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COEN 212:
DIGITAL SYSTEMS DESIGN I

Lecture 3: Logic Gates

Instructor:		Dr.	Reza	Soleymani,	Office:	EV‐5.125,	
Telephone:	848‐2424	ext.:	4103.	
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• In a Boolean expression, each term is represented by a gate 
and each variable in a term is an input to that gate. 

• Each variable appearing in a function, whether in 
complimented or original form is called a literal. 

• For example, ܨ ൌ ݖᇱݕᇱݔ ൅ ᇱݖݕݔ ൅ ᇱݖᇱݔ has three terms and 8 
literals.
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Standard Forms: Sum of Products

• Standard forms: 
– Sum of products 
– Product of sums.

• Standard sum of product form:
– function is represented as the sum (OR) of several 

terms. 
– Each term is the product (AND) of one or more literals.
– example, 

ଵܨ ൌ ݔ ൅ ݕᇱݔ ൅ ݖݕݔ ൅ ᇱݖᇱݕᇱݔ

is in Sum of Products form.
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Standard Forms: Product of Sum form

• Standard Product of Sum form:

• a function is represented as product (AND) of several 
factors.

• Each factor is the sum (OR) several terms. 
• Example

ଶܨ ൌ ᇱݔሺݔ ൅ ݔᇱሻሺݕ ൅ ݔᇱሻሺݖ ൅ ݕ ൅ ሻݖ
is in Product of Sums form.
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Canonic Forms: minterms

• With two variables ݔ and ݕ, we can form 4 products or ݕݔ,
,ݕᇱݔ			 ,ᇱݕݔ			 			 ᇱݕᇱݔ each called a standard product or a 
minterm.

• With ݊ variables, there are 2௡ minterms enumerated using 
numbers 0 to 2௡ െ 1 (in binary) 

• minterms corresponding to each row of the truth table is 
formed by ANDing the variables (for 1’s) or their complements 
(for 0’s). 

• Example: ݊ ൌ 3
ݔ ݕ	 ݖ	 Term Designati

on
0    0    0 ᇱݖᇱݕᇱݔ ݉଴
0    0    1 ݖᇱݕᇱݔ ݉ଵ
0    1    0 ᇱݖݕᇱݔ ݉ଶ
0    1    1 ݖݕᇱݔ ݉ଷ
1   0    0 ᇱݖᇱݕݔ ݉ସ
1    0    1 ݖᇱݕݔ ݉ହ
1    1    0 ᇱݖݕݔ ݉଺
1    1    1 ݖݕݔ ݉଻
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• A standard sum or Maxterm is formed by ORing the ݊
variables. Those with 0 value appear uncomplemented and 
those with value 1 appear complemented. 

• Example:

• Note that each Maxterm is the complement of the 
corresponding minterm.

ݔ ݕ	 ݖ	 Maxterm Designatio
n

0    0    0 ݔ ൅ ݕ ൅ ݖ ଴ܯ
0    0    1 ݔ ൅ ݕ ൅ ᇱݖ ଵܯ
0    1    0 ݔ ൅ ᇱݕ ൅ ݖ ଶܯ
0    1    1 ݔ ൅ ᇱݕ ൅ ᇱݖ ଷܯ
1   0    0 ᇱݔ ൅ ݕ ൅ ݖ ସܯ
1    0    1 ᇱݔ ൅ ݕ ൅ ᇱݖ ହܯ
1    1    0 ᇱݔ ൅ ᇱݕ ൅ ݖ ଺ܯ
1    1    1 ᇱݔ ൅ ᇱݕ ൅ ᇱݖ ଻ܯ
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A Boolean function can be expressed algebraically by adding 
the minterms for those rows of the truth table for which the 
function is 1. 
Example: 

ଵܨ ൌ ݖᇱݕᇱݔ ൅ ᇱݖᇱݕݔ ൅ ݖݕݔ ൌ ݉ଵ ൅ ݉ସ ൅ ݉଻ or ܨଵሺݕ,ݔ, ሻݖ ൌ ∑ሺ1,4,7ሻ. 
and,
ଶܨ ൌ ݖݕᇱݔ ൅ ݖᇱݕݔ ൅ ᇱݖݕݔ ൅ ݖݕݔ ൌ ݉ଷ ൅ ݉ହ ൅ ݉଺ ൅ ݉଻

or ܨଶሺݔ, ,ݕ ሻݖ ൌ ∑ሺ3,5,6,7ሻ.

ݔ ݕ	 ݖ	 ଵܨ ଶܨ
0    0    0 0 0
0    0    1 1 0
0    1    0 0 0
0    1    1 0 1
1   0    0 1 0
1    0    1 0 1
1    1    0 0 1
1    1    1 1 1
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• AND the Maxterms corresponding to those rows of the truth 
table for which the function is equal to 0. 

ଵܨ ൌ ݔ ൅ ݕ ൅ ݔ . ݔ ൅ ᇱݕ ൅ ݖ . ݔ ൅ ᇱݕ ൅ ᇱݖ . ᇱݔ ൅ ݕ ൅ ᇱݖ . ሺݔᇱ ൅ ᇱݕ ൅
ሻݖ ൌ .଺ܯ.ହܯ.ଷܯ.ଶܯ.଴ܯ
• We can also add together the minterms corresponding rows 

where  ܨଵ is zero and then take the compleme, i.e.,
– ଵᇱܨ ൌ ᇱݖᇱݕᇱݔ ൅ ᇱݖݕᇱݔ ൅ ݖݕᇱݔ ൅ ݖᇱݕݔ ൅ ,ᇱݖݕݔ
– ଵܨ ൌ ᇱݖᇱݕᇱݔ ൅ ᇱݖݕᇱݔ ൅ ݖݕᇱݔ ൅ ݖᇱݕݔ ൅ ᇱݖݕݔ ᇱ ൌ ݔ ൅ ݕ ൅ ݖ ሺݔ ൅
ᇱݕ ൅ ሻݖ ݔ ൅ ᇱݕ ൅ ᇱݖ ᇱݔ ൅ ݕ ൅ ᇱݖ ᇱݔ ൅ ᇱݕ ൅ ݖ ଺ܯହܯଷܯଶܯ଴ܯ=

• This can be written as ܨଵ ,ݕ,ݔ ݔ ൌ ∏ሺ0,2,3,5,6ሻ. 

• Similarly, ܨଶ ൌ ݔ ൅ ݕ ൅ ݖ ݔ ൅ ݕ ൅ ᇱݖ ݔ ൅ ᇱݕ ൅ ݖ ሺݔᇱ ൅ ݕ ൅
ሻݖ ൌ ସܯ.ଶܯ.ଵܯ.଴ܯ ൌ ∏ሺ0,1,2,4ሻ



Slide 11

Department of Electrical & Computer Engineering

• A function represented in sum of minterms can be converted 
to a product of Maxterms form and vice versa.

• Note that:
– a sum of minterms expression has those minterms for which the 

function is 1. 
– The complement of the function consists of the rest of the terms.
– The complement of the complement will have Maxterms for 

these rows (the rest of the terms). 
– The complement of the complement of the function is the 

function itself.
• For example, in the previous example,

• ଵܨ ൌ ∑ሺ1,4,7ሻ. 
• ଵᇱܨ is the sum of the rest of minterms, i.e., ܨଵᇱ ൌ ∑ሺ0,2,3,5,6ሻ. 
• So, ܨଵ ൌ ሺܨଵᇱሻᇱൌ ∏ሺ0,2,3,5,6ሻ.
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• ݊ variables take 2௡ values, i.e., the truth table for an ݊-bit 
function has 2௡ rows. 

• Each row’s value can be a 1 or a 0. So, there are 2ଶ೙ functions 
with ݊ binary inputs. 

• For ݊ ൌ 2, we have four values for ݔ and ݕ. So, there are 2ସ ൌ
16 functions.

• Each column defines a different gate (or function). 
• For example: Column 4 (ܨଵ) is AND and 10	ሺܨ଻ሻ is OR.

ݔ ݕ ଴ܨ ଵܨ ଶܨ ଷܨ ସܨ ହܨ ଺ܨ ଻ܨ ܨ଼ ଽܨ ଵ଴ܨ ଵଵܨ ଵଶܨ ଵଷܨ ଵସܨ ଵହܨ
0    0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0    1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1    0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1    1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
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• We have learned about ܨଵ(AND) and ܨ଻(OR) already. ܨଵ଴ and 
ݕ ଵଶare also NOT for variablesܨ and ݔ, respectively.

• Some other functions that are important are:
– ܨ଼ : ሺݔ ൅ ሻᇱݕ called NOR: NOT-OR

– .ݔଵସ: ሺܨ ሻᇱݕ called NAND: NOT-AND

– ᇱݕݔ :଺ܨ ൅ ݕᇱݔ called Exclusive OR: XOR

– ݕݔ :ଽܨ ൅ ᇱݕᇱݔ called X-NOR or equivalence. 
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• AND gates and OR gates are commutative and associative, 
i.e., ݔ ൅ ݕ ൅ ݖ ൌ ݔ ൅ ሺݕ ൅  ሻ. So, a 3-input OR gate can beݖ
made from two OR gates with two inputs each.
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• Similarly a 3-input AND gate can be written with no ambiguity 
as ݔ. ݕ . 	ݖ or ݔ. ሺݕ. .ሻݖ

• So, it can be implemented using two 2-input AND gates: 
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• NAND and NOR operations are not associative, e.g., for NOR 
gates

ݔ ↓ ݕ ↓ ݖ ൌ ݔ ൅ ݕ ᇱ ൅ ݖ ᇱ ൌ ݔ ൅ ݕ ᇱݖ ൌ ᇱݖݔ ൅ ᇱݖݕ

and 
ݔ ↓ ሺݕ ↓ ሻݖ ൌ ݔ ൅ ݕ ൅ ݖ ᇱ ᇱ ൌ ᇱݔ ݕ ൅ ݖ ൌ ݕᇱݔ ൅ ݖᇱݔ

So,
ݔ ↓ ݕ ↓ ݖ ് ݔ ↓ ሺݕ ↓ ሻݖ

• To avoid this difficulty NAND and NOR gates are implemented 
using complemented (inverted) AND and OR gates, i.e., 

ݔ ↑ ݕ ↑ ݖ ൌ ሺݖݕݔሻᇱ
ݔ ↓ ݕ ↓ ݖ ൌ ሺݔ ൅ ݕ ൅ ሻᇱݖ
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• 3-input NAND gate:

• 3-input NOR gate:
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• XOR and X-NOR (equivalence) are both commutative and 
associative. So, they can be extended to more than two 
inputs. 

• 3-input XOR gate:

– Symbol

– Implementation
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• Question 1: Implement the function for the following truth 
table: 

• Question 2: Complement of ܨ ൌ ݕᇱݔ ൅ ݔᇱݕ is:
a) ܨ′ ൌ ሺݔᇱ൅ݕ′ሻሺݔ ൅ ሻݕ b) ܨ′ ൌ ݕݔ ൅ ᇱݕ′ݔ c) ܨ′ ൌ ݕᇱݔ ൅ ݕݔ b) None

Question 3: Derive the truth table of:

ܨ ൌ ݖ′ݕᇱݔ ൅ ′ݖᇱݕݔ ൅ ᇱݖݕ′ݔ ൅ ݖݕݔ

x y z
0 0 1
0 1 1
1 0 1
1 1 0


