the objective value remains the same.
In fact, we note from the figures that this crucial point tends to be at small values of
the budget of uncertainty hd. This can be partially explained by the fact that hub-
and-spoke networks only use a small percentage of the total arcs of the underlying
network in an optimal solution, thereby nullifying the additional protection acquired
by using a higher budget. When taking into account both demand and transportation
cost uncertainty in UHLP-DTC, we note a somehow similar behaviour. As the
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uncertainty budget becomes larger, the rate of increase in the objective function value
decreases, although it does not completely become null before reaching a budget of
100%. Another interesting observation is the interaction between these models. In
particular, that between UHLP-D and UHLP-TC. Note that at budgets close to 0,
the optimal value of UHLP-TC is greater than that of UHLP-D. However, as the
budgets increase past the critical point at which the optimal value of UHLP-TC
becomes stable, the optimal value of UHLP-D draws closer to that of UHLP-TC as
seen in Figure 4 for the CAB instance. In the AP and Set I instances, Figures 4a
and 4b show that the optimal value of UHLP-D surpasses that of UHLP-TC.

As for the optimal hub configurations, in the case of the CAB 25-node in-
stances these remained unchanged for all budgets strictly greater than 0. These
are {13, 19, 25} for UHLP-D and UHLP-TC which coincide with the deterministic
case, and {5, 13, 19, 25} for the UHLP-DTC. This reaffirms the stability (or robust-
ness) of the hub configurations for this particular dataset as mentioned earlier. In
Table 4, we present the sets of open hubs for each of the robust counterparts for the
AP and Set I 20-node instances. Similarly to Tables 1, 2 and 3, each row corre-
sponds to a set of values of the uncertainty budget for which the optimal solution is
the same.

Budget UHLP-D UHLP-TC UHLP-DTC
0.00 7 14 7 14 7 14
0.05 7 14 1 7 14 1 7 14

[0.1, 0.55] 7 14 1 7 14 2 7 8 14
[0.6, 1.0] 6 11 14 1 7 14 2 7 8 14

(a) AP 20-node instance

Budget UHLP-D UHLP-TC UHLP-DTC
0.00 2 20 2 20 2 20

[0.05, 0.10] 2 4 6 11 2 4 13 2 4 6 11
[0.15, 1.00] 2 4 6 11 2 4 13 2 4 6 9 20

(b) Set I 20-node instance

Table 4: Optimal hub configurations for different budgets of uncertainty

We see that the budget of uncertainty does not lead to as wide a variety of hub
configurations as that seen in the analysis of Ω. This supports the hypothesis that
the impact caused by an increase in uncertainty budgets for UHLPs becomes negligi-
ble after a relatively small value, in particular for the robust counterpart of uncertain
transportation costs. It is also interesting to see how early the optimal set of open
hubs of the deterministic solution is no longer optimal for the UHLP-TC and the
UHLP-DTC for both the AP and Set I instances. For these cases, the set of open
hubs begins to differ from that of the deterministic solution from as early as a 5%
uncertainty budget. For the UHLP-TC, these robust hub configurations remain un-
changed for increased uncertainty budgets while for UHLP-DTC only an additional
hub configuration is obtained at 10 and 15% for the AP and Set I instances, respec-
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tively. Finally, we remark the fact that each of the robust counterparts converges
to a different optimal solution when assigned a 100% uncertainty budget, thereby
showing the uniqueness of each model.

A somehow unexpected result, from our view-point, is that for the cases of UHLP-
TC and UHLP-DTC we observed that at optimal solutions, a relatively small per-
centage of commodity demands were routed via more than one O/D path. This is
indeed surprising given that these problems do not consider any capacity constraints.
The maximum % of commodities routed via more than one path is 7.2 for the CAB
instances and 6.5 for both AP and Set I instances. From a practical prespective, it is
reasonable for a commodity to take multiple paths since it would allow for alternative
routes for its routing in the event that one of the arcs of the cheapest route takes its
worst-case value. On the other hand, if a commodity must be routed only through
one path, then the fractional routing variables x̄ak may be interpreted as the proba-
bility of sending commodity k through hub arc a. This phenomenon occurs only for
uncertainty budgets of up to 15% of the number of arcs after which all commodities
are routed through a unique path.

4.3. Computational Performance of MIP Formulations
For this set of experiments we use the AP and Set I instances with up to 50

nodes as well as the CAB 25-node instances. We consider α ∈ {0.2, 0.5, 0.8}, and
Ω ∈ {0.5, 1}. Table 5 summarizes the results obtained by CPLEX when solving
the MIP formulations of UHLP-D and UHLP-TC. The first two columns give the
information associated with the instance size |N | and interval of uncertainty Ω. The
columns under the heading Solved give the number of optimal solutions found within
345,600 seconds (four days) of CPU time. The columns under the heading %LP
provide the average optimality gap relative to the linear programming relaxation
bound of the MIP formulations of each model. The columns under the heading
Time (sec) give the average CPU time in seconds needed to obtain the optimal
solution of each group if instances. The columns under the heading Nodes provide
the number of explored nodes in the branch and bound.

From Table 5 we note a significant difference in solution times between these
models, in particular for the larger instances. For example, the average CPU time
for 50-node instances with Ω = 0.5 is under five minutes for UHLP-D while for
UHLP-TC it is over 19 hours. This behaviour can be partially explained by the fact
that the additional robust constraints (11) used in the MIP formulation of UHLP-TC
are much more dense than the analogue robust constraints (8) of UHLP-D. Another
important difference that contributes to this increased difficulty is that the LP gap
for UHLP-D is significantly tighter than that of UHLP-TC, which leads to the need
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UHLP-D UHLP-TC
|N | Ω Solved LP% Time (secs) Nodes Solved LP% Time (secs) Nodes

10
0.5 6/6 0.06 0.07 0.00 6/6 1.11 0.59 4.67
1 6/6 0.13 0.08 0.00 6/6 2.06 0.93 5.50

20
0.5 6/6 0.00 0.59 0.00 6/6 1.41 24.55 7.83
1 6/6 0.00 0.67 0.00 6/6 4.86 102.47 44.33

25
0.5 6/6 0.00 1.52 0.00 6/6 1.62 143.93 10.33
1 6/6 0.00 1.80 0.00 6/6 5.78 1,017.75 86.50

30
0.5 3/3 0.00 7.37 0.00 3/3 0.93 871.52 19.33
1 3/3 0.00 10.14 0.00 3/3 3.72 3,996.24 47.33

40
0.5 6/6 0.01 52.47 0.50 6/6 1.70 5,254.59 21.00
1 6/6 0.06 82.72 1.33 6/6 4.69 32,597.16 73.50

50
0.5 6/6 0.00 289.46 0.00 6/6 2.02 69,444.89 35.50
1 6/6 0.01 474.61 0.00 1/6 7.04 185,957.97 107.00

Table 5: Summary results of UHLP-D and UHLP-TC

for further exploration in the enumeration tree for the latter as seen in Table 5.
Another interesting observation is the increase in computation time required when
solving instances with Ω = 1 when compared to Ω = 0.5. This characteristic is
seen for both models and shows how instances with larger uncertainty sets are more
difficult to solve. Finally, we point out that 5 of the 50 node instances were not
solved within the time limit for the UHLP-TC model while for the UHLP-D model
20 minutes was the longest computation time required.

In order to solve the more challenging UHLP-DTC using the MIP formulation
given in Section 3.3, we need to handle the huge number of robust constraints (12)
in an efficient way. For this reason, we develop a simple branch-and-cut algorithm
based on this MIP. The idea is to solve its LP relaxation with a cutting-plane algo-
rithm by initially relaxing all of constraints (12) and then iteratively adding only the
ones violated by the current LP solution. When no more violated inequalities (12)
exist, within a threshold value ε = 1E−4, or when the improvement in the objective
function is below 0.5% we resort to CPLEX for solving the resulting formulation by
enumeration, using a call-back function for generating additional violated inequali-
ties at some nodes of the enumeration tree. In particular, at most one cut is added
at a fractional solution obtained at nodes where its depth in the tree is divisible by
three. The separation problem of constraints (12) is the following: given a fractional
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solution (z̄, x̄, ȳ) of the linear relaxation, determine whether there exists one or more
inequalities in the set (12) that are not satisfied by (z̄, x̄, ȳ). Note that separation
problem is equivalent to the solution of the SP for a given solution (z̄, x̄, ȳ). In our
implementation, we solve the linearized version of SP with CPLEX to find the most
violated inequality, if any.

The detailed results of the branch-and-cut algorithm for the UHLP-DTC are
given in Table 6. The columns under the headings Solved, %LP, Nodes, and Time
(sec), have the same interpretation as in the previous table. The columns under the
headings Int cuts and Frac cuts provide the average number of cuts added at integer
and fractional solutions, respectively. The last column under the heading % Sep time
gives the average percentage of the total time spent solving the separation problem
SP.

|N | Ω Solved %LP Int cuts Frac cuts Nodes Time (sec) % Sep time

10
0.5 6/6 0.89 97.83 7.17 5.83 4.20 42.54
1 6/6 1.93 231.83 10.83 17.17 10.61 38.37

20
0.5 6/6 1.68 58.17 14.33 22.33 164.45 10.93
1 6/6 4.80 437.33 53.83 197.33 1,997.09 8.11

25
0.5 6/6 1.67 65.50 16.67 32.50 848.30 7.63
1 6/6 6.21 611.67 151.50 621.50 37,273.18 3.51

30
0.5 3/3 0.74 134.33 24.33 38.67 5,660.83 2.97
1 2/3 1.40 153.00 37.00 73.00 12,268.55 1.92

40
0.5 6/6 1.46 117.17 25.17 54.00 35,489.97 1.45
1 2/6 1.73 223.00 50.00 157.00 218,011.02 0.53

50
0.5 4/6 N/A 147.75 28.25 55.25 247,633.79 0.82
1 1/6 N/A 222.00 22.00 3.00 322,896.84 0.80

Table 6: Summary results of UHLP-DTC

From Table 6, we observe that UHLP-DTC requires the longest solution time
of all three robust counterparts. Our algorithm is capable of consistently solving
instances with up to 30 nodes. After that, it is capable of solving 10 out of 12
instances with 40 and 50 nodes with Ω = 0.5 but is only capable of solving 3 out of
12 instances with Ω = 1 in four days of CPU time. The long solution times come
as a result of the need to add a relative large number of dense cuts which in turn,
considerably increases the time to solve the LP relaxations, and to explore more
nodes in the enumeration tree to prove optimality. Note that although many cuts
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are added, very little time is spent solving the separation problem, showing that
despite the theoretical NP-hardness of SP, CPLEX is still able to solve it efficiently.
Finally, we point out the relatively small %LP gaps of this formulation.

4.4. A Comparison of Deterministic, Stochastic and Robust Solutions
In this final set of computational experiments, we compare the solutions obtained

from the deterministic UHLP, a two-stage stochastic variant of the UHLP presented
in Contreras et al. (2011b), and our proposed robust counterpart UHLP-TC. To
evaluate these solutions as fairly as possible we define Wk(ξ) and dij(ω) as random
variables following uniform distributions over the intervalsWk(ξ) ∈ [WL

k −W∆
k ,WL

k +
W∆
k ] and dij(ω) ∈ [dLij − d∆

ij ,dLij + d∆
ij ], respectively.

As mentioned in Section 2, Contreras et al. (2011b) show that when considering
demand uncertainty, the two-stage stochastic model of UHLP is actually equivalent
to its associated expected value problem in which the uncertain demand is replaced
by its expectation. However, when considering both demand and independent trans-
portation cost uncertainty this situation does not hold. For the sake of completeness,
we next present the stochastic model with demand and transportation cost uncer-
tainty.

We assume that the random parameters dij(ω) and Wk(ξ) are independent and
use the notation Cak(ω) = χdo(k)i(ω) + αdij(ω) + δdjd(k)(ω) where a = (i, j). We
define zi as first stage variables and xak(ω, ξ) as second stage variables that adjust
depending on the realization of the uncertainty parameter. The uncapacitated hub
location problem with stochastic demands and transportation costs (UHLP-SDTC)
can be stated as follows:

minimize
∑
i∈N

fizi + Eω,ξ[
∑
k∈K

∑
a∈A

Cak(ω)Wk(ξ)xak(ω, ξ)] (14)

subject to
∑
a∈A

xak(ω, ξ) = 1 ∀k ∈ K,ω ∈ Ω, ξ ∈ Ξ (15)∑
a∈A:i∈a

xak(ω, ξ) ≤ zi ∀k ∈ K, i ∈ N,ω ∈ Ω, ξ ∈ Ξ (16)

zi ∈ {0, 1} ∀i ∈ H (17)
0 ≤ xak(ω, ξ) ≤ 1 ∀a ∈ A, k ∈ K,ω ∈ Ω, ξ ∈ Ξ. (18)

Since both parameters are independently distributed then Eω,ξ = EωEξ. Also,
note that for a first-stage vector z and a fixed realization of distances ω, the optimal
route xak(ω, ξ) is the same independent of the realization of ξ, i.e. xak(ω, ξ) =
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xak(z, ω). Therefore, given (z, ω) we have

EωEξ|ω

[∑
k,a

Cak(ω)Wk(ξ)xak(ω, ξ)

]
= EωEξ|ω

[∑
k,a

Cak(ω)Wk(ξ)xak(z, ω)

]
(19)

= Eω

[∑
k,a

Eξ [Cak(ω)Wk(ξ)xak(z, ω)]

]
(20)

= Eω

[∑
k,a

Cak(ω)WL
k xak(z, ω)

]
, (21)

where (19) comes from the independence of xak(ω, ξ) of the realization of ξ, (20)
comes from the independence of ω and ξ, and (21) is from our assumptions on the
uncertainty distribution of the Wk(ξ). As a consequence, UHLP-SDTC reduces to
the uncapacitated hub location problem with stochastic independent transportation
costs presented in Contreras et al. (2011b). Hence, we use the sample average approx-
imation algorithm proposed in Contreras et al. (2011b) to obtain ε-optimal solutions
for the stochastic counterparts. In our experiments, we take 20 samples of size 1,000
to estimate a lower bound and a larger sample size of 100,000 to estimate an upper
bound.

Our comparison methodology is comprised of two steps. The first is to note when
the solutions obtained from the stochastic, robust and deterministic models coincide
with respect to the open hubs. The second is to study instances for which these differ
and compare each proposed solution in both a risk-neutral and worst-case scenario.
This analysis is done with the AP and Set I 20-node instances as well as the CAB
25-node instance for values of Ω ∈ {0.5, 1.0, 1.5, 2.0} and α ∈ {0.2, 0.5, 0.8}. To
obtain the corresponding robust solutions, we solve UHLP-TC at budget values of
{0.1, 0.2, 0.3, ..., 1} and consider all hub configurations obtained for these. Tables 7,
8a and 8b show the optimal hub configurations obtained by each approach for the
CAB, AP and Set I instances, respectively.

Ω α Det Stoch Robust
0.5 0.2, 0.5, 0.8 13 19 25 13 19 25 13 19 25
1.0 0.2, 0.5, 0.8 13 19 25 13 19 25 13 19 25
1.5 0.2, 0.5, 0.8 13 19 25 13 19 25 5 13 19 25
2.0 0.2, 0.5, 0.8 13 19 25 5 19 25 5 13 19 25

Table 7: Optimal hubs for each approach with CAB instances
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Ω α Det Stoch Robust
0.5 0.2, 0.5 7 14 7 14 7 14

0.8
1 0.2 7 14 7 14 1 7 14
1 0.5, 0.8 7 14 7 14 7 14
1.5 0.2 7 14 7 14 1 7 8 14

1.5 0.5 7 14 7 14
1 8 11 14
1 7 14

1.5 0.8 7 14 7 14 6 8 14
2 0.2 7 14 7 11 14 1 7 8 14

2 0.5 7 14 7 11 14
1 8 11 14
1 7 8 14

2 0.8 7 14 7 11 14
1 8 11 14
1 7 8 14
7 8 14

(a) Optimal hubs for AP instances

Ω α Det Stoch Robust
0.5 0.2, 0.5 2 20 2 20 2 4 13
0.5 0.8 2 20 2 20 2 20
1 0.2, 0.5 2 20 2 20 2 4 13

1 0.8 2 20 2 20
2 6 11
2 13

1.5 0.2 2 20 2 11 20 2 4 13

1.5 0.5 2 20 2 11 20
2 4 6 11
2 4 13

1.5 0.8 2 20 2 11 20
2 6 11 19
2 4 6

2 0.2 2 20 2 11 20 2 4 6 9 20

2 0.5 2 20 2 11 20
2 4 6 11
2 4 13

2 0.8 2 20 2 11 20
2 6 11 19
2 4 6 11
2 13 19

(b) Optimal hubs for Set I instances

Table 8: Optimal hub configurations for Set I and AP instances

From Table 7 we note that for the CAB instances, the open hubs of all three
approaches coincide for all instances with Ω ∈ {0.5, 1.0}. This shows the stability of
the open hubs for this dataset requiring an increase of 150% of the nominal cost for
the hub configuration to change. Even at a 150% level of uncertainty, the stochastic
approach still keeps the same hub configuration as the deterministic case while the
robust counterparts open only one additional hub. Table 8a shows that for the case
of the AP instances, for Ω ∈ {0.5, 1.0} and α ∈ {0.5, 0.8}, all three approaches give
the same optimal hub configuration. At all other values, the robust solutions differ
from those obtained from the other approaches while the stochastic approach opens
the same hubs as the deterministic model for all values except for Ω = 2.0. For
the Set I instances, Table 8b shows that all three approaches give the same hub
configuration only when Ω = 0.5 and α = 0.8. The robust approach differs from the
other approaches for all other tested values while the stochastic approach obtains
different hub configurations when Ω ∈ {1.5, 2.0}.
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From each dataset, we arbitrarily select a value of Ω and α that yield different hub
configurations for each approach to measure their performance in a worst-case and
risk-neutral setting. To evaluate in a worst-case framework, we fix the hub variables
zi from UHLP-TC to the hub configurations obtained from each approach and solve
the remaining model for budgets of {0.1, 0.2, 0.3, ..., 1.0}, while in the risk-neutral
setting we use Monte Carlo simulation to evaluate the average performance of all
hub configurations.

A summary of the performance of optimal hub configurations obtained from each
approach (deterministic, stochastic, and robust) in a worst-case setting for the CAB,
AP and Set I instances is given in Figures 6, 6a and 6b, respectively. In particular,
these figures give the percentage increase in the optimal solution value with respect
to the deterministic (nominal) cost for different values of the budget of uncertainty.
Table 9 shows a similar analysis for a risk-neutral setting.
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Figure 6: Solution performance in worst-case setting for CAB instance with Ω = 2
and α = 0.2
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(a) AP instance with Ω = 2 and α = 0.2
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(b) Set I instance with Ω = 2 and α = 0.5

Figure 7: Solution performance in worst-case setting
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Instance Approach Open Hubs Exp. Cost σ %Increase

CAB
Stochastic 5 19 25 1,421,798.65 824.57
Deterministic 13 19 25 1,424,828.17 866.89 0.21
Robust 5 13 19 25 1,433,177.30 758.16 0.80

AP

Stochastic 7 11 14 199,390.29 95.38
Deterministic 7 14 200,442.11 106.96 0.53
Robust1 1 8 11 14 214,087.97 78.69 7.37
Robust2 1 7 8 14 216,080.27 74.48 8.37

Set I
Stochastic 2 11 20 40,576.19 31.96
Deterministic 2 20 41,946.05 38.78 3.38
Robust 2 4 6 9 20 42,832.30 17.07 5.56

Table 9: Solution performance in a risk-neutral setting

For the case of the Set I instance, note that in a worst-case scenario, the relative
increase in optimal value is almost 30% greater for the hub configuration from the
stochastic model than that from the robust model. Also, note that the hub configura-
tion of the deterministic model has the worst performance of the three in this setting.
However, observe that in the case of the risk-neutral setting the average performance
of the hub configuration of the robust model is only 5.56% worse than that of the
stochastic model while that of the deterministic model is 3.38% worse. This shows
how the hub configuration of our robust approach significantly outperforms those
obtained from the stochastic and deterministic approaches in a worst-case setting
and is only slightly worse in a risk-neutral setting. A somehow similar behaviour
is noted for the CAB instance as seen in Figure 6 and Table 9, although in a risk-
neutral setting both deterministic and robust models have an increase that does not
exceed 1%. For the AP instance the hub configuration of the stochastic approach
is the worst performing in a worst-case setting as seen in Figure 6a while the hub
configurations of the robust approach are on average under 8.4% more costly than
the stochastic solution in a risk-neutral setting as seen in Table 9.

5. Conclusion

In this paper we introduced robust counterparts of the well-known uncapacitated
hub location problem with multiple assignments for the cases considering uncertain
demands, transportation costs, and both simultaneously. We considered an interval
of uncertainty for demands and transportation costs and used a budget of uncertainty
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to control the level of conservatism in solution networks. We presented mixed integer
linear programming formulations for each of the considered robust counterparts. We
performed extensive computational experiments to evaluate the performance of our
formulations and to study the impact of the intervals of uncertainty and of the bud-
gets of uncertainty in the optimal hub configurations. In addition, we compared the
performance between solutions obtained from deterministic, stochastic and robust
models in both worst-case and risk-neutral settings.

The experiments showed that the interval of uncertainty has a considerable effect
on the optimal configuration and cost of hub networks. In particular, UHLP-DTC
and UHLP-D seem to be the most and the least susceptible models to uncertainty,
respectively. Also, the optimal hub configuration of UHLP-DTC changes from that
of the deterministic solution at a lower level of uncertainty than the other two robust
models. The computational results also showed that an increase in the budget of
uncertainty does not lead to a large variety of hub configurations as the ones observed
when increasing the intervals of uncertainty. Among the three considered sets of
instances, CAB instances demonstrated the most robustness in terms of changes
in optimal hub network configurations. Finally, the comparison of robust UHLP-
TC to deterministic and stochastic UHLPs showed that the hub networks of the
proposed robust model significantly outperformed those obtained from the stochastic
and deterministic models in a worst-case setting and was only slightly worse in a risk-
neutral setting.
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