
Discrete Fourier Transform (DFT) 
and its implementation: Fast Fourier   
Transform (FFT)

Lecture 4



Frequency Domain Sampling

 Consider an aperiodic discrete-time signal x[n] with Fourier Transform

 Assume that we take samples of the spectrum spaced 



Frequency Domain Sampling
 Let:                         , then:



Sub-dividing the summation, we have:



Frequency Domain Sampling



DFT
 The coefficients are:

 It is easy to see that:

 Therefore,

 So,          can be recovered from Samples of 



DFT Pair

 So, we have DFT and Inverse DFT defined as:



DFT: Example



DFT: Example



DFT as a Linear Transformation
 Let

 Then,





DFT as a Linear Transformation
 Define

 Then, the DFT and IDFT can be expressed as:                                             Note that

 DFT

 IDFT



Example



Relationship Between DFT and z-Transform

then



Relationship Between DFT and z-transform



Properties of DFT



Properties of DFT



Properties of DFT: Circular Symmetries

Shifting           by k, we get,



Properties of DFT: Circular Symmetries



Properties of DFT: Circular Convolution

Take,

and

Multiply the two to get,

IDFT is,



Properties of DFT: Circular Convolution



Circular Convolution





Properties of DFT

 Special case of Parseval’s Theorem,

 When

 This means that it does not matter whether you compute energy in time-
domain or frequency-domain. 



Linear Filtering using DFT

Let,

 The output y[n] will be,

With duration                      .

In frequency domain, we have,   



Linear Filtering using DFT: Example

Let,

 Then,

 Where

 Example: Find the response of                               to 



Linear Filtering using DFT: Example
Let, N=L+M-1=4+3-1=6.

Then,

 We have,



Linear Filtering using DFT: Example

For H[k],

 So,



Linear Filtering using DFT: Example
Multiplying X[k] and H[k], we get



Aliasing in DFT
We needed N to be at least L+M-1. In the example, we had to have N at least 6 
and we used N=8 and it worked. Now let’s use N=4:



Aliasing in DFT
The 4-point IDFT gives:

 So, we have: 

 We see that y[4] is aliased with y[0] and y[5] is aliased with y[1]:

and the other two terms are ok:



Filtering of Long Data Sequences 
Usually, we need to process very long sequences of data. So, we need to cut the 
sequence into a large number of blocks, each of a reasonably short length N and 
find N-point DFT’s and combine them. There are tw wasy to do this:

1) Overlap-Save Method,

2) Overlap-Add Method.



Overlap-Save Method



Overlap-Save Method

 and so on.



Overlap-Add Method



Overlap-Add Method



Efficient Implementation of DFT
The DFT and IDFT are given by,

and,

where,

Aa   has the following properties:



Direct Implementation of DFT
For a complex-valued sequence x[n] the DFT and IDFT are is given by,



Splitting of the sequence
To simplify the task, we split x[n] into two sequences one consisting of the values 
with odd index and the other consisting of even indexed values:



Splitting of the sequence
But,

So, 



Splitting of the sequence

We define:

The DFT can be expressed as:



Splitting of the sequence



Splitting of the sequence

We can now further divide 

and:



Fast Fourier Transform (FFT)



Fast Fourier Transform (FFT)



Fast Fourier Transform (FFT)

Basic Butterfly:



Fast Fourier Transform (FFT)


