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Abstract

Monotonicity is a simple yet significant quali-
tative characteristic. We consider the problem of
segmenting an array in up to K segments. We want
segments to be as monotonic as possible and to al-
ternate signs. We propose a quality metric for this
problem, present an optimal linear time algorithm
based on novel formalism, and compare experi-
mentally its performance to a linear time top-down
regression algorithm. We show that our algorithm
is faster and more accurate. Applications include
pattern recognition and qualitative modeling.

1 Introduction

Monotonicity is one of the most natural and im-
portant qualitative properties for sequences of data
points. It is easy to determine where the values
are strictly going up or down, but we only want
to identify significant monotonicity. For example,
the drop from 2 to 1.9 in the array 0,1,2,1.9,3,4
might not be significant and might even be noise-
related. The quasi-monotonic segmentation prob-
lem is to determine where the data is approxima-
tively increasing or decreasing.

Some segmentation algorithms give a segmen-
tation having no more than K segments while at-
tempting to minimize the error €; other algorithms
attempt to minimize the number of segments (K)
given an upper bound on the error €. We are con-
cerned with the first type of algorithm in this paper.

Using dynamic programming or other ap-
proaches, most segmentation problems can be

Martin Brooks, Yuhong Yan
National Research Council of Canada
1200 Montreal Road
Ottawa, ON, Canada, K1A OR6
First.Last@nrc.gc.ca

solved in time O(n?). Other solutions to this prob-
lem using machine learning to classify the pairs of
data points [7] are even less favorable since they
have higher complexity. However, it is common for
sequence of data points to be massive and segmen-
tation algorithms have to have complexity close to
O(n) to be competitive. While approximate linear
regression segmentation algorithms can be O(n),
we show that using a linear regression error to seg-
ment according to monotonicity is not an ideal so-
lution.

We present a metric for the quasi-monotonic
segmentation problem called the Optimal Mono-
tonic Approximation Function Error (OMAFE);
this metric differs from previously introduced OP-
MAFE metric [3] since it applies to all segmenta-
tions and not just “extremal” segmentations. We
formalize the novel concept of a maximal *-pair
and shows that it can be used to define a unique
labelling of the extrema leading to a novel opti-
mal segmentation algorithm. We also present an
optimal linear time algorithm to solve the quasi-
monotonic segmentation problem together with an
experimental comparison to quantify the benefits of
our algorithm.

2 Monotonicity Error Metric

(OMAFE)

Suppose n samples noted F : D= {xj,...,x,} —
R with x; < x < ...x,. We define, Fiiap) as
the restriction of F over DN [a,b]. We seek the
best monotonic (increasing or decreasing) func-
tion f: R — R approximating F. Let Q4 (resp.
€|) be the set of all monotonic increasing (resp.



decreasing) functions. The Optimal Monotonic
Approximation Function Error (OMAFE) is
minsco maxyep | f — F| where Q is either Q1 or Q.

The segmentation of a set D is a sequence S =
Xi,...,Xk of intervals in R with [minD, max D] =
U; Xi such that maxX; = minX;;; € D and X; N
X; =0 for j#i+1,i,i—1. Alternatively, we
can define a segmentation from the set of points
XiNXiy1 = {yix1}, y1 = minX;, and ygy; =
maxXg. Given F : {xj,...,x,} — R and a seg-
mentation, the Optimal Monotonic Approximation
Function Error (OMAFE) of the segmentation is
max; OMAFE(Fjy,) where the monotonicity type
(increasing or decreasing) of the segment X; is de-
termined by the sign of F(maxX;) — F(minX;).
Whenever F(maxX;) = F(minX;), we say the seg-
ment has no direction and the best monotonic ap-
proximation is just the flat function having value
(max Fix, —min Fjy,) /2. The error is computed over
each interval independently and so, optimal mono-
tonic approximation functions are not required to
agree at maxX; = minX; ;. Segmentations should
alternate between increasing and decreasing, oth-
erwise sequences such as 0,2,1,0,2 can be seg-
mented as two increasing segments 0,2,1 and
1,0,2: we consider it is natural to aggregate seg-
ments with the same monotonicity.

We solve for the best monotonic function as fol-
lows. If we seek the best monotonic increasing
function, we first define £/ (x) = max{F(y):y <x}
(the maximum of all previous values) and f ) (x) =
min{F(y) : y > x} (the minimum of all values to
come). If we seek the best monotonic decreas-
ing function, we define f (x) = max{F(y) : y > x}
(the maximum of all values to come) and f | (x) =
min{F(y) : y < x} (the minimum of all previous
values). These functions, which can be computed
in linear time, are all we need to solve for the best
approximation function as shown by the next theo-
rem which is a well-known result [2} 6].

Theorem 1 Given F : D = {xj,...,x,} = R, a
best monotonic increasing approximation func-
tion to F is f; = (f4 +IT)/2 and a best mono-

fonic decreasing approximation function is f| =
(f) +ii)/2' The corresponding error (OMAFE)

is maXxED(‘fT (x) _J—CT (x))/2 or maxxel)(ﬁl (x) —
Ii (x)])/2 respectively.

The implementation of the algorithm suggested
by the theorem is straight-forward. Given a seg-

mentation, we can compute the OMAFE in O(n)
time using at most two passes.

3 A Scale-Based Algorithm for Quasi-
Monotonic Segmentation

We use the following proposition to prove that
the segmentations we generate are optimal (see
Theorem 2] on page[d).

Proposition 1 A segmentation y1,...,yg+1 of F :
D = {xi,...,x,} — R with alternating monotonic-
ity has a minimal OMAFE € for a number of alter-
nating segments K if

A F(yi) = maxF([yi-1,yiv1]) or F(y) =
minF ([yi—1,yiy1]) fori=2,...,K;

B. in all intervals [y;,yit1] for i =1,...,K, there
exists 71,22 such that |F (z2) — F(z1)| > 2e.

Proof.  Let the original segmentation be the in-
tervals S1,...,Sk and consider a new segmentation
with intervals 77, ..., Tx. Assume that the new seg-
mentation has lower error (as given by OMAFE).
Let S; = [y, yir1] and T; = [y}, yi,,].

If any segment 7, contains a segment S;,
then the existence of zj,z> in [yj,y;4+1] such that
|F(z2) — F(z1)| > 2e and OMAFE(T,,) < € implies
that 7,, and S; have the same monotonicity.

We show that each pair of intervals S;, 7; has
nonempty intersection. Suppose not, and let i be
the smallest index such that S; C T;_. Since S; and
T;—1 have the same monotonicity, for each j < i,
S; and T; have opposite monotonicity. Now con-
sider the i — 1 intervals 71, ...,7;_ and the i points
Y1,...,¥i. At least one interval contains two con-
secutive points; choose the largest j < i such that T;
contains y;,y;4+1. But then §; C T}, contradicting at
least one of the assumptions |F(z2) — F(z1)| > 2¢
for z1,22 € S; and OMAFE(T;) < e.

It now follows that each pair of intervals S;, T;
has the same monotonicity.

Since  OMAFE(T) < OMAFE(S), we can
choose an index j such that OMAFE(T;) <
OMAFE(S;). We show that there exists another in-
dex p such that OMAFE(7},) > OMAFE(S;), thus
contradicting OMAFE(T) < OMAFE(S). Sup-
pose S; is increasing; the proof is similar for
the opposite case. Then there exist x < z € §;
such that F(x) — F(z) = 2 x OMAFE(S;). From
OMAFE(T;) < OMAFE(S)) it follows that at least



Figure 1. A d-pair.

one of x or z lies in S; — 7}, and hence F(x) —
F(yj) >2xOMAFE(S;) or F(yj+1) —F(z) > 2 %
OMAFE(S;). Thus OMAFE(T,) > OMAFE(S;)
foreither p=j—lorp=j+1.0

For simplicity, we assume F has no consecutive
equal values, i.e. F(x;) # F(xiy1) fori=1,...,n—
1; our algorithms assume all but one of consecutive
equal values values have been removed. We say
x; is a maximum if i # 1 implies F(x;) > F(x;_1)
and if i # n implies F(x;) > F(x;+1). Minima are
defined similarly.

Our mathematical approach is based on the con-
cept of 8-pair [2]] (see Fig. [1):

Definition 1 The tuple x,y (x <y € D) is a d-pair
(or a pair of scale d) for F if |F (y) — F (x)| > d and
for all z € D, x < z <y implies |F(z) — F(x)| <
O and |F(y) — F(2)| < d. A &-pair’s direction
is increasing or decreasing according to whether
F(y) > F(x) or F(y) < F(x).

8-Pairs having opposite directions cannot overlap
but they may share an end point. d-Pairs of the
same direction may overlap, but may not be nested.
We use the term “x-pair” to indicate a 8-pair having
an unspecified 8. We say that a *-pair is significant
at scale J if it is of scale &' for & > 8.

We define 8-monotonicity as follows:

Definition 2 Let X be an interval, F is &-
monotonic on X if all d-pairs in X have the same
direction; F is strictly 8-monotonic when there ex-
ists at least one such 8-pair. In this case:

e F is &-increasing on X if X contains an in-
creasing d-pair.

e F is d-decreasing on X if X contains a de-
creasing d-pair.

A d-monotonic  interval X  satisfies
OMAFE(X) < 8/2.

We say that a x-pair x, y is maximal if whenever
71,22 is a *x-pair of a larger scale in the same direc-
tion containing x, y, then there exists a x-pair wi, wy
of an opposite direction contained in z;, 7, and con-
taining x,y. For example, the sequence 1,3,2,4 has
2 maximal *-pairs: 1,4 and 3,2. Maximal *-pairs
of opposite direction may share a common point,
whereas maximal *-pairs of the same direction may
not. Maximal *-pairs cannot overlap, meaning that
it cannot be the case that exactly one end point of a
maximal *-pair lies strictly between the end points
of another maximal *-pair; either neither point lies
strictly between or both do. In the case that both
do, we say that the one maximal *-pair properly
contains the other. All x-pairs must be contained in
a maximal *-pair.

Lemma 1 The smallest maximal x-pair containing
a x-pair must be of the same direction.

Proof. Suppose a x-pair is immediately con-
tained in a maximal *-pair W. Suppose W is not in
the same direction, then within W, seek the largest
*-pair in the same direction as P and containing
P, then it must be a maximal *-pair in D since
maximal *-pairs of different directions cannot over-
lap. O

The first and second point of a maximal *-pair
are extrema and the reverse is true as well as shown
by the next lemma.

Lemma 2 Every extremum is either the first or sec-
ond point of a maximal *-pair.

Proof. The case x = x| or x = x;, follows by inspec-
tion. Otherwise, x is the end point of a left and a
right x-pair. Each %-pair must immediately belong
to a maximal *-pair of same direction: a *-pair P
is contained in a maximal *-pair M of same direc-
tion and there is no maximal *-pair M’ of opposite
direction such that P C M’ C M. Let M' and M"
be the maximal *-pairs immediately containing the
left and right *-pair of x. Suppose neither M! and
M’ have x as a end point. Suppose M! C M”, then
the right *-pair is not immediately contained in M",
a contradiction. The result follows by symmetry. []
Our approach is to label each extremum in F
with a scale parameter § saying that this extremum
is “significant” at scale 8 and below. Our intuition
is that by picking extrema at scale §, we should
have a segmentation having error less than J/2.



Definition 3 The scale labelling of an extremum x
is the maximum of the scales of the maximal x-pairs
for which it is an end point.

For example, given the sequence 1,3,2,4 with 2
maximal *-pairs (1,4 and 3,2), we would give the
following labels in order 4,1, 1,4.

Definition 4 Given & > 0, a maximal alternating
sequence of O-extrema Y =y ...ygy1 is a sequence
of extrema each having scale label at least §,
having alternating types (maximum/minimum), and
such that there exists no sequence properly contain-
ing Y having these same properties. FromY we de-
fine a maximal alternating &-segmentation of D by
segmenting at the points x1,y2 ... Vg, Xn-

Theorem 2 Given & > 0, let P =S,...Sx be a
maximal alternating 8-segmentation derived from
maximal alternating sequence yi...ygy1 of O-
extrema. Then any alternating segmentation Q hav-
ing OMAFE(Q) < OMAFE(P) has at least K + 1
segments.

Proof. We show that conditions A and B of
Proposition [T] are satisfied with € = OMAFE(P).

First we show that each segment S; is
0-monotone; from this we conclude that
OMAFE(P) < §/2. Intervals [xj,y;] and
[vk,x,] contain no maximal *-pairs of scale
or larger, and therefore contain no *-pairs of scale
O or larger. Similarly, no [y;,y;+1] contains an
opposite-direction significant *-pair.

Condition A: Follows from §-monotonicity of
each §; and maximal *-pairs not overlapping.

Condition B: We show that |F (y;+1) — F(y;)| >
8 >2x OMAFE(P). If i = 1, then y; must begin an
maximal *-pair, and the maximal *-pair must end
with y;y; since maximal *-pairs cannot overlap.
The case i + 1 = k is similar. Otherwise, since max-
imal *-pairs cannot overlap, each y;,y;; is either a
maximal *-pair of scale  or larger or there exist in-
dices jand k, j <iand k> i+1suchthaty;,y;isa
maximal *-pair of scale at least 8, and y; 11, yx is a
maximal *-pair of scale at least 8. These two maxi-
mal x-pairs have the same direction, and that this is
opposite to the direction of [y;y;+1]. Now suppose
|F(yi) — F (yit1)| < 8. Then y;,yy is a *-pair prop-
erly containing y;, y; and ;4 1, yx. But neither y;,y;
nor y;41,yx can be properly contained in a *-pair of
opposite direction lying within y;, yi, thus contra-
dicting their maximality and proving the claim. [J

Algorithmic simplicity and efficiency is
achieved when each maximal alternating sequence
of 8-extrema is simply the sequence of all extrema
labelled by at least 8. This is generally not the
case, for example the sequence 0,10,9,10,0 is
scale labelled 10,10,1,10,10. However, a simple
relabelling of certain extrema can achieve the
desired effect. Consider two same-sense extrema
71 < zo such that lying between them there exists
no extremum having scale at least as large as
the minimum of the two extrema’s scales. This
is the only situation which causes choice when
constructing a maximal alternating sequence of
d-extrema. To eliminate this choice, replace the
scale label on z; with the largest scale of the
opposite-sense extrema lying between them. It is
easily seen that in the case just described we must
have F(z;) = F(z2), since otherwise the point
upon which F has the lesser value could not be the
endpoint of a maximal *-pair. In the next section,
Algorithm [I] incorporates this re-labelling making
Algorithm 2] simple and efficient.

3.1 Computing a Scale Labelling Effi-
ciently

Algorithm [I| produces a scale labelling in linear
time. Extrema from the original data are visited
in order, and they alternate (maxima/minima) since
we only pick one of the values when there are re-
peated values (such as 1,1, 1).

The algorithm has a main loop (lines 5 to 12)
where it labels extrema as it identifies extremal -
pairs, and stack the extrema it cannot immediately
label. At all times, the stack (line 3) contains min-
ima and maxima in strictly increasing and decreas-
ing order respectively. Also at all times, the last
two extrema at the bottom of the stack are the ab-
solute maximum and absolute minimum (found so
far). Observe that we can only label an extrema as
we find new extremal *-pairs (lines 7, 10, and 14).

o If the stack is empty or contains only one ex-
tremum, we simply add the new extremum
(line 12).

e If there are only 2 extrema 71,27 in the stack
and we found either a new absolute maxi-
mum or new absolute minimum (z3), we can
pop and label the oldest one (z;) (lines 9, 10,
and 11) because the old pair (z1,z2) forms
a maximal *-pair and thus must be bounded



by extrema having at least the same scale:
but the oldest value (z1) doesn’t belong to a
larger maximal *-pair. This applies even when
z3 = z1. Otherwise, if there are only 2 extrema
71,22 in the stack and the new extrema z3 sat-
isfies z3 € (min(z1,z2),max(z1,z2)), then we
add it to the stack: it is not yet possible to la-
bel any of these values.

e While the stack contains more than 2 extrema
(lines 6, 7 and 8), we consider the last three
points on the stack (s3,s2,s1) where s; is the
last point added. Let z be the value of the new
extrema. If z € (min(sy,s7), max(sy,s2)), then
it is simply added to the stack since we can-
not yet label any of these points; we exit the
while loop. Otherwise, we have a new maxi-
mum exceeding or matching the previous one
on stack (or a new minimum lower or equal to
the previous one on stack), and hence s1, s is
a maximal x-pair. If z £ s, then s3, 7 is a max-
imal x-pair and thus, s, cannot be the end of
a maximal *-pair and s cannot be the begin-
ning of one, hence both s, and s; are labelled.
If z = s, then we have successive maxima or
minima and the same labelling as z # s, ap-
plies.

During the “unstacking” (lines 13 and following),
we visit a sequence of minima and maxima in in-
creasing and decreasing order respectively and all
consecutive values form a maximal s-pair so the
analysis is easy: we label each point according to
the maximal *-pair when there is one.

Algorithm [2] shows how once the labelling is
complete, one can compute the segmentation in
time O(nK) which we consider to be linear time
since K is small compared to n. It also uses a
fixed amount of memory (O(K)). If the segmen-
tation points need to be sorted, then the complexity
is O(nK 4 KlogK).

4 Experimental Results and Compari-
son to Top-Down Linear Spline

While we have shown that we can compute in
linear time an optimal segmentation, it remains to
determine whether the relative gains we achieve are
significant when compared with a sensible alterna-
tive.

As such, we chose the top-down linear spline al-
gorithm [3] which runs in O(nk?) time. It succes-

Algorithm 1 Algorithm to compute the scale la-
belling in O(n) time. When there are repeated
values in the array d, only one of these values is
flagged as an extremum.

1: INPUT: an array d containing the y values in-
dexed from 1 to n, repeated consecutive values
have been removed

2: OUTPUT: a scale labelling for all extrema

3: § « empty stack, First(S) is the value on top,
Second(S) is the second value

4: define 3(d,S) = |dFirst(S) - dSecond(S)|

5. for e index of an extremum in d, e’s are visited
in increasing order do

6:  while length(S) > 2 and (e is a minimum

such that d, < Second(S) or e is a maximum
such that d, > Second(S)) do

7: label First(S) and Second(S) with 8(d, S)

: pop stack S twice

if length(S) is 2 and (e is a minimum such
that d, < Second(S) or e is a maximum such
that d, > Second(S)) then

10: label Second(S) with 8(d, S)

11: remove Second(S) from stack S

12:  stacketo S

13: while length of S > 2 do

14:  label First(S) with 8(d, S)

15:  pop stack S

16: label First(S) and Second(S) with 8(d, S)

sively segments the data starting with only one seg-
ment, each time picking the segment with the worse
linear regression error and finding the best segmen-
tation point; the linear regression is not continuous
from one segment to the other. The regression error
can be computed in constant time if one has pre-
computed the range moments [4]. We run through
the segments and aggregate consecutive segments
having the same sign where the sign of a segment
[Vk, Yi+1] is defined by the sign of F (yk41) — F k),
setting 0 to be a positive sign (increasing mono-
tonicity).

4.1 Data Source

ECGs have a well known monotonicity structure
with 5 commonly identifiable extrema per pulse
(reference points P, Q, R, S, and T) (see Fig. @
though not all points can be easily identified on all
pulses and the exact morphology can vary. As a
source of experimental data, we used samples from



Algorithm 2 Given the scale labelling, this algo-
rithm will return a segmentation using at most K
segments. It is assumed that there are at least K + 1
extrema to begin with.
INPUT: an array d containing the y values in-
dexed from O ton — 1
INPUT: K a bound on the number of segments
desired
OUTPUT: unsorted segmentation points (a 6-
segmentation)
L «— empty array (capacity K + 3)
for ¢ is index of an extremum in d having scale
d, e are visited in increasing order do
insert (e,d) in L so that L is sorted by scale
in decreasing order (sort on J) using binary
search
if length of L is K + 3 then
pop last(L)
remove all elements of L having the scale of
last(L)
RETURN: the indexes in L replacing first one
by 1 and last one by n

the MIT-BIH Arrhythmia Database [1]. We only
present our results over one sample since we found
that results did not vary much between data sam-
ples. These ECG recordings used a sampling rate
of 360 samples per second per channel with 11-
bit resolution (see Fig. [3). We keep 4000 samples
(11 seconds) and about 14 pulses, and we do no
preprocessing such as baseline correction. We can
estimate that a typical pulse has about 5 “easily”
identifiable monotonic segments. Hence, out of 14
pulses, we can estimate that there are about 70 sig-
nificant monotonic segments, some of which match
the domain-specific markers (reference points P, Q,
R, S, and T). A qualitative description of such data
is useful for pattern matching applications, for ex-
ample.

4.2 Computational Time Versus Segment
Budget

We implemented both the scale-based segmen-
tation algorithm and the L, norm top-down linear
spline approximation algorithm in Pythonﬂ (ver-
sion 2.3). The implemented scale-based segmenta-
tion algorithm is O(nK). The top-down algorithm

!'Source code and data samples are available from the authors
freely.

Q s

Figure 2. Schema of an ECG pulse with
commonly identified reference points
(PQRST).
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Figure 3. ECG recordings from the MIT-
BIH Arrhythmia Database.

used has complexity O(nk?). Each run was re-
peated 3 times and the average time is presented
in Fig.[d We chose a single representative sample:
results do not vary significantly. The scale-based
segmentation implementation is faster than the top-
down linear spline approximation implementation
and the gains become considerable as K increases.

4.3 OMAFE Versus Segment Budget

We want to determine how well the top-
down linear spline algorithm does comparatively.
OMAFE is an absolute and not relative error mea-
sure, but because the range of the ECGs under con-
sideration is roughly between 950 and 1150, we
expect the OMAFE to never exceed 100 by much.
The OMAFE with respect to the maximal number
of segments (K) is given in Fig. [} it is a “mono-
tonicity spectrum.” By counting on about 5 mono-
tonic segments per pulse with a total of 14 pulses,
there should about 70 monotonic segments in the
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Figure 4. Time versus nhumber of segments K for ECG data.

4000 samples under consideration. We see that the
decrease in OMAFE with the addition of new seg-
ments starts to level off between 50 and 70 seg-
ments as predicted. The addition of new segments
past 70 (K > 70) has little impact. The scale-based
algorithm is optimal, but also at least 3 times more
accurate than the top-down algorithm for larger K
and this is consistent over other data sets. In fact,
the OMAFE becomes practically zero for K > 80
whereas the OMAFE of the top-down linear regres-
sion algorithm remains at around 20, which is still
significant. OMAFE of the scale-based algorithm
is a non increasing function of K, a consequence of
optimality.

5 Future work

Future work will focus on choosing the opti-
mal number of segments for given applications.
We also plan to investigate the applications of the
monotonicity spectrum as a robust analysis.
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