
Chapter 3

3.1

(a)

X(z) =
∑

n

x(n)z−n

= 3z5 + 6 + z−1 − 4z−2 ROC: 0 < |z| <∞

(b)

X(z) =
∑

n

x(n)z−n

=
∞∑

n=5

(
1

2
)nz−n

=

∞∑
n=5

(
1

2z
)n

=

∞∑
m=0

(
1

2
z−1)m+5

= (
z−1

2
)5

1

1− 1
2z−1

= (
1

32
)

z−5

1− 1
2z−1

ROC: |z| > 1

2

3.2

(a)

X(z) =
∑

n

x(n)z−n

=
∞∑

n=0

(1 + n)z−n

=

∞∑
n=0

z−n +

∞∑
n=0

nz−n

But

∞∑
n=0

z−n =
1

1− z−1
ROC: |z| > 1
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and

∞∑
n=0

nz−n =
z−1

(1− z−1)2
ROC: |z| > 1

Therefore, X(z) =
1− z−1

(1− z−1)2
+

z−1

(1− z−1)2

=
1

(1− z−1)2

(b)

X(z) =

∞∑
n=0

(an + a−n)z−n

=

∞∑
n=0

anz−n +

∞∑
n=0

a−nz−n

But
∞∑

n=0

anz−n =
1

1− az−1
ROC: |z| > |a|

and

∞∑
n=0

a−nz−n =
1

(1− 1
az−1)2

ROC: |z| > 1

|a|

Hence, X(z) =
1

1− az−1
+

1

1− 1
az−1

=
2− (a + 1

a )z−1

(1− az−1)(1− 1
az−1)

ROC: |z| > max (|a|, 1

|a| )

(c)

X(z) =

∞∑
n=0

(−1

2
)nz−n

=
1

1 + 1
2z−1

, |z| > 1

2

(d)

X(z) =
∞∑

n=0

nansinw0nz−n

=

∞∑
n=0

nan

[
ejw0n − e−jw0n

2j

]
z−n

=
1

2j

[
aejw0z−1

(1− aejw0z−1)2
− ae−jw0z−1

(1− ae−jw0z−1)2

]

=

[
az−1 − (az−1)3

]
sinw0

(1− 2acosw0z−1 + a2z−2)2
, |z| > a

(e)

X(z) =

∞∑
n=0

nancosw0nz−n

=

∞∑
n=0

nan

[
ejw0n + e−jw0n

2

]
z−n
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=
1

2

[
aejw0z−1

(1− aejw0z−1)2
+

ae−jw0z−1

(1− ae−jw0z−1)2

]

=

[
az−1 + (az−1)3

]
sinw0 − 2a2z−2

(1− 2acosw0z−1 + a2z−2)2
, |z| > a

(f)

X(z) = A

∞∑
n=0

rncos(w0n + φ)z−n

= A

∞∑
n=0

rn

[
ejw0nejφ + e−jw0ne−jφ

2

]
z−n

=
A

2

[
ejφ

1− rejw0z−1
+

e−jφ

1− re−jw0z−1

]

= A

[
cosφ− rcos(w0 − φ)z−1

1− 2rcosw0z−1 + r2z−2

]
, |z| > r

(g)

X(z) =

∞∑
n=1

1

2
(n2 + n)(

1

3
)n−1z−n

But

∞∑
n=1

n(
1

3
)n−1z−1 =

( 1
3 )3z−1

(1− 1
3z−1)2

=
z−1

(1− 1
3z−1)2

∞∑
n=1

n2(
1

3
)n−1z−n =

z−1 + 1
3z−2

(1− 1
3z−1)3

Therefore, X(z) =
1

2

[
z−1

(1− 1
3z−1)2

+
z−1 + 1

3z−2

(1− 1
3z−1)3

]

=
z−1

(1− 1
3z−1)3

, |z| > 1

3

(h)

X(z) =

∞∑
n=0

(
1

2
)nz−n −

∞∑
n=10

(
1

2
)nz−n

=
1

1− 1
2z−1

− ( 1
2 )10z−10

1− 1
2z−1

=
1− ( 1

2z−1)10

1− 1
2z−1

, |z| > 1

2

The pole-zero patterns are as follows:
(a) Double pole at z = 1 and a zero at z = 0.
(b) Poles at z = a and z = 1

a . Zeros at z = 0 and z = 1
2 (a + 1

a ).
(c) Pole at z = − 1

2 and zero at z = 0.
(d) Double poles at z = aejw0 and z = ae−jw0 and zeros at z = 0, z = ±a.
(e) Double poles at z = aejw0 and z = ae−jw0 and zeros are obtained by solving the quadratic

acosw0z
2 − 2a2z + a3cosw0 = 0.

(f) Poles at z = rejw0 and z = ae−jw0 and zeros at z = 0, and z = rcos(w0 − φ)/cosφ.
(g) Triple pole at z = 1

3 and zeros at z = 0 and z = 1
3 . Hence there is a pole-zero cancellation so
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that in reality there is only a double pole at z = 1
3 and a zero at z = 0.

(h) X(z) has a pole of order 9 at z = 0. For nine zeros which we find from the roots of

1− (
1

2
z−1)10 = 0

or, equivalently, (
1

2
)10 − z10 = 0

Hence, zn =
1

2
e

j2πn
10 , n = 1, 2, . . . , k.

Note the pole-zero cancellation at z = 1
2 .

3.3

(a)

X1(z) =
∞∑

n=0

(
1

3
)nz−n +

0∑
n=−∞

(
1

2
)nz−n − 1

=
1

1− 1
3z−1

+

∞∑
n=0

(
1

2
)nzn − 1

=
1

1− 1
3z−1

+
1

1− 1
2z
− 1,

=
5
6

(1− 1
3z−1)(1− 1

2z)

The ROC is 1
3 < |z| < 2.

(b)

X2(z) =

∞∑
n=0

(
1

3
)nz−n −

∞∑
n=0

2nz−n

=
1

1− 1
3z−1

− 1

1− 2z−1
,

=
− 5

3z−1

(1− 1
3z−1)(1− 2z−1)

The ROC is |z| > 2.
(c)

X3(z) =

∞∑
n=−∞

x1(n + 4)z−n

= z4X1(z)

=
5
6z4

(1− 1
3z−1)(1− 1

2z)

The ROC is 1
3 < |z| < 2.

(d)

X4(z) =
∞∑

n=−∞
x1(−n)z−n
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A = 1, B = 1

Hence,X(z) =
1− 1√

2
(cosπ

4 )z−1

1− 2 1√
2
(cosπ

4 )z−1 + ( 1√
2
)2z−2

+

1√
2
(sinπ

4 )z−1

1− 2 1√
2
(cosπ

4 )z−1 + ( 1√
2
)2z−2

Hence,x(n) =

[

(
1√
2
)ncos

π

4
n + (

1√
2
)nsin

π

4
n

]

u(n)

(c)

X(z) =
z−6

1− z−1
+

z−7

1− z−1

x(n) = u(n− 6) + u(n− 7)

(d)

X(z) =
1

1 + z−2
+ 2

z−2

1 + z−2

X(z) = 2− 1

1 + z−2

x(n) = cos
π

2
nu(n) + 2cos

π

2
(n− 2)u(n− 2)

x(n) = 2δ(n)− cos
π

2
nu(n)

(e)

X(z) =
1

4

1 + 6z−1 + z−2

(1− 2z−1 + 2z−2)(1− 1
2z−1)

=
A(1− z−1)

1− 2z−1 + 2z−2
+

Bz−1

1− 2z−1 + 2z−2
+

C

1− 1
2z−1

A = −3

5
, B =

23

10
, C =

17

20

Hence,x(n) =

[

−3

5
(

1√
2
)ncos

π

4
n +

23

10
(

1√
2
)nsin

π

4
n +

17

20
(
1

2
)n

]

u(n)

(f)

X(z) =
2− 1.5z−1

1− 1.5z−1 + 0.5z−2

=
1

1− 1
2z−1

+
1

1− z−1

x(n) =

[

(
1

2
)n + 1

]

u(n)

(g)

X(z) =
1 + 2z−1 + z−2

1 + 4z−1 + 4z−2

= 1−
(

2z−1 + 3z−2

(1 + 2z−1)(1 + 2z−1)

)
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