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The Notion of a Random Variable

e A random variable X is a function that assigns a real
number X (w) to each outcome w in the sample space
of a random experiment. S is the domain, and
Sx ={X(w) :w e S}istherange of rv. X

e Example:
tossacoin S ={H,T}
X(H)=0,X(T)=1,5x ={0,1}
PH)=P(X=0)=05PT)=P(X=1)=05
measure the temperature, S = {w|10 < w < 30}
X(w) =w, then Sy = {z]10 < = < 30}
Whatis P(X = 25)7
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Cumulative Distribution Function ¥

Q FX(x)gP(ng):P(w:X(w)gx) —00 <& < 00
e Properties of F'x(x)
1. 0 < Fx(flj> <1
2. limg 1 Fx(z)=1
3. limg) 11 Fx(z)=0
4. Fx(x)is nondecreasing, i.e., if a < b then
Fx(a) < Fx(b)
5. Fx(z) is continuous from right, i.e., for h > 0
Fx(b) =limp o Fx(b+h) = FX(b+)
(see examples below)



Cumulative Distribution Function ¥

e Properties of F'y(x)
6. Pla< X <0b)=Fx(b)— Fx(a)fora <b
Proof: {X <a}U{a < X <b} ={X <}
{X <a}ln{a< X <0} =7
SO P{X <a}+ P{a< X <b} =P{X <b}
= P{a < X <b} = Fx(b) — Fx(a)
7. P{X =b} = Fx(b) — Fx(b")
Proof:
P{X =b} = lmP{b—c<X <0}

— Fx(b) — lim Fx(b— )

= Fx(b)— Fx(b")



Cumulative Distribution Function ¥

e Example: rolla dice S ={1,2,3,4,5,6}, X(w) =w

r <1
1<x<?2
2<xr<3

" WWWW N
oo "t oo~ O

HY<x <6
1 >6
check properties 5,6,7.

YFx (x)
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Cumulative Distribution Function ¥

e Example: pick a real number between 0 and 1
uniformly

Fx (x)
3 1
e 0 x <0
FX(aj):> r/1 0<x<1
1 x> 1 : 1 2

o P{X =05} ="



Three Types of Random Variables L

1. Discrete random variables
e Sy = {zg,x1, -} finite or countable
e Probability mass function (pmf)
Px (xx) =PAX = a1}
e Fx(x)=  Px(zr)u(z — zx) where

(

0 <0
u(z)= |

1 >0

e see the example of rolling a dice
Fx(z) = %u(x— 1) + %u(x— 2)+ -+ %u(x—G)
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Three Types of Random Variables L

2. Continuous random variables F.(x) is continuous
everywhere
= P{X =x}=0forall z

3. Random variables of mixed type

e Fx(x)=pFi(z)+ (1 —p)Fe(x),where0 <p<1
Fy(x) CDF of a discrete R.V
F>(x) CDF of a continuous R.V

e Example: toss a coin
if H generate a discrete r.v.
if ' generate a continuous r.v.
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Probability density function L

e PDF, if it exists is defined as:
fX (x) ~ Fx (z+ DDxa):DFx () _ Pf:c<XDDxa:+ xg

"density"
e Properties of pdf (assume continuous r.v.)

1. fx(z) 20

2. P{a < XR<_ b} = R;f)((ilf) dz

3. Fx(z)= ", fx(t)dt

4. Rgﬁ fx(t)dt =1
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Probability density function L

e Example: uniform R.V

fx (X)A
( 1 , "
— a<zx<
fX(ﬂU) — blla
0 elsewhere
b
Fx (X)A
8 1
e 0 r<a
_ ]
FX(x)—> e a <z <b
] r>b
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Probability density function

e Example: if fx(z) = ce” ¥, —0o < 2 < +00
1. Find constant ¢

£ £ 2c
[x(x)de =2 ce ' Tdr =" =1
1 0 «
=c=73
2. Find P{|X| < v}
Z Z
P{\X\<U}=% emo‘mdx:2%

o 0

eDax dr = 1_6Dav
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PDF for a discrete r.v.

e Foradiscreter.v. Fy(z) = i w Px (xp)u(r — xg)
o We defjpe the delta function §(z) s.t.

u(z) = ", 8(t)dt and §(z) = 242)
e So pdf fgs a discrete r.v.

fx(x) =" p Px(xp)o(z — xp)

e Example:

fx (x)
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Conditional CDF and PDF

e Conditional CDF of X given event A

P{X<zxznA
Fx(z|A) = P{X < z|A} = { P_(j) }, P(A) >0
e The conditional pdf
dF'x (z]|A)

fx(x|A) =

dx



Conditional CDF and PDF

e Example: the life time X of a machine has CDF
Fx(z), find the conditional CDF & PDF given the
event A = {X >t}

Fx(z|X >t) = P{X <z|X >t}
P{X <znX >t)
P{X >t}
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Important Random Variables L

a Discrete r.v.
1. Bernoulli r.v.
2. Binomial r.v.
3. Geometricr.v.
4. Poisson r.v.

e Continuous r.v.
1. Uniform r.v.
2. Exponential r.v.
3. Gaussian (Normal) r.v.
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Bernoulli r.v.

e Sx ={0,1} Px(0)=1-p Px(1)=p
e.g toss a coin

e Let S be aasample space and A C S be an event
with P(A) = p. The indic(ator function of A

0 ifwegA
1 fweA

I, is ar.v. since it assigns a number to each
outcome of S

I4(w) =

e 4 is a Bernoullir.v.
P (0) = PlwgAt=1-PA)=1-p
P (1) = Plwe A} =P(A)=p
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Binomial r.v. L

e Repeat a random experiment n times independently
and let X be the number of times that event A with
P(A) = p occurs

SX — {0717 7n}
e Let /; be the indicator function of the event A in jth

trial

X=NKh+1D+1I3---+1,
so X is a sum of Bernoulli r.v.s, where 14, 15,--- | I,
are 1.i.d r.v.s (independent identical distribution)

e X is called Binomiatpr.v.
PIX =k} = Z PP —p) Uk k=01, ,n

=
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Geometric r.v. L

e Count the number X of independent Bernoulli trials
until the first occurrence of a success. X is called the
geometric r.v.

SX:{172737}

e Letp = P(A) be the prob of "success" in each
Bernoulli trial

P{X:]{}:(l—p>km1p7 k:1727
e The geometric r.v. has the memoryless property:
P{X>k+jlX>jt=P{X >k}forall j,k>1

prove it by yourself

=
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Poisson r.v.
e Poisson r.v. has the pmf:
k
P{N =k} = %ema

Q

Q

Q

A good model for the number of occurrences of an

k=0,1,2,

event in a certain time period. « is the avg number of
event occurrences in the given time period.

Example: number of phone calls in 1 hour, number of
data packets arrived to a router in 10 mins.

Poisson prob can be used to approximate a Binomial
prob. wh%n n is large and p is small. Let o = np

Py =

n

k

pk(l . ankj ~

Ckk
— €

k!

Uo

k=0,1,---,n
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Uniform r.v.

e Read on your own.



Exponential r.v. L

N ( 0 0 ( 0 0
Tr < T <
— F =
fx(@) et AT >0 x(@) 1—e"2 >0

e Good model for the lifetime of a device.
e Memoryless: for¢,h > 0

P{X>t+hnX >t
P{X > t+h|X >t} X>1+hOX >0

P{X >t}
P{X >t+h}
P{X >t}
oD A(t+ h)

_— —_— = €

= P{X > h}

AR
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Gaussian (Normal) r.v.

1 D(xDm)2
e fx(x)=pg=—e 272 for—oco<z <

2o

m, o are two parameter (will be discussed later)

e CDF:

Fx(x) = P{X <2x}
x xofm 2
_ ! 5 4,0

o 01
Z xim

vl §
S 3
O
s
S
|
S

1
R 2
” e"'zdt Then

h m

r—1m

e If we define ®(x) =

o
3

Fy = ®

o
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Gaussian (Normal) r.v.

o We usually use Q(z) =1 — &(z) = p

fx (x)




Functions of a random variable 1

e If Xisarv,Y =g(X) will also be ar.v.
The CDF of Y
Fy(y) = P{Y <y} = P{g(X) <y}

e When z = ¢"(y) exists d is unique, th
fX( - E}%ﬁ

LE gﬂ‘l

J[:l)(():;AZU%fY( JAy = fy(y) = fx(z %E >%¥E

e Ingeneral, if y = g( ) has n solutlons x1,

<>—>@ ” “”
MW= ayjas y .

=



Functions of a random variable 1

e Example: Find the pdf of Y = a X + b, in terms of pdf
of X. Assume a # 0 and X is continuous.

Fy(y) = P{Y <y}

= P{aX—I—b<y}
P{X < Vb = Py (10 ifa >0
P{X>yDb}_1 F(yTDb) if a < 0
0 0
f()_dFyU_ 1fXG’D”) fa>0 _ 1, y=b
viyr= dy ny—Db) ifa<0 _|a|X a

XLm 2
o Example: Let X ~ N(m,c?)i.e. fx(z) = p= .

2r0
if Y =aX +b (a #0) then
1 D(yDbDam)2

E fY(y):\/ﬁom\ RECE
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Functions of a random variable 1

@ Example: Y = X2 where X is a contguous r.v.

<
_ _ 2 _ y<®0
Fy(y) = P{Y <y} =P{X“<y}=
3 - P{-y<X <y y>0
S0 y<0
Fx (\VY) —Fx(=yy) y=>0
So
8
fy(y) S0 <9
= P P
v Y fxzrgyy),rfxégyy) y >0
@ If X ~ N(0; 1) then
()= e % = fy(y) e 1 iy >0
X)= —e 7 = = or
X Nes Yy > y =

L ch-square r.v. with one degree of freedom
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Expected Value

R
e F|X]= 511 z fx (z)dz (may not exist) for continuous

r.V.
e FX]= i . 2 Px (xr) for discrete r.v.
e Example: uniform r.v.
Z,
EX]= =z

a

1
dx:b+a
b—a 2

e When fx(x) is symmetric about x = m then
E[X] =m. (e.g., Gaussian r.v.)
m — x: odd symmetric about x = m
(mR_ r) fx(z): odd symmetric x = m
1

= 1 (mg @) fx(z)de =

L R 1
=m=m 4 fx(@)dr= -, vfx(z)dr = E[X]

1
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Expected Value L

e Example: the arrival time of packets to a queue has
exponential pdf

fx(z) =Xe ™ forz>0
VA 1 VA 1

F[X] = zhe" Mg = —xeD’\xﬁo + e M dx
0 0
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Expected Value

e ForafunctionY =g(X) of rv. X

BlY]=  glo)fx(x)da

1

e Example: Y = acos(wt + ¢) where ¢ is uniformly
distributed in [0, 27]. Find E[Y] and E[Y?].
Z 27T 1

ElY]| = ; 50 cos(wt+¢)dp = —— Sm (wt + @) E)

DZ 2

E[Yz] = E[a2 cosz(wt—i—(b)] =F % + % cos(2wt + 2¢) = %
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Variance of a random variable

e Var[X]| = E[(X — E[X])?] = E[X?] — E[X]?
e Example: uniform r.v.

1 a-+b
Var(X) = — d
ar(X) b—a x 5 x
Lety:x—%b
Z v
1 2 (b—a)?
Var(X) = 2dy =
X)) =320 VW=



Variance of a random variable L

e Example: For a Gaussianr.v. X ~ N(m,c?)

VA 1
Var(X) = (z —m)?fx(z)dx
ZD11 1 (xim)?2
= (x — m)2 e 27 dg
ZD1 2o
1
= —(z — m)LO’l(eD(X%;)_2
1 V2T ~
1
— —(x—m) g eD(XTﬂmQ)_ZE + 9 GD(XTﬂmQ)_de
V2T 1 01 V2T
Z 1
1 (xm)?
— o2 e 27 dg = o2
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Variance of a random variable

e Some properties of variance

Var[C] = 0
Var[X + C] = Var[X]
Var[CX] = C?Var[X]

e nth moment of a random variable
Z

E[X”]2 Ny " fx(z)dx

1



Markov Inequality

o CDF.PDF = u, 02, how to u, 02 - CDF PDF
e The Markov inequality: For non-negative r.v. X

P[X >a] < BLX] fora >0
a

Proof: Z Z . Z .
E[X] = rfx(z)de =  aofx(zr)dr + xfx(x)dz
ZO1 ZO1 a
> rfx(x)dx > afx(r)dr = aP|X > a
a a E[X]
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Chebyshev Inequality

e Chebyshev inequality

N

o
P{|$—m\2a}§?

Proof:

P{lz =m|>a} = P{(z—m)*>a*}

El(x — m)? o2
¢ Blazmfl_o

T Markov inequality




Transform Methods

o The characteristic funt;giqn

Oy (w) = B[] = fx(z) edz j=+/~1
1
Fourier transform of fx(x) (with a reversal in the sign

of exponent) Z,
1

fx(z) =

2 o
e ExampleExponential r.v., fxgr) = A e,z >0
1 1

dx(w) = A el AT 0Ty — Ae AWz — :
0 0 A= jw

Dy (w) e dx
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Characteristic Function

e If X is a discreter.v.,

X
Dy (w) = Px (k) e?“k
k=11
1 Z 27'('
Px(k)==—  ®x(w)e"“Fw



Characteristic Function

e Example: For a geometricr.v.,




=

Characteristic Function

Q

Moment Throrem: - E
E[Xn]z j—nd!an(!)!=0
Proof: ) Z , . _Z1 | (1 %)?
Ox (1) = fx(x)€ *dx = fx (X)(1+j! x+ + ...)dx
01 71 2!
- 1+J!E[X]+(J!2|)2E[X2]+---
SO, '
Ox (M) r=o0= 1 (note: Ix (0) = E[e°] = E[1] = 1)
d 1 d
d—!Dx(!)h:o:jE[X] == E[X]= j—d—!Dx(!)h:o
dn . ' 1 dn
d!an(!)h:o:JnE[Xn] == E[X"] = j—nd!an(!)h:o
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Characteristic Function

e Example: For an exponential r.v.,

A
6] =
x(w) A — jw
SO,
d \j 1d 1
— & — E[X]=-—a -

Find £[X?] and o2 by yourself.



Probability Generating Function L

e For non-negative, integer-valued r.v. N,

X
Gn(Z2) = E[ZY] = Py(k)Z"F
k=0
which is the Z-transform of the pmf.
1 d*
Py(k) = = —£Gn(Z)|z=0
e To find the first tonmoment of NV : «
CON@) =1 = PNIOZE Tper= " KPy(K) = EIN]
k=0 k
g2 X X
dz—2€‘N Z)|z=1 = Pn (K)k(k — 1)Z*"2 |z24= Kk(k — 1)Pn (k)
k=0 k

= E[N?]—E[N]

ENCS6161 — p.39/47



Probability Generating Function L

e Example: For a Poisson r.v., Py (k) = %—:ema




Entropy L

e Let X be ar.wv. with Sy ={1,2,--- |k}
Uncertainty or information of X = £

1 S
Px(k)

I(X =Fk) =log — log Px (k)

e Properties:
1. Px(k) | small, I(X = k) 7 large, more information
2. Additivity, if X,Y independent,

P(X=kY=m) = P(X=kPY =m)
I(X=kY=m) = logP(X:k;Y m)
= —logP(X =k)—logP(Y =m)
= I[(X=k)+I(Y =m)
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Entropy

e Example: toss coins
I(X = H) = —1og2% _ 1 (1 bit of info)
I(X1=H,Xo=T) = —logzi = 2 (bits)

e If the base of log is 2, we call the unit "bits"
If the base of log is ¢, we call the unit "nats"
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Entropy
o Entropy:
[] ] L] X
H(X)=E log Bl ~ Px (k) log Px (k)

k
e Foranyrv. X with Sx = {1,2,--- | K}
H(X) <logK

with equality iff P, = -, k=1,2,--- | K
Read the proof by yourself.
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Entropy L
e Example: r.v. X with Sx = {1,2,3,4} and
1]2]3 4
PIEE

The entropy:

1 1 1 1 1 1 1 1 7
H(X)= 3 log — ;logy — logg — Llog s = ¢
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Entropy

e Source Coding Theorem: the minimum average

number of bits required to encode a source X is
H(X).

e Example:
0O — 1 00 — 1
10 — 2 o1 — 2
110 — 3 10 — 3
1M1 — 4 11 — 4
Average number of bits Average number of bits
=1.J+27+31+31=T=H(X) | = 2> H(X):
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Differential Entropy L

e For a continuous r.v,, since P{X =z} =0 = the
entropy is infinite.
e Differential entropy for continuous r.v.
Z

— y fX(gj)logfx(x)diC:E[_long<x>]

H(X) =

e Example: X is uniform in [a, b]
[] []

1
Hx =—-F logb
—a

= log(b — a)
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Differential Entropy
e Example: X ~ N(m, o?)

1 (x1m)2
QD 2012

fx(z) =

210
L] L]
1 (z —m)?
Hxy = —Fllo r)=—F lo —
X [ g fX( )] g\/ﬁ(f 20_2
1 5 1 1 5
= —log(2m0°) + = = = log(2mwec?)

2 2 2



