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FFICIENT ENCODERS BASED ON APPROXIMATE LOWER
TRIANGULATIONS

this section, we shall develop an algorithm for con-
cting efficient encoders for LDPC codes. The efficiency
of the encoder arises from the sparseness of the parity-check
matrix H and the algorithm can be applied to any (sparse)
H. Although our example is binary, the algorithm applies
generally to matrices ## whose entries belong to a field ¥". We
assume throughout that the rows of H are linearly independent.
If the rows are linearly dependent, then the algorithm which
constructs the encoder will detect the dependency and either
one can choose a different matrix H or one can eliminate the
redundant rows from & in the encoding process.

Assume we are given an y; x n parity-check matrix H over F.
By definition, the associated code consists of the set of n-tuples
a over £ such that

HiT =0T,

Probably the most straightforward way of constructing an en-
coder for such a code is the following. By means of Gaussian
elimination bring H into an equivalent lower triangular form
as shown in Fig, 2. Split the vector v into a systematic part s,
s € F"™'", and a parity part p, p € }™", such that r = (5. p).
Construct a systematic encoder as follows: i) Fill s with the
{(n — m) desired information symbols, ii) Determine the m
parity-check symbols using back-substitution. More precisely,
for I € [in] calculate

n—m {—1
Pt = Z H’.js) -+ Z Hl,g-l-u—mp,i'
Jal Je2l

What is the complexity of such an encoding scheme? Bringing
the matrix # into the desired form requires (3(n3) operations of
preprocessing. The actual encoding then requires ()(n®) opera-
tions since, in general, after the preprocessing the matrix will no
longer be sparse. More precisely, we expect that we need about
n"—‘,:r’l XOR operations to accomplish this encoding, where r
is the rate of the code.

Given that the original parity-check matrix H is sparse, one
might wonder if encoding can be accomplished in O(n). As we
will show, typically for codes which allow transmission at rates
close to capacity, linear time encoding is indeed possible. And
for those codes for which our encoding scheme still leads to
quadratic encoding complexity the constant factor in front of the

/
_J

14 term is typically very small so that the encoding complexity
stays manageable up to very large block lengths.

Our proposed encoder is motivated by the above example.
Assume that by performing row and column permutations only
we can bring the parity-check matrix into the form indicated in
Fig. 3. We say that H is in approximate lower triangular form.
Note that since this transformation was accomplished solely by
permutations, the matrix is still sparse. More precisely, assume
that we bring the matrix in the form

A BT
Sy (c D b) )
where A is {(m—g)x(n-m), B3 is (m—y)xg, T is (m~g)x(m—g),
Cis gx(u—m), D is yxg, and, finally, E is gx(r—g). Further,
all these matrices are sparse? and T is lower triangular with ones
along the diagonal. Multiplying this matrix from the left by

I 0
(—ET-1 I) ©
we get
A B T) )
~ET'A+C -ET'B+D 0}

Let z = (s, p1, p2) where s denotes the systematic part, p;
and p» combined denote the parity part, p, has length g, and p,
has length (s ~ ). The defining equation H17 = 0! splits
naturally into two equations, namely

Ast + BpT +IpF =0 (8)
and

(=ET'A+C)sT + (~ET'B+D)pf =0. (9)

Define ¢ := —~£L~11} + D and assume for the moment that
¢ is nonsingular. We will discuss the general case shortly. Then
from (9) we conclude that

P = =" H~ET A+ C)sT.

Hence, once the g % (n— m) matrix —~¢~}(~ET—14+C)
has been precomputed, the determination of p; can be accom-
plished in complexity O(gy % (n—n)) simply by performing

2More precisely, each matrix contains at most O(n) elements.
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Step 1: Compute Syndromes:
We have:
X = {xq, x4, X3, X4, X5, X6, X7, Xg, X9, X10} = {0,0,0,0,0,0,0,1,0,0}
This results in syndromes as:
C ={cy1,¢y,¢3,¢4,¢c5} ={1,1,1,1,0}

Obviously, this indicates an error.

Step 2: Find the number of failed parity check equations for each node:

Below table shows the frequency of occurrence of each node in the failed parity
check equations:

Xi X1 X2 X3 X4 Xs X6 X7 Xg X9 X10

fi 3 2 2 3 1 1 2 4 2 3

Step 3: Identify the bits for which the frequency of occurrence is the largest.

From Step 2, this is clearly xg, which has occurred in all four failed parity check
equations.

Step 4: Flip bits from Step 3.
By flipping xg, the code word will be X = {0,0,0,0,0,0,0,0,0,0}.

This results in all zero syndromes, which means successful LDPC decoding.






