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Adaptive Variable Structure Set-Point In this correspondence, a robust nonlinear control law is derived
Control of Underactuated Robots for underactuated robots based on the variable structure theory [16].
More specifically, the results given in [13] and [14] are extended to
Chun-Yi Su and Yury Stepanenko the underactuated case. The proposed scheme keeps the advantages

of [12] and [13]: the uncertainty bounds, needed to design the control
' law and to prove the global asymptotic stability, depend only on the
Abstract—Control of underactuated mechanical systems (robots) rep- jnertia parameters. As a result, precise bounds on the uncertainty

resents an important class of control problem. In this correspondence, .o, gaily he computed. Stability analysis shows that the closed-loop
a model-based adaptive variable structure control scheme is introduced,

where the uncertainty bounds only depend on the inertia parameters of SyStem is global asymptotic stable.
the system. Global asymptotic stability is established in the Lyapunov
sense. Numerical simulations are conducted to validate the theoretical I

analysis. . UNDERACTUATED ROBOT DYNAMICS

. . The dynamic model of a mechanical system (robot) can be written
Index Terms—Adaptive control, underactuated robots, variable struc- y Y ( )

ture control.
M(@)g+ B(g, )+ G(g) =Tu (1)

|. INTRODUCTION where ¢ € R" is the generalized coordinates (joint positions);

In recent years, the control of underactuated mechanical systeig) € R™"*" is the inertia matrix; vectoB(q, ¢§)g € R" presents
has attracted growing attention and is a topic of great interebie centripetal, Coriolis forces(7(q) represents the gravitational
[1]-[8], [10]-[12], [16]. Examples of such systems are illustrated, fdiorces; T is an input transformation matrix; and € R" is the
example, in [10]. Interest in studying the underactuated mechanigalktor of applied joint torques. The dynamic equation has a structure
systems is motivated by their role as a class of strongly nonlingamoperty: the matrix[M(q) — 2B(q,¢)] is skew symmetric with a
systems where complex internal dynamics, nonholonomic behavisuitable definition ofB(q, ).
and lack of feedback linearizability are often exhibited [11], [15], for If only m joints are equipped with actuators, veciprcan be
which traditional nonlinear control methods are insufficient and nepartitioned without loss of generality &g,, ¢, ), whereq, € R™
approaches must be developed. represents the actuated joints, whie € R("=™) represents the

Although dynamics of the underactuated mechanical systemsuisactuated ones. The dynamic model (1) is then written as
well understood, the difficulty of the control problem for underactu- Moa(q) Mool [d boa(ds @) baela, @)1 [d
ated mechanisms is obviously due to the reduced dimension of the { e T } {?"} + { e } {"}
input space. The literature on the control of underactuated systems Muale) Muu(a) ] 4. bua(g: @) buulg. @) ] 1au
is mainly recent [1]-[8], [10]-[12], [17], and the discussion mainly + {Gu@)} — {ua} )
focuses on two-degree-of-freedom examples [3], [4], [6], [11], [15]. G.(9) 0
Earlier work that deals with control of underactuated robotic systemis i harticular, the dynamic equation relative to the unactuated
is described in [1]. Seto and Baillieul [10] developed a generfdims is
backstepping control method for the system with a chain structure.
Underactuated mechanical systems have also been investigated from [Mua(@) Muu(q)] [q] }
a nonholonomic constraint point of view [2], [8], [12], [15], [17],
where, for instance, Oriolo and Nakamura [8] and Wichletchl. . v la,

[17] established the conditions for partial integrability of second-order +[bua(a. @) buulg, )] {q“ } +Gulg) =0. ®)
nonholonomic constraints and discussed control problems. .

While some interesting techniques and results have been presefiggnote that the structure property still holds for (2). _
in the above-mentioned publications, the control of such systems stilFT0M (2) we can see that the robot system hageneralized
remains an open problem. For example, most of the control scherf@8rdinates, but onlyr control inputs. No input term explicitly
mentioned above either failed to provide a thorough analysis of tAEP€arsS 1N 3, Wh'_Ch may t_hUS be mte_arpreted a_s(an— m)-
overall system stability or assumed that gravitation forces do ngpen_slonal constralnts_ |nvoIV|r_lg generahzed coordinates as well as
act on the passive joints. Furthermore, the precise knowledge of fREIT first and second time derivatives.
dynamic model is generally required except in [5] and [12]. However,
the schemes in [5] and [12] suffer their own drawbacks. For example, [lI. CONTROLLER DESIGN
the scheme in [5] needs inverse matrix calculations, and the schemene control objective can be specified as: given desirgdg,,,

in [12] can only stabilize the system to a manifold. and g,, which are assumed to be bounded and should satisfy the
constraint equation (3), determine a control law far such thatg
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s | 4ar | _ |~ Aaea 6 < &; andy > 0 is a constant, determining the rate of the
g, =|." | = ®) ,
q,. —Auey adaptations.
L 4, —q,, Sa The system formed by (2) and (12)—(14) is discontinuous. In such
$=4-4 = a4, — ., s, O a case, the solution concept for the closed-loop system is in the sense

. . of Filippov [18].
where, > 0 andA. > 0 are design parameters. Then, using (2), |t is important to point out that the direct application of discon-
the dynamics in terms of the newly defined signalsands. can i, 0us control in mechanical systems is almost always impractical
be derived as since the effects of switching forces on the actuators and gear trains

M.o(q) Mau(q)] [5a can be destructive. Thus, in real systems, the control discontinuity is

{M,,n, (@) My (q):| L } smoothed [19] so that the system trajectory moves to a neighborhood
Daa(@ @) bau(g, @)1 54 o +u, of the approximate discontinuity. The study of the idealized discon-
L)M (@ @) buula, (.1)} L"} = { uy } () tinuous control scheme, however, gives a clear picture of the salient

properties of the system dynamics.
where The following theorem can then be stated.
Theorem 1:If the variable structure control law given by

r=—Magq “ar — Myq “ur — baa 5 i 'ar . . .
“ (q)('z ' (@) (a.0) (12)—(14) is applied to the underactuated robots (2), then in the
= bau(€: .y — Gald) closed-loop systemjm, ... g(t) = g,,.
wy = — Mua(@)d, — Muu(@)yr — bua(q, §)q,, Proof: By denoting i, = diag(K, K,.), and adding a term
— buu(2.2)q,, — Gulq). K s to both sides of (10), one has
Based on the well-known linear-in-parameter property, the nonlin-  17(q)s + B(q, §)s + K.s = {"a; CI?T‘“ ;’ Kasa (15)
ear terms, such a&l..(q), b..(q, ¢), andG.(q), can be expressed fopt BKusy
as a product of &knownmatrix and an unknown parameter vector. Let us consider the positive function
Therefore, one has
s 1 T,/ 1_"2,
e = — Moo (@i, — Mual@V, — baa(@s D)y V= ae Mlgs k- /n. (16)
—bau(q, )4, — Galq) A simple calculation shows that along solutions of (15)
e e e G o e @) 8 . )
(¢, 4 Gups v Qs dur) N ® (%M _ B)S
Uy = —_Zl[ua (q)qa, -1 .’[u‘u‘(q)qu,v - bua(‘lv Q)Qar' i > i K
_ buu . AN _ ’u .T iy Ua rQpr LaSa A
@, = ule) ol (to [Poq ™ ]) i
= q),f(Q-, 9 90 Qurs Dars qu,r)af (9)

= _sTK.s+ kk///—l- [SZ SZ]

o [ a sl
(I)f(lf + K8

where o, € RP' and ay € RP? are constant vectors of inertia
parameters®, € R™ P! and®; € R("~"™*P? are matrices of

+ K/
known functions of the generalized coordinates and their velocities, }

known as the regressors. < —s'Kos+ ||a.||||st @, || — pr||st @, || — sl u.
Then, (7) can be written as » " .
LD + 5, Pray + s, Kusy + kk/n
. . uﬂ. T'CIT g g oy g .
M(q)s+ B(q, ¢)s = |: Brop :| (10) < -s'K.s—siu.+ [ sl 50 Dy ‘ + st Kus. + kk/n (A7)

We supposed only that the parameter veclors and a; are nere the identitys” (137 — B)s = 0 has been used to derive (17).
uncertain, by which we mean that there existc R, andps € R, Using (13) and (14) it can easily be verified that
both known, such that

T T g g
larll < pri Moyl < oy (11) —Sate + 5, Kusu + kk /1

. . = #[_('1+k)pf”8a”2 S,l,(I)f‘
where the norm of vector, throughout, is defined afjz|| = Isall? + 6 : L
_Z,::1 |z;|, and that of matrix4 is defined as the corresponding + (Blsall® - 5)p s SZ%H F (65— 6 )SZKUSU,]
induced norm.

With the above in mind, a regressor based adaptive variable 1 [
structure set-point control law is defined as = [lsall*+ 6

qu)fH —b1py

—pyllsa? siar[] @)

, T _— . .
e = —Kos0 — D, [Sgn (31@)] Cu, (12) Substituting (18) into (17), one obtains
. _— 1 ol 7 T
(14 k)s, ) V< —s'K.s+ f[— sa|?||sL® H —Sipr|lsT @ H
el 2 LR R ) - A Sl ] )
" <k||sa||2 — 8 o lllsal”| 57 @ ||+ ollasll| st |
. ANTAEET T
= , e 1 (14) S -8 Ros (19)
[prsu@fH+3I,Ix,‘,s,t]7 if k£0 ) o )
5 k=0 This shows thats € Ly N L, and k¥ € L. Combining this

fact and the fact that € LZ, from (15), we can directly infer
where that lim, .. s(¢) = 0 via Barbalat's Lemma, which implies that

K, € R™™ and K, € R"~™*("=™) gre positive definite lim,_.. q(t) = ¢ () from the standard stable filter theory. This
(diagonal) matricesj > 0 andé; > 0 are small constants, satisfyingconcludes our proof.
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Remarks: 1) The control law is, in a simple fashion, only relatedvith
to the bounds of the inertia parametersanda ;. So, the parameter
variations in the plant can be taken into account easily. Similar to  Mmaa = mal?s + I
[13] and [14], we may assign different gains to the components, of Maw = Mua = ma(l2 + il cosqz) + I
e o TS o O VEr COMSENAINE b + s+ o) 1+
h = —malil.2sin g2

|04ri| < pris |(‘f1| < pyi (20) G, = (mlld + 771r2ll)g cos q1 + mzlczgcos(ql +q2)

and theith component of the control input, becomes Gu = males cos(qi + g2). (28)
Denoteq, = ¢1 andg, = ¢2. If g.q is the desired position foy;,

the choice of the desired positian for ¢» is not independent. It
should satisfy the constrained equation

— U (21)

pl T

Uq; = —[KaSali — pri Z[%]ij [sgn(s;{@r)] v

j=1 ’

=1

n—rn

Z 54 [®rlji

7j=1

- (1 + k)s(“
llsall* + 6

U

7nauq.l + 7nuuq.2 - hq‘l + Gu = 0 (29)

) + s{[x"usu:| (22)

> 2 p— S . . . .
n <}||5a”7‘51> In this example, as an illustration, we simply steer the robot from an
kX llsall* +6 initial position ¢° = (g¢7, ¢7) to a given positiong, = (gad, qud),

=1

n—rm

Z 80Pyl

7=1

B with initial and final zero velocity. Then, (29) leadsdes(¢1 +¢2) =
) + 5., Kusu} if k#0 0, which implies that given a particulaf «, the corresponding:
can be calculated.
The unknown parameters. and «; are chosen as

if k=0.
(23)

>

mil?, + mol? + 1,

In this case, it can still be shown that < —s’ K,s; therefore, 9
molgy + In

. L . molyleo

2) The control law given above is discontinuous and needs to ar = T,: ; ’
be smoothed for implementation. As usual, we can replace signum m127611
nonlinearity by a saturation nonlinearity, which is specified as 7nizl/ )

, sen(s), if [s| > ¢ maly + I
sat(s/o) = ) .
(s/¢) {S/@a if |s| < ¢ ay = malile (30)
maleo

where ¢ is boundary layer thickness. With this boundary layer, the
adaptive variable structure control law given by (12)—(14) becomeghich lead to regressor matrices

u, = — Kosq — pr®r [sat (sﬁ@r/(p)] ' U (24) o7 =
0 (Ellsall? = 6 . . _ =2ar €08 g2 = fur €08 ¢2 + 2dar Sin g2 + (41 + g2)qur sin g2
i=d (W) (ool ]|+ slmusa]. it k0 —gcosa
) — g Cos g
0, if k=0. —gcos(q + q2)
(26) (31)
Such a smooth method generally leads to the conclusion that the o Tar T Gur
regulation error is globally uniformly ultimately bounded. However®; = | —dar €08 q2 = 41ar sin gz (32)
for this proposed algorithm, the proof of the boundedness of the —gcos(q + g2)
regulation error seems not to be straightforward and still needs further "
investigation. We have conducted extensive simulation studies usind "¢ _true values  for o, and oy are a, =
two link underactuated manipulator as an example (see the n 30167 25 5 5 25 anday = [L6T 25 2.5]

section), and the simulation results indeed confirm the boundedn&&S: We choose,. = 30 andpy = 8. R
of the smoothed algorithm. The desired(¢.4, quq) are chosen asg.a, qua) = (=90°, 0°),
and the initial positions and velocities of the robot are chosen as

IV. EXAMPLE: THE TWO-LINK MANIPULATOR 4a(0) =¢.(0) =0
In this section, the developed method is applied to a two-link 2a(0) =70°
manipulator with rotational joints in a horizontal plane. Suppose that e
the first joint is actuated while the second is not. The equation of ¢.(0) =20".

motion for this system can be written in the following form: . - .
4 9 Ignoring any friction and attenuation effects, the smoothed control

|:1‘1'L,m(q) Mau(q) |:(jl:| algorithm was tested using Simulink. Therein, the boundary layer
i is chosen as) = 0.1.
Muya uu 4z ) . . e
Muald) .m (q.) ] ) The task was to bring the manipulator t690° position for
4 { hiz hlda +612)} {9{1} i {Ga} _ {“1} (27) Joint 1 and O for joint 2. The results for two controllers with
—hq 0 q2 slightly different parameters are presented in Figs. 1 and 2. The
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Joint Error: Controller 1
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Fig. 1. Joint errors with the control parametets; = —90°, ¢,q = 0°, [8]

Mot = 0.2, Ay1 = 250, Mgz = 10, Ay2 = 0.5K, = 201, K, = 401,
n = 0.00001, 6; = 0.75, 6 = 0.1, pr = 30, pj = 8.

El
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Fig. 2. Joint errors with the control parametets; = —90°, ¢4 = 0°,

Aa1 = 0.2, Ay1 = 75, Ag2 = 0.5, Ay2 = 0.5K, = 201, K, = 401,

n=0.00001, 6, = 0.75, 6 = 0.1, p, = 30, ps = 8. [18]

figures show the versatility of the control algorithm. From Figs. £19]
and 2, we see that selection of controller parameters can affect the
system performance. Unfortunately, there is no systematic approach
for the selection of these values. They must be chosen using iterative
simulations, and a tradeoff between system response and control gains
should be made.

V. CONCLUSION

A regressor-based adaptive variable structure control algorithm
has been proposed for unactuated mechanical systems, in the case
of arbitrary uncertain inertia parameters. The controller ensures
the global regulation and the switching gains depend only on the
inertia parameters of the mechanical system. Simulation results were
presented to demonstrate the regulation performance of the closed-
loop system.
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