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Abstract

In presence of aortic stenosis, a jet is produced downstream of the aortic valve annulus during systole. The vena contracta
corresponds to the location where the cross-sectional area of the flow jet is minimal. The maximal transvalvular pressure gradient
(TPGp.x) is the difference between the static pressure in the left ventricle and that in the vena contracta. TPGy,,, is highly time-
dependent over systole and is known to depend upon the transvalvular flow rate, the effective orifice area (EOA) of the aortic valve
and the cross-sectional area of the left ventricular outflow tract. However, it is still unclear how these parameters modify the TPGy.x
waveform. We thus derived an explicit analytical model to describe the instantaneous TPGy,,, across the aortic valve during systole.
This theoretical model was validated with in vivo experiments obtained in 19 pigs with supravalvular aortic stenosis. Instantaneous
TPGp.x was measured by catheter and its waveform was compared with the one determined from the derived equation. Our results
showed a very good concordance between the measured and predicted instantancous TPG,,.x. Total relative error and mean
absolute error were on average 9.4+4.9% and 2.1+ 1.1 mmHg, respectively. The analytical model proposed and validated in this
study provides new insight into the behaviour of the TPGy,,, and thus of the aortic pressure at the level of vena contracta. Because
the static pressure at the coronary inlet is similar to that at the vena contracta, the proposed equation will permit to further examine
the impact of aortic stenosis on coronary blood flow.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Aortic stenosis (AS) is the most frequent cause of
valvular replacement in developed countries (Tornos,
2001). As the blood flow passes through an AS, it forms
a jet, which contracts to a minimum cross-sectional area
(so-called effective orifice area, EOA) at the level of the
vena contracta (location 2, Fig. 1). The difference
between the left ventricular (LV) static pressure (Pry,
location 1, Fig. 1) and the static pressure at the vena
contracta (Pyc, location 2) is the maximal transvalvular
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pressure gradient (TPGpa.x) whereas the difference
between Py and the recovered aortic pressure (P,
location 3) is the net transvalvular pressure gradient
(TPGep). Using the expression of instantancous TPGy;,
we have developed a mathematical model (¥* model)
describing the ventricular—valvular—vascular interaction
under various pathophysiologic conditions (Garcia et
al., 2005a).

LV failure occurs when demand of LV myocardial
oxygen exceeds supply, the latter being tightly coupled
to the left coronary blood flow (Braunwald et al., 1958).
The left coronary circulation is essentially determined by
LV pressure and by the left coronary inlet pressure
(Hoffman and Spaan, 1990). The vena contracta and the
left coronary inlet are located at about the same distance
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Fig. 1. Schema of the flow across an aortic stenosis during systole and
corresponding pressure field along the flow axis. Locations 1, 2 and 3
correspond to the detachment of the flow from the left ventricular
outflow tract, the vena contracta and the location where aortic
pressure is totally recovered. TPG is the transvalvular pressure
gradient and EOA is the valvular effective orifice area. Pry = left
ventricular pressure, Pyc = pressure in the vena contracta, Po = aor-
tic pressure, Ay = cross-sectional area of the left ventricular outflow
tract, A5, = aortic cross-sectional area.

downstream of the valve annulus, and it has been shown
by Sung et al. (1997) that the static pressure does not
change significantly from the flow axis to the wall. Thus,
static pressure in the left coronary inlet is similar to that
in the vena contracta (Pyc). Knowing the expressions of
instantaneous TPG,,x and LV pressure might thus
provide the instantaneous coronary inlet pressure. This
would allow us to combine the 73 model with a lumped
model of the left coronary circulation such as the one
proposed by Judd and Mates (1991) and Mates and
Judd (1993). Such a comprehensive model will allow
studying the impact of AS on left coronary blood flow.
Therefore, with this forthcoming purpose in view, the
primary objective of the present study was to propose an
analytical model of the instantaneous TPGy,,. In the
following sections, TPG,,x will refer to instantaneous
TPG,ax, unless mentioned otherwise.

2. Methods: mathematical derivation of TPG,,,
2.1. Hypotheses

Systole is defined as the period where the transvalv-
ular flow rate O>0 (LV ejection period). The flow
pattern across an aortic stenosis is mainly characterized
by a contraction as far as the vena contracta, followed
by an abrupt expansion (Fig. 1). Within the expansion,

some dynamic pressure is converted to static pressure.
This process is unstable and generates turbulence, which
means that a part of the initial fluid energy is irreversibly
lost. On the contrary, no significant turbulence occurs
upstream from the vena contracta since the conversion
of static to dynamic pressure is stable and is a low-
energy dissipation process (Ward-Smith, 1980). Thus,
we first suppose that the fluid is ideal (i.e. incompressible
and non viscous) upstream from the vena contracta.
Second, we assume that the aortic valve opens and
closes instantaneously and that its EOA remains
constant during systole. Furthermore, we assume that
the flow velocity profile is flat throughout the region of
interest (shaded zone located between location 1 and
location 3, Fig. 1). Finally the cross-sectional area of the
LV outflow tract (LVOT, location 1) and that of the
ascending aorta (location 3) are supposed invariant
throughout systole. For simplicity, they are supposed
similar and noted A.

2.2. Derivation of the TPG,,,

During systole, the blood accelerates between the
LVOT (location 1, Fig. 1) and the vena contracta
(location 2). No significant energy loss occurs during
this convective acceleration (Miller, 1996). Neglecting
the effects of gravitation, the generalized Bernoulli
equation used along a streamline linking location 1 with
location 2 yields TPG,ax:

4

N d, (1)
where P, V, and p are the static pressure, the velocity
and the density of the fluid, respectively. The coordinate
[ is the curvilinear coordinate along the streamline.
Using the conservation of mass, the transvalvular flow
rate Q can be written as Q = AV = EOA V, = A(])
V(l), where A(l) is the cross-sectional area occupied by
the through-flow at the location /. If we assume that A(/)
is time independent, Eq. (1) becomes:

LU B W Tl A
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1
TPGiax = P1 = Py = 5p(V3 = V) +p
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TPGmax - E PQ <
2)

Time integration of Eq. (2) over systole eliminates the
time derivative of Q, which leads to the mean TPG,,,:

— 1 = 1 1

TPGax = 2 pO*( ——5 — — | 3
ma: 2PQ <EOA2 A2> (3)

where the overline denotes the systolic temporal mean.

We now define the parameter A", which is homogeneous
to a length, as follows:

1 2]
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To obtain the complete expression of TPG,,.,, one
has to calculate 1/4*. It can be noted that when EOA
(i.e. A(/ = 2)), converges towards zero, this term tends
towards + oco. On the contrary, when the stenosis
becomes less and less severe, converging towards a no-
stenotic case, location 2 tends towards location 1.
Hence, if EOA =4 (no stenosis), 1/A* is zero and
TPG.x = 0. The upstream flow geometry depends
mainly upon EOA and 4 (Gurevich, 1965; Ward-Smith,
1980) so that a dimensional analysis gives the following
relation linking 1/4* with EOA/A:

At

A simple type of functions f defined on [1, + oo[ that
meets the two aforementioned boundary conditions (i.e.
f(x) > 400 when x — 400 and f(1)=0) is the
following:

4
A‘*

oo
— (ﬁ) _11 , (©6)

where o, f and y are three strictly positive constants to
be solved. Consequently, from Egs. (2), (4) and (6), the
expression of TPGy,,, becomes:

1 1 1
TPGmax =3 N ———-—
22 (EOA2 A2>
1 20 peo
-1 . 7
fat (EOA> M

The constants present in Eq. (7) were determined
analytically as described below.

2.3. Determination of the three constants

We note L,; the recovery length that is the distance
separating the vena contracta from the location beyond
where static pressure is totally recovered. To determine
o, B and 7y, one will study the behaviour of Ljs.
According to our previous study (see Eq. (10) in (Garcia
et al., 2005b)), Ly; is related to 1/4* as follows:

Y ®)

and more precisely, it follows from Eq. (6) that:

B Y
—a (E(/)IA> —1] . 9)

It is straightforward to verify that L,;3 is zero if
EOA = 4. Because L3 may not be infinite, it is
meaningful to postulate that (Lp3/+/A) must converge
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Fig. 2. Normalized recovery length as a function of normalized EOA.
A is the aortic cross-sectional area.

towards a strictly positive constant when 4/EOA tends
towards + oo, i.e. when the stenosis becomes more and
more severe (EOA — 0). This essential postulate leads to
the unique following solution (see Appendix A):

a=2m, f=1/2 and y=1. (10)

Finally, the recovery length can be expressed as

Fig. 2 illustrates the dimensionless recovery length
(Ly3/+/A) as a function of the dimensionless EOA
(EOA/A). Using Egs. (7) and (10), one finally obtains:

(A 1
TPGmax = E,OQ (EOA2 - Az)

0Q 1 1
+2np§(m—\/—z>. (12)

For comparison, TPG,; is written as (see (Garcia et
al., 2005b) for details):

1 1 1\?
TPGe = E”QZ< )

EOA 4
20 [ 1 1
+2mp Por VEOA 4 (13)
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The expression of TPG,., given by Eq. (12) has been
validated in vivo as described hereafter.

3. Methods: in vivo validation of the TPG,,,x equation
3.1. In vivo experiments

The animal protocol has been previously described in
detail (Garcia et al., 2003; Kadem et al., 2005). A
supravalvular AS was created in 19 pigs using umbilical
tape tightened around the aorta ~2cm downstream
from the aortic valve annulus. The pressure measure-
ments were performed using a Millar catheter (custo-
mized model, Millar Instruments) with a distal
(Py = Pry), intermediary (P, = Pyc), and proximal
(P; = Pa) sensor. The P; sensor was located ~1cm
upstream from the stenosis. The P, was positioned at
the level of the vena contracta. The P; sensor, located at
4cm of the intermediary sensor (P;), was used to
measure the aortic pressure after recovery. Cardiac
output was measured using an ultrasonic flowmeter
(T206, Transonic Systems), with the probe positioned
around the main pulmonary artery. The three pressure
signals were simultaneously recorded using a sampling
frequency of 400 Hz. The systolic trans-stenotic pressure
gradients were calculated as follows: TPGp,x = P1— P>
(= Pry—Pvc) and TPGyey = P1—P3 (= PLy—P4). Dop-
pler echocardiographic measurements were performed
with a Sonos 5500. Doppler EOA was calculated using
the standard continuity equation. The diameter of the
ascending aorta was measured at ~2 cm downstream of
the stenosis by bi-dimensional echocardiography. The
cross-sectional area A was calculated assuming a
circular shape. These measurements were obtained
under different grades of stenosis severity (1-3 grades
per pig). In total, 33 complete series of acquisitions were
obtained. It should be noted that the normal native
aortic valve does not affect the flow through the
supravalvular stenosis since the valve is widely open
during systole.

3.2. Determination of the instantaneous transvalvular
flow rate

The instantaneous transvalvular flow rate (Q) was
necessary to predict TPG,.x (see Eq. (12)). However,
only the pulmonary flow waveform was measured. The
transvalvular flow waveform was therefore determined
from the continuous-wave Doppler spectrum measured
in the trans-stenotic flow jet: the respective envelopes of
three spectra were semi-automatically extracted using a
Matlab (MathWorks, Inc.) programme and their
average was used as a substitute of the Q waveform
(Fig. 3). This approach is valid because the geometric
area of the stenosis did not significantly change during

200

Y
Flow rate (mL/s)

0 360
Time (ms)

Cardiac output measured by
electromagnetic flowmeter

J

Fig. 3. Determination of the transvalvular flow waveform from the
envelope of the continuous-wave (CW) Doppler spectrum and cardiac
output measured by electromagnetic flowmeter. See Section 3.2 for
details.

systole. Then, the amplitude of the reconstructed flow
signal was adjusted to match the time-averaged pul-
monary flow ( = cardiac output).

3.3. Comparison between measured and predicted
TPG}’ﬂClX

As shown by Eq. (12), TPG,,.x is dependent upon
0Q/0t. However, it is difficult to obtain an accurate
00Q/0t waveform from Doppler signal, especially at the
ejection onset. We therefore chose to predict TPGax
from Q? and TPG,, rather than from Q° and 0Q/0t (as
in Eq. (12)). Indeed, by means of Eqgs. (12) and (13),
TPG,.x can be rewritten as follows:

by

1 aiby — arh
TPGipyy = Epa”bizaﬂ 0+ 5 TPGoc

by = 1/vEOA — 1//4
b, =+/1/EOA —1/4
where (14)
a; = 1/EOA? —1/4°
ay = (1/EOA — 1/4)*.
EOA was determined by Doppler echocardiography (see

Section 3.1) and also by catheter with the use of the
mean systolic expression of Eq. (13):

-1
cor— (Ls [TPG)
A 0 Q2

(15)

3.4. Analysis of the results

TPG,.x Wwas predicted from Eq. (14) with the use of
either Doppler or catheter EOA (Eq. (15)). Total relative
errors between the measured and predicted instantaneous
TPG,.x were calculated as: |TPGeasured— TPGestimated| =
|ITPGneasured| X 100, where |-| represents the vectorial
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I-norm. Mean absolute errors were calculated as: using a linear regression and the Bland—Altman method
| TPG easured— TPGestimated|/IN, Where N represents the (Bland and Altman, 1986).
vector length. Doppler and catheter EOAs were compared

4. Results

12F
4.1. Doppler versus catheter EOAs

The Doppler EOA ranged from 0.24 to 1.16 cm? and
the catheter EOA from 0.30 to 1.18 cm?. The equation of
the regression line linking Doppler and catheter EOAs
was y = 0.97x 4 0.06 with a coefficient of determination
of r* = 0.83 (Fig. 4). The mean (+SD) of the difference
(Doppler EOA-catheter EOA) was 0.04+0.1 cm?. No
correlation was found between the differences and
catheter EOA (1 <0.01). Our results thus suggest that
there was a very good concordance between Doppler
and catheter EOAs and that their differences behaved
randomly.

o
©

Doppler EOA (cm?)
o
o

04+
4.2. Predicted versus measured TPG,,,,

02 , , . . . Overall there was a very good concordance between
0.2 0.4 0.6 0.8 . 1 1.2 measured and predicted TPG,,,x when using catheter
Catheter EOA (cm®) EOA (Fig. 5), which validates Eq. (14). Total relative

Fig. 4. Doppler EOA versus catheter EOA (7 = 33). The dotted line is error ranged between 3.6% and 26% (Fig. 6) and was on
the identity line. The solid line is the regression line. average 9.4+4.9% (median = 8.6%). Mean absolute

EOA = 0.31 cm? EOA = 0.48 cm?

TPGmax (mmHg)

0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
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Fig. 5. Predicted (dotted curves) versus measured (solid curves) TPG,.x. These examples correspond to the four median results in terms of total
relative error (white dots in left panel, Fig. 6). Here, total relative error is around 8.5%.
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Fig. 6. Total relative errors (left panel) and mean absolute errors (right panel), between predicted and measured TPGy,,x, as a function of the mean
systolic measured TPG .. White dots in the left panel correspond to the curves of Fig. 5.

error ranged between 0.7 and 5.9 mmHg (Fig. 6) and
was on average 2.1+ 1.1 mmHg (median = 1.9 mmHg).
When the mean TPG,,,, was less than 20mmHg,
relative error was greater than 10%. Nevertheless, in
this particular range, the mean absolute error remained
around 1.5mmHg only (Fig. 6). When TPG,,., was
predicted using Doppler EOA, relative and absolute
errors were 20+11% (median = 18%) and 4.5+2.9
(median = 4.0) mmHg, respectively. Hence, although
there was a very good concordance between Doppler
and catheter EOAs, TPG,., estimated when using
Doppler EOA did not predict measured TPG,,,, as well
as with catheter EOA. This suggests that the proposed
equations are sensitive to error measurements in EOA.

5. Discussion

The mean systolic values of TPGs are commonly
utilized during clinical examination to evaluate the
severity of AS, and they can be determined either by
cardiac catheterization or by Doppler echocardiogra-
phy. Since Doppler echocardiography uses the velocity
measured in the vena contracta, it provides the mean
TPG.x as given by the simplified Bernoulli equation
resulting from Eq. (3). In contrast, catheterization
measures the recovered pressure at some distance from
the vena contracta and thus gives the mean TPG,,
which may be expressed from Eq. (13) as:

— 1 =/ 1 1\
TPGnet—EpQ (EO—A_Z> . (16)

Because the amount of “overestimation” of Doppler
gradients compared to catheter gradients may be
clinically significant in patients with moderate or severe
stenosis and a relatively small aortic cross-sectional

area, mean systolic TPG,,, and TPG,. have been
widely studied (Baumgartner et al., 1999; Voelker et al.,

1992). However, few investigations were carried out on
instantaneous TPG, and, to our knowledge, none on
instantaneous TPG,,,x. Recently, we have proposed an
explicit analytic expression for the instantaneous TPG .
(Garcia et al., 2005b). To pursue this investigation of the
transvalvular hemodynamics, we now derived the
analytic equation of instantaneous TPG,x. Some
important features and potential clinical implications
of such a model are discussed below.

5.1. Generalization of TPG,,,; and TPG,,,

In the present study, we assumed that LVOT and
aortic cross-sectional areas were similar. However, in
patients with AS, these areas are significantly different:
from a database of 1261 patients who underwent an
echocardiographic evaluation at the Quebec Heart
Institute, LVOT area was on average 3.6+0.8 cm?
whereas aortic area measured at the sinotubular
junction was 7.0+3.4 cm?, Nonetheless, we showed that
the contribution of the LVOT area in TPG,, is less than
10% in most of the patients (Garcia et al., 2005b).
Moreover, it is well established that the dimension and
geometry of the flow downstream of the vena contracta
has a minimal influence on the flow characteristics
upstream from the vena contracta (Garcia et al., 2004,
Gurevich, 1965; Ward-Smith, 1980). Hence TPG,,,« and
TPG, can be generalized as follows:

1 o1 1
TPGax = EPQ (EOAz_ALVz)

00/ 1 I
+2amp oy («/EOA N \/Aw)’ a7

1 1 1\?2
TPGe = Esz (— - —)

EOA A
00 1 1
+2n'06_t EOA Ay (18)
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Fig. 7. Simulated TPGye, and TPGip,y using the V> model for mild (EOA = 1.5¢cm?) and severe (EOA = 0.7 cm?) AS. Stroke volume is 70 mL, and
heart rate is 70 bpm. Note that TPG,,,y is lower than TPG,,, at the very beginning of ejection.

where Ay and A, are the respective cross-sectional
areas of the LVOT and the ascending aorta at the
sinotubular junction (Fig. 1).

5.2. TPG,, . is not always maximal!

TPG.x is called this way because, when averaging
throughout systole, it is indeed the maximal transvalvular
pressure gradient, as could be easily demonstrated from
Egs. (3) and (16). However, at the very beginning of LV
ejection, @ is negligible compared to 0Q/dt so that
TPG.x and TPG, are essentially governed by the local
inertia. In that case, TPGyo(?) > TPGy,.«(?) (Fig. 7). Hence,
the pressure at the vena contracta (location 2, Fig. 1) is
therefore higher than the recovered aortic pressure
(location 3, Fig. 1) at the onset of LV ejection (Fig. 8).

5.3. Recovery length

The recovery length (L3, Fig. 2) can be expressed as a
function of the aortic cross-sectional area and EOA alone,
as shown by Eq. (11). In this animal study, aortic area was
on average 2.4+0.5cm” and catheter EOA ranged from
0.3 to 1.2cm? According to Eq. (11), Lys therefore ranged
from 5.5 to 8 cm approximately, which is higher than the

150

100

50

Pressure (mmHg)

0 0.5 1 1.5
Time (s)

Fig. 8. Pressure waveforms obtained with the V> model upgraded with
Eq. (17) and (19). Ppv = left ventricular pressure, P, = left coronary
inlet pressure (= Pyc), P = aortic pressure. In this example, a
normotensive condition was simulated and stroke volume = 70 mL,
EOA = lem?, Ay = 3.5and A, = 7em?.

distance separating P3; and P, sensors (4 cm, see methods)
in the catheter used for the experiments. But, downstream
of vena contracta, static pressure increases rapidly in the
first ~5cm (Sung et al., 1997). It should also be noted that
L3 is not flow-dependent because we assumed that the
flow pattern was dependent upon EOA and A4 only. This is
probably true for high flow rates but should be verified for
low flow rates.
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5.4. Integration of TPG,,, in the V3 model and future
investigations

The present study completes the comprehensive descrip-
tion of the aortic valve hemodynamics and this may have
several important clinical implications. Indeed we have
recently developed and validated a mathematical model
(V3 model) describing the ventricular—valvular—vascular
interaction (Garcia et al., 2005a) which allows simulating
left heart and vascular hemodynamics under many
pathophysiologic conditions (hypertension and/or AS
and/or LV failure). Integrating Eq. (17) of TPG,,.x in
the 7° model will now permit simulating the static
pressure within the vena contracta and consequently the
left coronary inlet pressure. Thus, to summarize, left
coronary inlet pressure may be written as

Pinlet(l) = PLV(I) - TPGmax(Z)
Pinlet(t) = PA(I)

This implies that TPG,,,,, may have a critical effect on
the left coronary circulation as previously observed in
patients (Jin, 2004; Omran et al., 1996; Rajappan et al.,
2002; Tamborini et al., 1996). Combining the ¥* model
upgraded with the new TPG,,,,x equation (Fig. 8) with
the lumped model of left coronary circulation developed
by Judd and Mates (1991) and Mates and Judd (1993)
will permit to further examine the impact of AS on
coronary blood flow (CBF) and, more specifically, on
coronary flow reserve (CFR). According to the Judd’s
model, the mean CBF is essentially governed by
(Pintet — %PLV). As the severity of AS increases, it
appears a substantial increase of Py in combination
with a lower pressure zone at the coronary inlet. This
tends to significantly diminish systolic CBF which
represents, under normal conditions, 20-30% of total
CBF. To compensate for this loss of CBF, autoregula-
tory coronary vasodilation occurs to maintain an
adequate myocardial perfusion to the detriment of the
CFR. Thus, the impairment of the systolic CBF may
greatly affect the CFR. This has been previously
reported in patients with AS by Hongo et al. (Hongo
et al., 1993) who found that CFR positively correlates to
the proportion of systolic CBF. Thus, as the severity of
AS increases, it is very likely that CFR decreases due to
the increase of both TPG and Ppy. Moreover, because
the difference between TPG,,x and TPG, may be as
high as 30 mmHg with severe AS (Fig. 7), it is essential
to use Pinet, yielded by Eq. (19), and not Py when
simulating the systolic coronary inlet pressure.

during systole,

(19)

during diastole.

6. Limitations of the study

The derivation of the analytical expression of TPGy,ax
necessitated the same essential hypotheses used pre-

viously for TPG,; (Garcia et al., 2005b): (1) ideal flow
upstream from the vena contracta, (2) flat velocity
profiles in the through-flow, (3) fixed flow geometry
throughout systole and (4) equality of LVOT and
ascending aorta cross-sectional areas. Hypotheses 1
and 2 are commonly applied in some models of
flowmetering devices even if some vortices may appear
proximal to the vena contracta (Miller, 1996; Munson et
al., 1994; Ward-Smith, 1980). Moreover, because the
transvalvular flow is not rectilinear nor axisymmetric,
irregular velocity profiles have been reported both in
LVOT and in ascending aorta (Haugen et al., 2000;
Segadal and Matre, 1987). We also postulated that EOA
is constant throughout ejection. Whereas this hypothesis
is adequate in normal and mildly or moderately stenotic
aortic valves, it has been reported that EOA may vary
during ejection in patients with severely calcified valves
(Arsenault et al., 1998; Beauchesne et al., 2003). Hence,
further studies should be necessary to evaluate the
accuracy of the model in patients with various degrees of
AS and/or valve leaflet calcification.
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Appendix A

One seeks the values of the strictly positive constants
o, p and y so that:

. Ly;
1 — | = tant >0. A.l
(A/EO%L+OO (ﬂ) constant > (A.1)
We define the variable X = (4/EOA — 1). Thus, it
follows from Eq. (9) that:
Los /A = 21X — o[ X1+ XY —17. (A.2)

When X tends towards + oo, one obtains:

L3 /A ~2nX'? — o(XF 4 pxP=1 — 1y
~ 2n X2 —aXP (1 px Tt — x Py
~ X'V — o XP (1 + pyx ' —yXxF)
~ 2n X2 — o X P — afy X P 4y X PP (AL3)

Because o X? + ofy X1 — oy XP=F ~ 0 X? when X
tends towards + oo, postulate (A.1) is true if, and
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only if:

lim QnXx'/? — aXx?)
X—+o0

=0and Ilim (—ogﬂyXﬁV—l + ochﬁ'*_ﬁ)
X—+o00
= constant>0 (A.4)

what necessarily yields:

o =2m,fy=1/2and Xlim

——+00
(=X~ 4+ 2y X '/27 1@y = constant >0 (A.5)

and the unique condition for the limit in (A.5) to
converge towards a strictly positive constant is y = 1,
such that the corresponding constant is 2z and f§ = %
Finally,

a=2n,f=1/2andy = 1. (A.6)
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