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Power Spectral Density

e For WSS r.p. X(t), the power spectral density (PSD)
400

Sx(f) 2 FlRy (7)) = / Ry (r)e 32717y

— 00

So, Rx (1) = [72° Sx (f)el* I 7df

e The average power of X (t)
+00

BIX(17] = Rx(0) = [ Sx(f)df
Note: Sx(f) > 0 (see pg. 412 of textbook for proof)

e Cross-Power Spectral Density:
Fro two WSS r.p. X (¢),Y ()
Sxy(f) =F|Rxy(7)]
where Rx y (1) = E[X(t + 7)Y (t)].
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Power Spectral Density L

o Example: a WSS r.p. with Sx(f) = £2 for |f| <w
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If 7 = i%, then X (¢) and X (¢ + 7) are uncorrelated.
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Power Spectral Density

o White Noise: Sx(f) = &2, forall f

= RX(T) = %5(7’)

e Discrete-Time Random Processes

Sx(f) = FlRx(k)]= ) Rx(k)e *m"

k=—o00
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We only need to consider —% < f < 3, since Sx(f) is

periodic in f with period of 1.



Linear Time-Invariant Systems

X(t) y(t) = T[x(t)]

0 Ty LS

e A system is linear if,
Tlazi(t) + Bra(t)] = oTz1(8)] + ST |z2(t)]
e A system is time-invariant if,

y(t) =Tlx(t)] = y(t = 7) = Tlx(t - 7)]



Response of LTI Systems

a h(t) =T[o(t)] is called the Impulse Response of the
system T'(-).

e The response of T'(-) to z(t) will then be

y(t) = Tlx(t)] = /OO z(s)h(t — s)ds

= /_OO h(s)x(t — s)ds
= x(t) x h(t)



Response of LTI Systems

e Let’'s now consider the output of an LTI to a random
WSS signal X ().

X (1) » Y (1)

h() |

my(t) = E[Y(t)]=E [ / Z h(s)X(t—s)ds]

= /_Z h(s)E|X(t —s)lds = mx/ h(s)ds

Let H(f) = F[h(t)] = [°° h(t)e 7>/ qt, theaOO
my(t) = mxH(O)



Response of LTI Systems L

e The autocorrelation of the output Y ()
Ry(r) = EY(@)Y(t+7)

_ g U_: h(s)X( — 5)ds /OO W)X (¢t + 7 — r)dr

—0o0

:/ / h(s)h(r)E[X(t —s)X(t + 7 —r)]dsdr
:/ / (r)Rx (T 4+ s — r)dsdr



Response of LTI Systems L

e The power spectral density

Sy (f) = /OO Ry (7)e —J2mfT -

:/ / / FRx (T + 5 — r)e 2™ T dsdrdr

(letu=74+s—r)

— / / / e 12 f(u=s+7) g drdy,

— / h(s )GJQWdeS/ h(r)e 327Tfrdr/00 Rx(u)e_j%f“du
= H'(f)H(f)Sx(f) = [H(f)[*Sx(f)



Response of LTI Systems

o Similarly,

Ry x(7) = E[Y(t +7)X(1)] = Rx (1) * h(7)

Syx(f) =H(f)Sx(f)
also,
Sxy(f) =5y x(f)=H"(f)Sx(f)

since Rxy(7) = Ry x(—7)



Response of LTI Systems

e Example: A white Gaussian Signal X (¢) is applied to
an RC circuit. Find the average power and
autocorrelation of the output Y (¢).
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X(t) C —
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(t)

i
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v(t) = RO+ y(t)

= x(f) = j2r fRCy(f) +y(f)

Cylf) 1
= ") =00 = 1572 7Re




Response of LTI Systems

Q

) 1 * No
Sy(f) = [H(f)] SX(f):‘lJerwfRC 2
B No/2
1442 f2R2C?
N, Ji
Ry(T) = f_l[SY(fﬂ:ZlRoce_ﬁ

Average Power: E[Y2(t)] = Ry (0) = 4%




