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10.2 STRUCTURAL PROPERTIES OF CONVOLUTIONAL CODES

Since a convolutional encoder is a sequential circuit, its operation can be described
by a state diagram. The state of the encoder is defined as its shift register contents.
For an (n, k, m) code with k > 1, the ith shift register contains K, previous infor-

k
mation bits. Defining K 2 )’ K, as the total encoder memory,! the encoder state at
i=1

time unit / [when uf"uf? ... 4f* are the encoder inputs] is the binary K-tuple of
inputs
Wil - ufle, ufPuf? - uf¥, e ufPuf®, - ufty)
and there are a total of 2% different possible states. For an (», 1, m) code, K = K, =
m and the encoder state at time unit / is simply
(Wt g - uy_p).

Each new block of k inputs causes a transition to a new state. Hence, there are 2*
branches leaving each state, one corresponding to each different input block. For
an (n, 1, m) code, therefore, there are only two branches leaving each state. Each
branch is labeled with the k inputs causing the transition (uf"uf® - .. uf*) and the
n corresponding outputs (vfVvf?’ . - - vf*). The state diagrams for the (2, 1, 3) code of
Figure 10.1 and the (3, 2, 1) code of Figure 10.2 are shown in Figure 10.4(a) and
(b). The states are labeled S, S;, ..., S;x.,, where by convention S, represents the
state whose binary K-tuple representation by, b,,...,be_, is equivalent to the
integer i = 5,29 + b,2! + ... 4 by_,2K-1,
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i is the weight of the n encoded bits on that branch. Each path connecting the initial
State to the final state represents a nonzero code word that diverges from and

Example 10.9
(a) The path representing the state sequence S,,S,S,S-,S.;S,SZS‘SO in Figure 10.5(a)
has path gain Xi-X1.X1.X1.X2. X1, X2.x2 — X12, and the corresponding code
word has weight 12,
(b) The path representing the state sequence 5051538,S, in Figure 10.5(b) has path
gain X2. 1. x0.y1 — y 4, and the corresponding code word has weight 4,

The weight distribution function of a code can be determined by considering
the modified state diagram as a signal flow graph and applying Mason’s gain for-
mula [5] to compute its “generating function”

T(X) =X 4.x", (10.22)

where 4, is the number of code words of weight i, In a signal flow graph, a path
connecting the initial state to the final state which does not go through any state
twice is called a forward path. Let F, be the gain of the jth forward path. A closed

Figure 10.5 Modified encoder state diagrams: (a) (2,1, 3) code; (b) (3,2, 1)
code.

(b)
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path starting at any state and returning to that state without going through any
other state twice is called a loop. Let C, be the gain of the ith loop. A set of loops
is nontouching if no state belongs to more than one loop in the set. Let {i} be the
set of all loops, {i’,j’} be the set of all pairs of nontouching loops, {i",j”, 1"} be
the set of all triples of nontouching loops, and so on. Then define

A ) 1 - ; C‘ + l,'Zj, C"le - ‘"‘12"” C‘"CJNC ” + ey, (10.23)

where 3, C, is the sum of the loop gains, ¥, , C,.C, is the product of the loop gains
of two nontouching loops summed over all pairs of nontouching loops, 3,
Ci»CyCp is the product of the loop gains of three nontouching loops summed
over all triples of nontouching loops, and so on. Finally, A, is defined exactly like
A, but only for that portion of the graph not touching the ith forward path; that
is, all states along the ith forward path, together with all branches connected to
these states, are removed from the graph when computing A,. Mason’s formula for
computing the generating function T'(X) of a graph can now be stated as

2R,

T(X) = T, (10.24)

where the sum in the numerator is over all forward paths. Two illustrative examples
will clarify the procedure.

Example 10.10
(a) There are 11 loops in the graph of Figure 10.5(a):
LOOp 1: S1S3S7S§S5S2S4sl (C] = Xl)

Loop 2: 85,5:57555.S; (C, = X?3)
Loop 3: §,85386555:85,5,; (C; =X
Loop 4: 8535655, (Cs = X2
Loop 5: §:85:8555357565,8,; (Cs = X9
Loop 6: 8,5:5553565,S; (Cs = X?)
Loop 7: $:5.8.5; (C; = X?)
Loop 8: 85,558, (Cs =X)
Loop 9: S5385,5695:5; (Cy, = X?9)
Loop 10: 535555, (Cio = X%
Loop 11: S§,8, (C11 = X).

There are 10 pairs of nontouching loops:
Loop pair 1: (loop 2,loop 8) (C,Cs = X%

Loop pair 2: (loop 3, loop 11) (CiCyy = X3)
Loop pair 3: (loop 4, loop 8) (CiCy = 1X3)
Loop pair 4: (loop 4, loop 11) (CsCiy = X3)
Loop pair 5: (loop 6, loop 11) (CsCiy = X9)
Loop pair 6: (loop 7,loop 9) (C:Cy = X3
Loop pair 7: (loop 7, loop 10) (C:C10 = X7)

Fe=t
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Figure 10.6 Subgraphs for
(c) (d) computing A,.

I
Additional information about the structure of a code can be obtained using |
the same procedure. If the modified state diagram is augmented by labeling each :
branch corresponding to a nonzero information block with ¥, where J is the weight |

of the k information bits on that branch, and labeling every branch with Z, the ||
generating function is given by '

|
T(X,Y, Z) = 241 XY IZ, (10.25) |

The coefficient 4, , , denotes the number of code words with weight #, whose asso- ,:
ciated information sequence has weight j, and whose length is / branches. The aug- |
mented state diagram for the code of Figure 10.1 is shown in Figure 10.7. '

XYZ

Figure 10.7 Augmented state diagram for the (2, 1, 3) code.

|y A




Example 10.11
For the graph of Figure 10.7,
A=1—(xsysz? + X3Y3Z5 + X1Y3Z6 + x2y37s + X4Y4Z7
+ X3Y3Z¢ 4 X3YZ3 4 xyz2 + X3Y3Z¢ + x4y2zs XYZz)
+ (X4Y4Z7 4 xsy+z7 + X3Y3Z6 4 x3yizs + X4YsZ7
+ X8Y4Z7 4 x1y2z76 + X4Y2Z4 4 x2y7273 + X3Y3Z9)
—(X4Y4Z7 4+ X8ysz7)
=14 XY(Z + Z2) — X2YYZ4 — Z3) — XN(YZ3 — Y3Z75)
—X4Y¥Z9 — Z4) — X3(Y3zZe — Y4Z7) — xsy+z7
and
L FA = X12y478. + X7Y3Z6(1 — XYZ2) + XNYSZ1(1 — Xyz)
[

1 X6Y2Z3(] — XV(Z + 22 4 X2¥Y2Z3) | xsysze.y
+ X7y3z111 — XYZ) + XTYZY(1 - xXyz — X4Y2Z3)
=X6Y2ZS 4 X1yz4 _ X8Yyzzs,
Hence, the generating function s

T(X,Y,2) = X°Y2Z5 X7AYZ4 — X8y2z7s

= XY2Zs 4 X(vze 4 yszs o Y3z7)
+ X8(Y2Z6 | yazr +Yszs 2Y42Z9) 4 ...,

lZ/?/’]






