P ﬂ) The random variable X is Gaussian with zero mean and variance o2 = 10~-%. Thus pX >x)=Q(%)
and

104

Toj) = Q(1) = .159

p(X>107% = Q(

4% 1074
pPX>4x107H = Q (_Td"—?“) =04) =3.17 x 1073

1—Q(l) — 0(2) = .8182

I

p(—2x 107" < X < 107%)

2)
_PX>107 X >0)  p(X>107) 159

X>107X >0 = = = =.318
X = 107X > 0) (X > 0) (X > 0) 3

3) y = g(x) = xu(x). Clearly fy(y) =0 and Fy(y)=0fory < 0. If y > 0, then the equation y = xu(x)
has a 1mique solution x; = y. Hence, Fy () = Fx(y)and fy(y) = fx(y) fory > 0. Fy(y) is discontinuous
at y = 0 and the jump of the discontinuity equals Fy (0).
Fr(0%) — Fy(07) = Fy(0) = =
In summary the PDF fy(y) equals
1
fr) = fx(uy) + 55()')

The general ekpression for finding fy (y) can not be used because g(x) is constant for some interval so that
there is an uncountable number of solutions for x in this interval,

%)
E[Y] = f Y ()dy

_ f [fx(}’)u()’)-!- a(y)]dy

o0

e ?d = —
«/2?1’0'2/ Y Y ~ 2

5) y = g(x) = |x|. For a given y > 0 there are two solutions to the equation y = g(x) = |x|, that is
x1,2 ==y Hencefory >0

_ fxG) fx(x) _
fr(y) = Isgn(h)l_l_isgn(xz)l = fx(¥) + fx(=y)

~2mo? ¢’

For y < 0 there are no solutions to the equation y = lx| and fy(y) = 0.

2 oo 2 20
E[Y] = f ye 3 Tdy = 0
2ot Jy 2
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E[Y1 = /0 yfy(y)dy = f yfr(y)dy
> o f yfr(y)dy = op(¥ > o)
Thus p(Y > o) < E[Y]/«.

2) Clearly p(|1X — E[X]| > ¢) = p((X — E [XD? > €2). Thus using the results of the previous question we

obtain
< Bl - EXDY) _ o7

PUX = E[X]| > €) = p(X — E[X])* > €?) 2 a

Pj ) The characteristic function of the binomial distribution is

Yx(v) = Ze"”"( . )p"(l —-py*

k=0
= Z ( Z ) (pe’"Y (1~ p)"™* = (pe’* 4 (1 ~ pY)*
k=0

Thus

1d . i , .
E[x] = mP= G-y = el + (1= p)ylpje”

v=0 v=0

= n{p+1-pyp=np
d? ;
B = m = (D (e 4 (1 - pyy|

ly={)

d , .
= (=D [n(pe’” + (1 — py"~i pje”]

v=0

= [n(n = D(pe! + (1 ~ p)Y' 2 p2e™ + n(pe’ ~ (1 — P pel?]

v=l

= nn—Dp+1-pp*+np+1-pp
= n{n— 1)p2+np

Hence the variance of the binomial distribution is

0% = E[X*1 = (E[X])* = n(n — 1)p* +np — n?p? = np(l — p)

F Z}— ) 1) fx.y(x, y) is a PDF, hence its integral over the supporting region of x, and y is 1.

o poo oo poo
f j fer(,y)dxdy = f f Ke*drdy
o Jy 0 Jy
e el oo
K/ e‘yf e “dxdy
0 ¥

o 1
= K f e Pdy = K(—z)e™
0 2

*© !

=K—
2

0



Thus K should be equal to 2.

2)
=271 —-¢")

fx(x) = fx 2e™* Vdy = 2eF (—e7)
0 0

=2e” ¥
y

Friy) f 2e Vdy = 2e7 ¥ (—e™)
Y
3)
@ fr) = 26771 —e )2 =277 271 — ™)
#F 2777 = fxy(x,y)

Thus X and ¥ are not independent.

HIfx < ythen fxy(x|y) =0. Ifx > y, then withu = x — y > 0 we obtain

fX.Y(xs )’) _ Ze_x_y — e—x+y _ eﬁu
fr») T 2™ T B

Suu) = fxiplxly) =

5)
oo o0
E[X|Y =y] = f e Wiy = & f re~tdx
Y ¥
=4} o
- [ e_xdx]

y Iy
= ye? +e )=y +1

= & l-_xe“"

6) In this part of the problem we will use extensively the following definite integral

o 1
[ X' lem gy = (v — 1)}
0 w

o0 o0
E[XY] = / f xy2e " Vdxdy =f 2ye‘yf xe “dxdy
0
oo 7 [o.=3
= f 2ye Y(ye ' +e” y)dy—Zf yze_zydy-i-Zf ye~¥dy
0

= 2232 +2—1| = ]

o o0 . o
EIX] = 2 f xe= (1 — e F)dx =2 f ve~idx —2 f vy
4] 0 0

22 2
1
= Dy =2—
E[Y] 2/ ye y = 22 3
[e 0] o0 (oo
E[X*] = 2f xte™ (1 — e )dx =2f xle *dx ~2/ xle ¥ dx
0 0 0
1 7
= 2.21-2=21=~
23 2

E[YY = 2[00 yie Py = 2l21 = _1_
0 2572



Hence, -
COV(X,Y)=E[XY]~ E[X]E[Y]=1— S 37

and : COV(X,Y) 1

pxy = (E[X2] —~ (E[XDDVI(E[Y2] — (E[Y])D)2 = ﬁ

Ps)

The binormal joint density function is

1 1
Sy = T {“2(1 "
[(x —m)t G =ma) 20 —m)G —mz)“

0’12 0’22 107
! :
= Toane exp {—(z— m)C7'(z — m)'}

wherez = [x y],m = [m; m,]and

C = 0’12 F2leptop)
pPO102 022

1} With
( 4 -4
c=(4 )
we obtain of = 4, 07 = 9 and poyoy = —4. Thus p = -%,

2) The transformation Z = 2X + ¥, W = X — 2¥ is written in matrix notation as
ZN_(2 IN(X\_,(X
w /) L1 -2 y - Y
The ditribution fz w(z, w} is binormal with mean m’ = mA’, and covariance matrix ¢’ = ACA’. Hence
C — 2 1 4 —4 2 1Y (9 2
1 =2 -4 9 1 =2/ 2 56
The off-diagonal elements of C’ are equal to poyoy, = COV(Z, W). Thus COV(Z, W) = 2.

3) Z will be Gaussian with variance o = 9 and mean
2
mZ=[m§ mz][l]:4

P é / ) fxr(x, ») is a PDF and its integral over the supporting region of x and ¥ should be one.

[0} [eo]
[ f Fxy(x, y)dxdy
—o0 J—o0
0 0
K wlay? o oo 242
= [ f '—e'%j_dxdy+f f Eeﬁ 7 dxdy
—co oo T 0 0o T

K 0 = 0 2 o o0
= —/ e‘def e‘zfdx+£/ e'Tzdxf e"}':‘;dx
4 —0o0 —00 i 0 0

K[ 1 s
;[2(5«/2_::)]=K
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2)Ifx < 0 then

01 2 1 _2 (% g
i = [ 2 Fay = [ oFay

-0 T oQ
1 _21 1 2

= —e T2 = ez
T 2 2

If x > 0 then
% 22 1 2 2
fxx) = f —e T dy = —e‘Tf e T dy

0o T 0
1 21 1 _:2

= —¢ 2 T = e z

Thus for every x, fx{x) = ,/—‘3 -5 which implies that fx (x) is a zero-mean Gaussian random variable with
variance 1. Since fx y(x, y) 1s symmetric to its arguments and the same is true for the region of integration
we conclude that fy(y) is a zero-mean Gaussian random variable of variance 1.

3) fx.y(x, ¥) has not the same form as a binormal distribution. For xy < 0, fx,y(x,y) = Obuta binormal
distribution is strictly positive for every x, y.

4) The random variables X and ¥ are not independent for if xy < 0 then fx(x)fr(y) # 0 whereas
fX,Y(x! y) = 0-

5)
E[XY] = —f f XYe‘_Tdedy+—f [ ~HE dy
Q0
= ;f Xe™ def Ye~ zﬁ'dy+—f Xe™ def Ye~ %'dy
—ca —o0 0

1 1
= L4 =2
s A n

Thus the random variables X and Y are correlated since E[XY] # 0 and E[X] = E[Y] = 0, so that
E[XY] - E[X]E[Y]#O.

6) In general fxy(x,y) = f—’};g—yl Ify > 0, then

x <0

0
fxw(x,)f)m{\/ge_ﬁ; x>0

Ify <0, then
x>0

0
far(x, y) = { \/EE_E; L <0
2 12
Fxr(x, y) = \/;e‘“fu(xy)

Thus

which is not a Gaussian distribution.
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1) f(r) cannot be the autocorrelation function of a random process for f 0y =0 < f(1/4fo) = 1. Thus
the maximum absolute value of f(t) is not achieved at the origin 7 = 0.

2) f(t) cannot be the autocorrelation function of a random process for £(0) = 0 whereas f(r) # 0 for
7 s 0. The maximum absolute value of f{(t) is not achieved at the origin.

3) f(0) = 1 whereas f(z) > f(0) for |t| > 1. Thus f(z) cannot be the autocorrelation function of a
random process.

4) f(r) is even and the maximum is achieved at the origin (z = 0). We can write f(7) as
fF@=120@)—A(r—-1)—- AT+ 1D
Taking the Fourier transform of both sides we obtain
S(f) = 1.2sinc*(f) — sinc?(f) (e 7™ + /*™) = sinc? () (1.2 — 2 cos(27 f))

As we observe the power spectrum S(f) can take negative values, i.e. for f = 0. Thus f(r) can not be the
autocorrelation function of a random process.

mx(t) = E[X({)]= E[X cos(2x fot)]+ E[Y sin(2x fot)]
= E[X]cos(Zmfyr) + E[Y]sin(2m fp1)

o=l

where the last equality follows from the fact that E[X] = E[Y]=0.

2)

Rx(t+1,t) = E[(XcosQCmfolt + t))+ Y sin(2afolt + 1))
(X cosCmfor) + Y sin(2m for))]
= E[X?cosQn folt + t)) cosm for)] +
E[XY cos(2m fo(t + 7)) sin(Za for)] +
ETY X sin(2m folt + 1)) cos(2m for)] +

E[Y?sin@n fo(t + 1)) sin(2m for)]
2
- %[005(27: Fo(21 + 1)) + cos@r fyr)] +




2
5'2— [c08(27 fo) — cos(2m fo(2t + )]
= o?cos(2rfpT)

where we have used the fact that E{XY] = 0. Thus the process is stationary for Rx (¢ + 7, 1) depends only
ont.

3) Since the process is stationary Px = Rx(0) = o2,

4) I o2 # o7, then
my(t) = E[X]cosn fyt) + E[Y]sin(2n fot) = 0

and

Rx(t+1,1) = E[X*]cos(2mfolt + ) cos(2m fot) +

E[Y*1sinQ7 fo(z + 7)) sin(27 fot)
2
- 0—2?‘- [cos(@n fo(2t + 7)) — cos(2mfor)] +

2
%L [cos2m foT) — cos(2m fo(2t + 1))]

2.2
- X 7 i cos(2m fo(2t +7) +

2 2
ox tor cos(2m fo7)

EA

The process is not stationary for Rx (¢ + , ) does not depend only on 7 but on ¢ as well. However the
process is cyclostationary with period Ty = Elf—o Note that if X or ¥ is not of zero mean then the period of

the cyclostationary process is Ty = —. The power spectral density of X(z) is
¥ I p

T
1 1% /o2 — g2 2, L2
Py = lim ﬂ/ (fiz—q’-cos(znfozr)ﬁ”ﬁ“”)d: = o0
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