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Vector Random Variables

e Avectorr.v. X is afunction X : S — R", where S is
the sample space of a random experiment.

e Example: randomly pick up a student name from a
list. S = {all student names on the list}. Let w be a
given outcome, e.g. Tom

H(w) : height of student w
W(w): weight of studentw » H,W, A arer.v.s.
A(w): age of student w

Let X = (H,W, A), then X is a vector r.v.
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Events

e Each eventinvolving X = (X4, Xp,--- , X,,) has a
corresponding region in R™.

e Example: X = (X4, X»7) is a two-dimensional r.v.

A={X1+ X2 <10}
B = {min(X1, X2) < 5}

C = {X?+ X3 < 100}
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Pairs of Random Variables L

e Pairs of discrete random variables
o Joint probability mass function

Px;v (Xj5yk) = P{X = x; ()Y = vk} = P{X = x;;Y = y}

ObViOUSly Zj Zk PX7y<ZIjj, yk) = 1.
o Marginal Probability Mass Function

1
Px (x;) = P{X = x;} = P{X = x;;Y = anything} = Z Px v (X ; Yk)
k=1

Similarly Py (yx) = Xj=1 Px.y (%), ys)-
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Pairs of Random Variables L

e The joint CDF of X and Y (for both discrete and
continuous r.v.s)

Fxy(z,y) =P{X <z,Y <y}

ENCS6161 — p.4/47



Pairs of Random Variables L
e Properties of the joint CDF:

1.

2. FXY
3.
4

Fxy(z1,1) < Fxy(22,92), if x4 < 22,91 < y2.
(—00,y) = FXY(I‘ —00) =0
FXY( 00) =
Fx(z) = P{X < x} P{X < z,Y = anything}
—P{X<33Y§OO} FX,y<X OO)

Fy(y) = Fxy (o0, y)
Fx(x), Fy(y) : Marginal cdf
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Pairs of Random Variables

e The joint pdf of two jointly continuous r.v.s.

82
fX,Y(SU,y) = %FX,Y(%ZU)
Obviously,
1 1
/ Fxy (@, y)dedy = 1
nJin
and
o 0 07..0
FX,Y(SC»?J)Z/1 1 Fxy (2% y9dyHz
[] []
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Pairs of Random Variables L
e The probability

b pd
Pla <X <bc<Y <d} = // fxy(z,y)dydx
a JcC
In general,

P{(X,Y) € A} = / / Fxy (@, y)dady
A

e Example:

s Y
1 p
// ‘‘‘‘‘‘‘‘
‘‘‘‘‘‘‘‘‘‘‘‘ 1 rx
0 O) 07..0
SN DN
AN A / / f X’y(a: Ly )dydo
/- \\ AN
NN 0.0
"//‘// \.\‘\\ \ \\\\
/" //\\\\ \\\\ \\
0 1 X
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Pairs of Random Variables
e Marginal pdf:

d

Fx(x) = d—FXY(%“ 00)

(/ fxvy(z yo)dyodfb")
1 Ji

= fxy(z (, y%dy°
1
1

fr(y) = y Fxy (2% y)da®

d
fx(x) = Az
d
d_



Pairs of Random Variables

@ Example:

1 f0<x<1,0<y<1
fx.y(x;y) = .
0 otherwise.
Find Fx.y (X;y)
1)x <0ory<O0;Fx.vy(x;y)=0
2)0<x<T;and0< y <1

X ry
Fx;Y(X;y)=/ / 1 dy%x®= xy
o Jo
3)0<x<1,andy> 1

Fx.v(X;y) = /X/11dy°dx0=x
4)x>1and0<y< 1 o
Fx;v (X;y) =y
5)x>1andy> 1
L Fx:v(x;y) =1
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Independence

Q PX,y(wj,y]{;) = PX(LCj)Py(yk), for all X and y;.
(discrete r.v.s)
or Fxy(z,y) = Fx(x)Fy(y) forall z and y

or fxy(x,y) = fx(z)fy(y) forall x and y

e Example:
a) 8
f 1 0<2<1,0<y<1
XY 0 otherwise

b) b |

/!
oy — 1 0<z<v2,0<y<uz /
L YN 0 otherwise 0 |
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Conditional Probability L

@ If X is discrete,

Fely[x) = CLEEYXEX)

P{X = x}
fr(y|x) = j'—yFY(y|x>

@ If X is continuous, P{X = x} =0

forP{X =x}>0

P{Y <y;x< X <x+ h}

_ - _
o) = fim Fely s X <= fim SRt
= lim Jiet fxx+th:Y (x% y9)dxdy®
h! 0 fXX+hfx(X0)dX0
= lim [75 fx.vy (x;y9dy?- h _ Y fxv (X y9)dy°
h!' 0 fx(x)-h fx (X)
d fx.v(X;y)
f x) = — Fy(y|x)= 227
v (Y[x) dy v (Y[X) ()
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Conditional Probability

e If X, Y independent,
fy(lr) = fr(y)

e Similarly,

~ fxy(z,y)

So,
fxy(z,y) = fx(x)- fyr(ylz) = fr(v) - fx(z]y)
e Bayes Rule:

~ fx(z) - fy(ylo)




Conditional Probability L

e Example: Ar.v. X is uniformly selected in [0, 1], and
then Y is selected uniformly in [0, z]. Find fy (y)

e Solution: X

fxy(z,y) = fx(x)fy(ylz) =1 —= é

for0 <z <1,0<y<zandis 0 elsewhere.
1

1 fry) = fxy(z,y)d

/’”/ D 1

1
e 1
///T = / —dr = —Iny

° T for0 <y <1and fy(y) = 0 elsewhere.
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Conditional Probability

e Example:

x {01}

fy(y | x)

Y.ecR

Chann€

X =0 — —A (volts), we assume P{X =0} =
X=1—+A(volts), PAIX=1}=P1=1-F

Detector

e Decide X =0,if P{X =0y} >P{X =1y}
Decide X = 1,if P{X =0y} < P{X =1y}

e This is called the Maximum a posterior probability

(MAP) detection.
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Conditional Probability L

e Binary communication over Additive White Gaussian
Noise (AWGN) channel

I ura)?

fY (y‘O) — e 2012
2mo
1 . 2
fr(yll) = —m=c""77
2mo

e Apply the MAP detection, we need to find
P{X = 0|y} and P{X = 1|y}. Note here X is discrete,
Y is continuous.
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Conditional Probability

@ Use the similar approach (considering x < X < x + h, and let

h — 0), we have
P{X = 0}fv (y|0)

P{X = 1}fy(y|0
p{x = 1‘Y} - { fY(}y)Y (y| )

@ Decide X = 0, if
P{X = Oy} >P{X = fly} =y < o In™

2A  py

Decide X = 1, if
PIX = Oy} < P(X = 1ly} = y> - InP
2A  pq

Decide X = 0, ify <0
Decide X = 1,ify> 0

@ Whenpg = p1 =

N —
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Conditional Probability

a Prob of error:
considering the special case pg = p1 = 3

P. = PP{X =1|X =0}+ PP{X =0|X =1}
= PyP{Y >0|X =0} + PP{Y <0|X =1}

1 LRI A
P{Y > 0|X =0} = / e 27 d :Q<—>
0 o)

2m0

Similarly,

P{YSO\le}:Q<A)

o

) r=q(2)

ATJPEl JT7P6T
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Conditional Expectation L

@ The conditional expectation

1
ELY[x] = / ¥y (yix)dy
g
In discrete case,
E[Y[x]= ) yiPy(yilx)
Yi

@ An important fact:
E[Y]= E[E[Y[X]]

Proof: ] 1 ]
EENYXD = [ ENMixdx= [ [ yfv (i (x)dyox
1 01 01
1 1
= / yfx:v (x;y)dydx = E[Y]
(1 (1
In general:

E[h(Y)]= E[E[h(Y)X]]
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Multiple Random Variables

e Joint cdf
FX1,Mn($1a"'$n) :P[X1 S'CU']) 7X1 Smn]

e Joint pdf
an
fX1,[D]D(n (.I"], T xn) - aZC1,‘ ] .8anX1,mn (CC1,' ’ xn)

If discrete, joint pmf
PX1,D]DXn<$17"‘$n) :P[X1 :$1,"‘Xn:ﬂfn]

e Marginal pdf 1 1
01 1

all x4y, except x;
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Independence

e X1, --X, are independent iff

FX17Wn (51?1,--°£Un) — FX1($1)"

fora_”$1,"' y L
e If we use pdf,

fxymx, (21, 2n) = fx,(21)

fOF8_||:C1, y Lmy

- Fx, (fﬁn>

ce an ($n)
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Functions of Several r.v.s

e One function of several r.v.s
Z = g(X17' ) X”fl)
Let R, = {x = (z1,--- ,z,) S.t. g(z) < z} then

F,(z) = P{X€eR,}

22 R;



Functions of Several r.v.s L

e Example: 7 =X +Y, find F,(z) and f.(z) in terms of
fxy(z,y)

Z = X4+4Y<z2z2=Y<z2-X

1 zOx
yA F.(z) = / / fxy (@, y)dydx
01 Jo
2 d 1
AN y=7-x f2(z) = d—FZ(z) = fxy(z,z —x)dx
< 01
20K If X and Y are independent

1

f2(2) = fx (@) fy(z — x)dx

1



Functions of Several r.v.s L

e Example: let 7 = X/Y. Find the pdfof Z if X and Y
are independent and both exponentially distributed
with mean one.

e Can use the similar approach as previous example,
but complicated. Fix Y =y, then Z = X/y and

fz(zly) = |yl fx (yzly). So

1 1

fz(z) = fzv(z,y)dy = fz(z|y) fy (y)dy
1 Sk
1

1
:/D ’y|fX(yZ’y)fY<y)dy:/ iyl fxy vz y)dy

1 1
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Functions of Several r.v.s

e Since X,Y are indep. exponentially distributed

1 1
frz(z) = /O yfx(yZ)fy(y)dy=/o ye Ve Vdy

! forz>0
= — A
(1+ 2)2



Transformation of Random Vectors?

e Transformation of Random Vectors

Z1

Fyz

1

g1 (X1 ..

The joint CDF of Z is
g (21 -

- Xn) Z2 = g2(X1--- Xp) -+

P{Z1 < 2z,

/- /fX1

z:gk () [ 2k

I < zZn}

n)dxq -

- dxy,



pdf of Linear Transformations L

e If Z=AX, where Ais an x n invertible matrix.

fZ(g) — fZ1[DDZn (217'“ 7Zn)
fX1D]DXn (331,--- 73771) . f§<AD1§>
Al = A1 Al

|A| is the absolute value of the determinant of A.

egif A=

¢ Z],then A = |ad — be]
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=

pdf of General Transformations

e Z1=g1(X), Z2 = g2(X), -+, Zn = gn(X) where
X = (X1, , Xp)
e We assume that the set of equations:

21=g1(x), "+, 2n = gn(2)
has a unique solution given by

e The joint pdf of Z is given by
_ fX1 X (h1 (§)7 e 7hn(§)>

fziz, (21 2n)

|J(£U1,"’ axn)’
— fX1D]DXn(h1<§)7"' 7hn(§))“](z17 7Z7”L)| (*)
where J(z1,--- ,zy) is called the Jacobian of the

transformation.

1
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pdf of General Transformations L

e The Jacobian of the transformation

991 .. 0991 7]
Ox1 Oxn
9gn 9gn
L 8331 8$n i
and
[ Ohi .. Ol ]
8Z1 aZn 1
J(z1, - zp) =det | oo o o | =
L 821 aZn i

e Linear transformation is a special case of (x)

=
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pdf of General Transformations

e Example: let X and Y be zero-mean unit-variance
independent Gaussian r.vs. Find the joint pdf of V/
and W defined by:

V=(X2+Y?):
W=\ (X,Y)=arctan(Y/X) W €[0,2n)

e This is a transformation from Cartesian to Polar
coordinates. The inverse transformation is:

yh

y“"v" i { x = v cos(w)

y = vsin(w)

1
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pdf of General Transformations L

e The Jacobian

J(v,w) = [

cosw —vsinw 2

_ — v cos® w + vsin? w = v
sinw vcosw

e Since X and Y are zero-mean unit-variance

independent Gaussian r.v.s,
L2 1 g2 1ty

fX,Y<x7y> - \/% \/% )
e The joint pdf of V, W is then

1 ,(v20032w+v23in2w) v ve

frvw,w)=v- 5 € 2 =5-€

forv >0and 0 <w < 27«

=
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pdf of General Transformations L

e The marginal pdf of V and W

1 2T v .2 .2
fV(U) — fVW(’an)dw = / — e Tdw=uve 7
11 7 o 27
for v > 0. Thiﬁ is called the Rayleigh1Distribution.
1 vz 1
fW(w) — L fv,w(‘v,w)dv = % ) ve 2 dv = %

for0 <w < 27
e Since

fvw (v, w) = fy(v) fw(w)

= V, W are independent.

ENCS6161

—p.31/47



Expected Value of Functions of r.v.s?
e LetZ =g X1 Xo,- ») then

/ / £U1, fX1 ($1,°-- ,l’n)d$1d$n
11 1

For dlscrete case,

Y Ygx'h y L PX1 ( 17'”7':671)

all possible x

Q Example 7 = X1 +X2 4+ X,
E|Z] = B[ X4 —I—X2 —I—X ]

= / / (x14 -+ xp) fx,mx, (T1- - xp)dzq - - - dy
D1 11
— Xn)




Expected Value of Functions of r.v.s®
Example Z X1X2

/ / xnfxmm( Tp)dxq - - doy
1 1
If Xq, X>o,---, X, are indep.

ElZ] = E[X1X2~--Xn] = E[X4]E[Xp] - E[X5)]
e The (j, k)-th moment of two r.v.s X&Y is

1 1
E[X7Y" = / / 2IyF fx v (x,y)dzdy
1 1

If j=k=1,itis called the correlation.

EXY] = /1 /1 vy fxy (@, y)dzdy
[l [l
If E[XY] =0, we call X&Y are orthogonal.
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Expected Value of Functions of rv.sh
e The (4, k)-th central moment of X, Y is
B (X = B(X)) (Y = E(V)
when j =2 k=0, = Var(X)
7=0, k=2 = Var(Y)
e When j =k =1, itis called the covariance of X,Y
Cou(X,Y) = E|[(X —EX))(Y — E(Y))]
= FE[XY] - E[X]|E]Y]=Cov(Y,X)

e The correlation coefficient of X and Y is defined as
Cov(X,Y)

OX0Yy

where ox = /Var(X) and oy = /Var(Y).

=

PX)Y =



Expected Value of Functions of rv.sh

e The correlation coefficient -1 < pxy <1
Proof:

o < p{(25EL )

= 1x2pxy+1=2(1E£pxy)
e If pxy =0, X,Y are said to be uncorrelated.

e If X, Y are independent,
E[XY] = E[X]|E]Y] = Cov(X,Y)=0= pxy = 0.
Hence, X, Y are uncorrelated.

e The converse is not always true. It is true in the case
of Gaussian r.v.s ( will be discussed later)

=
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e Example: ¢ is uniform in [0, 27).

=

Let X =cosfand Y = sinf
X and Y are not independent, since X24+Yv2=1.
However

E[XY] = FEl[sinfcosf] = E[% sin(26)]

_ /% L1 in(20)do = 0
)y 2x2”" -

We can also show E[X| = E]Y] =0. So
Cov(X,Y) = E[XY] - E[X]E[Y]=0= pxy =0

X,Y are uncorrelated but not independent.

Expected Value of Functions of rv.sh
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Joint Characteristic Function L

e Joint Characteristic Function

D xymx, (w1, -+ s wn) = E [ej(WX**mw“X“)}

e For two variables
(I)X,Y(w1aw2> — 5 [ej(w1X+ sz)}

e Marginal characteristic function
Ox(w) =dxy(w,0) Py(w)=Cxy(0,w)

e If X,Y are independent
Oxy(wr,wp) = E[eI™ w2y

= B[/ B[] = Ox(w) Py (w2)
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Joint Characteristic Function L
e IfZ =aX +bY

B, (w) = E[e/aX*+0Y)] — ¢ x y (aw, bw)
e IfZ=X+Y, X andY are independent

Pz(w) = Pxy(w,w) = Px(w)Py(w)



Jointly Gaussian Random Variabled

e Consider a vector of random variables
X = (X1, X9, .-+ X,,). Each with mean m; = E[X;], for

¢ =1,---,n and the covariance matrix
Var(X4) Cov(X1,X2) -+ Cov(Xy,X,) |
K= : : :
| Cov(Xy, X1) fe <o Var(Xy)
Let m = [mq,--- ,my]’ be the mean vector and
x = [zq,---,z,]" where ()7 denotes transpose. Then

X1, Xo, -+ X, are said to be the jointly Gaussian if
their joint pdf is:
1 1 T 1011 }
r) = ; expq —=(z—m) K (z—m
Ix(@) = o] g - m'K @ m
L where |K| is the determinant of K.
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Jointly Gaussian Random Variabled

x1m)2
e Forn =1, let Var(X4) = ¢, then fx(x) = %e%
e Forn =2, denote ther.v.sby X and Y. Let
m= | ™ |k = % Xy Cx Ly
My Xy [x Ly N7
Then [K|= (% 5 (1-%y)
KOt = 1 D%( —lxy X Ly
KE(-%y) —[x vy [x Ly %
and
fo (1Y) = 1 exp{— 1 [("‘mx)2
S 20y Ty /T— By 21— %) [

2y (& _[&mx)(y_mymyh (%)ZH
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Jointly Gaussian Random Variabled

@ The marginal pdf of X :

1 o m)?
fx (x) = Nrast e 2%
The marginal pdf of Y:
1 0 #(y*zTy)z
fY(y) = \/TDDYG Y

@ Iflxy = 0= X;Y are independent.

@ The conditional pdf.

2
N N RV OX (v B
fx.v (X;y) — exp{ 2(10 % v )7k {X Xy y (y mY) mx} }

iy (1Y) fv(y) V202Z(1—12y)
~ Ny 2y —my)+ mes F(1- &y )
) M i Var(XjY)

L EIX Y]
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1

Linear Transformation of Gaussian r.v.s

@ LetX ~N(m;K),Y = AX then
Y ~N(rh;C), where th = Am and C = AKAT
proof:

S A L
AL @Al

p{—%(Amy—m)TKm(A“y—m)}
Note that A"y —m = A" (y — Am) = A" (y — rh), so
Aly—-m)'K (A ly—m) = (y—rm)" (A )TK A Yy —r)
= (y—r)'C'Y(y—rh)
. 1 1 1
and [A[[K|2 = (JAPIK[)* = (JAKAT|)? = |C|

L 0= g ee]{au-mrc y-m~Numo
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1

Linear Transformation of Gaussian r.v.s

@ Since K is symmetric, it is alw_ays possible to find_a matrix A s.t.

L 0
. b
= AKAT is diagonal. 0 =
0 Th
SO ) )
1 1 T 01
f = —— _elz(yih) (ylirh)
S HEL
1 A 7”"1)2 1 7 (n —jﬁn)z
= e 201 R e 20n
V20, V200,

That is, we can transform X into n independent Gaussian r.v.s
Y;---Y, with means r; and variance [}.
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Mean Square Estimation L

e We use g(X) to estimate Y, write as Y = ¢(X). The

cost associated with the estimation erroris C(Y —Y).
e.g.

R = (Y —g(x))?
The mean square error

E[C] = E[(Y — 9(X))?

e Case1:ifY =a
E[(Y —a)?] = E[Y?] — 2aE[Y] + d® = f(a)

The mean square error: E[(Y — uy)?] = Var[Y]

=
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Mean Square Estimation L

e Case 2:ifY =aX +b, then E[(Y —aX —b)?] = f(a,b)

0
—af;: O_ oy .0 0
of =a =pxy——, b =py —apx

This is called the MMSE linear estimation.

e The mean square error:
52 2 2
) E[(Y =Y) ] =0y (1 - pky)
If pxy =0, Y = uy, error= 02, reduces to case 1.
If pxy = £1, Y = £25(X — ux) + py, and error= 0
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Mean Square Estimation L

e Case 3:}7 is a general function of X.
E[(Y -Y)?] = E[Y —g(X))*] = B[E[(Y — g(X))?|X]]

1
_ /m B[(Y — g(«))2|2) fx (z)dz

For any z, choose g(x) to minimize E[(Y — g(x))?|X = x]
= ¢'(z) = E[Y|X = 1]
This is called the MMSE estimation.

e Example: X, Y joint Gaussian.
0}
EIYIX] = pxy o (X = jx) + py
The MMSE estimation is linear for Gaussian.
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Mean Square Estimation L

e Example: X ~ uniform(—1,1), Y = X2. We have
E[X]=0
pxy = E[XY]— E[X|E]Y] = E[XY] = E[X’] =0
So, the MMSE linear estimation:
Y = 0%

and the error is o2.

The MMSE estimation:
g(z) = E[Y|X = 2] = E[X?X = 2] = 2
So Y = X2 and the error is 0.
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