
Fuzzy Sets and Systems 125 (2002) 23–38
www.elsevier.com/locate/fss

Robust fuzzy control of nonlinear systems using shape-adaptive
radial basis functions
Hugang Hana ;∗, Chun-Yi Sub

aSchool of Business, Hiroshima Prefectural University, 562 Nanatuska-cho, Shobara-shi, Hiroshima 727-0023, Japan
bDepartment of Mechanical Engineering, Concordia University, 1455 de Maisonneuve Blvd. W., Montreal, Que., Canada H3G 1M8

Received 13 August 1999; received in revised form 21 March 2000; accepted 21 November 2000

Abstract

Recently, various adaptive fuzzy control schemes have been proposed to deal with nonlinear systems whose dynamics
are poorly understood by using the parameterized fuzzy approximators. However, most of the schemes presented so far
can only tune the parameters, which appear linearly in the parameterized fuzzy approximators. The major disadvantage is
that the desired approximation error may not be warranted and consequently, the control performance could be in3uenced.
In this paper, we tune not only the linear parameters but also the parameters, which appear nonlinearly in the fuzzy
approximators, to reduce the approximation error and to improve control performance. The proposed adaptive controller
ensures global stability of the overall adaptive system and achieves desired tracking. c© 2002 Elsevier Science B.V. All
rights reserved.
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1. Introduction

The application of fuzzy set theory to control problems has been the focus of numerous studies [1]. The
motivation is often that fuzzy set theory provides an alternative to the traditional modeling and design of
control systems where system knowledge and dynamic models in the traditional sense are uncertain and time
varying. In spite of many practical successes, fuzzy control has not been viewed as a rigorous approach due to
the lack of formal synthesis techniques, which can guarantee the basic requirements for control system such as
global stability. Recently, Lyapunov synthesis approach has successfully been used to construct stable fuzzy
controllers [2]. Therein, much attention has been paid to the systems with poorly understood dynamics and
several adaptive fuzzy control schemes have been proposed by using the parameterized fuzzy approximators
[2–6]. However, most of those schemes can only tune the parameters, which appear linearly in the parame-
terized fuzzy approximators [2,3,5,6]. The major disadvantage is that the desired approximation error may not
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be warranted and consequently, the control performance could be in3uenced. Until now, very few results are
available for the adjustment of nonlinearly parameterized systems [23]. Though the gradient approaches were
used [11–13], the way of fusing into the fuzzy control schemes to generate global stability is still an open
problem.
In this paper, our discussion is focused on a well-used parameterized fuzzy approximator, which is expressed

as a series of radial basis function (RBF) expansion [7]. The reason is its best approximation property. In the
RBF expansion, three parameter vectors are used: connection weights, variances, and centers. It is obvious
that as changes of these parameters, the bell-shaped radial functions will vary accordingly, and so will exhibit
various forms of shapes. This property could be utilized to capture the fast changing system dynamics, reduce
approximation error, and improve control performance. When centers are deGned on a regular mesh, as shown
in [10], the approximation error of the RBF expansion relies crucially on the choices of the weights and
variances. Since the variances appear nonlinearly in RBF, the determination of adaptive law for such systems
is a nontrivial task. In this paper, with the help of concave=convex optimization technique in [15], a new
adaptive law is introduced, which not only tunes the linear parameters but also the nonlinear parameters. The
proposed adaptive controller ensures global stability of the overall adaptive system and achieves the desired
tracking. Simulations performed on diHerent nonlinear systems illustrate and clarify the approach.
The arrangement of this article is as follows: Section 2 addresses the problem that will be discussed in

this paper. Section 3 is devoted to the general problem of function approximation using fuzzy IF–THEN
rules from human experts. In Section 4 an adaptive controller is developed to tune the parameters that appear
nonlinearly, while at the same time guaranteeing the global stability of the closed loop systems. In Section 5,
the performance of the proposed adaptive controller is veriGed through simulations and conclusion is given
in Section 6. A min–max optimization technique [15] used extensively in the paper is brie3y reviewed in the
appendix.

2. Problem statement

This paper focuses on the design of adaptive control algorithms for a class of dynamic systems whose
equation of motion can be expressed in the canonical form as follows:

x(n)(t) + f(x(t); ẋ(t); : : : ; x(n−1)(t)) = b(x(t); ẋ(t); : : : ; x(n−2)(t))u(t); (1)

where u(t) is the control input, f(·) is an unknown linear or nonlinear function and b(·) is the control gain. It
should be noted that more general classes of nonlinear systems could be transformed into this structure [22].
The control objective is to force the state X (t)= [x(t); ẋ(t); : : : ; x(n−1)(t)]T to follow a speciGed desired

trajectory, Xd(t)= [xd(t); ẋd(t); : : : ; x
(n−1)
d (t)]T. DeGning the tracking error vector, X̃ (t)=X (t) − Xd(t), the

problem is to design a control law u(t) which ensures that X̃ (t)→ 0 as t→∞. For simplicity in this initial
discussion, we take b=1 in the subsequent development.
Most of the results in adaptive control have focused on the situation where an explicit linear para-

meterization of the unknown function f(X ) is possible. The parameterization f(X ) can be expressed as
f(X )=

∑N
j=1 jYj(X ), where j is a set of unknown parameters which appear linearly, and Yj(X ) is a set of

known regressors or basis functions. Then, the function f(X ) can be approximated as f̂(X )=
∑N

j=1 ̂jYj(X ).

As the approximation error only occurs on the parameters ̂j, adaptive methods can be used to adjust the
parameters ̂j to achieve the control objective. The challenge addressed in this paper is the development of
adaptive controllers when an explicit linear parameterization of the function f(X ) is either unknown or im-
possible. In the following section, it will be shown that using fuzzy IF–THEN rules, the unknown function
f(X ) can be approximated by a parameterized fuzzy approximator. The parameters in this parameterized fuzzy
approximator can then be stably tuned to provide an eHective tracking control architecture.
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Fig. 1. Basic conGguration of fuzzy logic system.

3. Fuzzy systems

Consider a fuzzy system whose basic conGguration is shown in Fig. 1 [7]. There are four principal elements
in such a fuzzy system: fuzziGer, fuzzy rule base, fuzzy inference engine, and defuzziGer. Let input space
X ∈Rn be a compact product space. Assume that there are N rules in the rule base and each of which has
the following form:

Rj: IF x1 is A1j and x2 is A2j and · · · and xn is An
j ; THEN z is Bj;

where j=1; 2; : : : ; N; xi (i=1; 2; : : : ; n) are the input variables to the fuzzy system, z is the output variable
of the fuzzy system, and Ai

j and Bj are linguistic terms characterized by fuzzy membership functions �Ai
j
(xi)

and �Bj (z), respectively.
As in [3,7], we consider a subset of the fuzzy systems with singleton fuzzi:er, product inference, and

Gaussian membership function. In this case, such a fuzzy system can be written as

h(X ) =
N∑
j=1

!j

(
n∏

i=1

�Ai
j
(xi)

)
; (2)

where h :U ⊂ Rn →R, X =(x1; x2; : : : ; xn)∈U ; !j is the point in R at which �Bj (!j)= 1, named as the
connection weight; �Ai

j
(xi) is the Gaussian membership function, deGned by

�Ai
j
(xi) = exp[− (�i

j(xi − �ij))
2]; (3)

where �ij, �
i
j are real-valued parameters.

Remark. Contrary to the traditional notation, in this paper 1=�i
j is used to represent the variance for the

convenience of later development.

De�nition 1. DeGne fuzzy basis functions (FBFs) as

gj(�j‖X − �j‖) =
n∏

i=1

�Ai
j
(xi); j = 1; 2; : : : ; N; (4)

where �Ai
j
(xi) are the Gaussian membership functions deGned in (3), �j=(�1j ; �

2
j ; : : : ; �

n
j ) and �j=(�1j ; �

2
j ; : : : ;

�n
j ). Then, the fuzzy system (2) is equivalent to a FBF expansion

h(X ) =
N∑
j=1

!jgj(�j‖X − �j‖): (5)
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Lemma 1 (Su and Stepanenko [3], Wang and Mendel [7]). For any given real continuous function f on the
compact set U ∈Rn and arbitrary !h¿0; there exists optimal FBF expansion h∗(X )∈A such that

sup
X∈U

|f(X )− h∗(X )|¡!h: (6)

This theorem states that the FBF expansion (5) is a universal approximator on a compact set. Since the
fuzzy universal approximator is characterized by the parameters !j, �j and �j, the optimal h∗(X ) contains the
optimal parameters !∗

j , �
∗
j and �∗j .

Remarks. (1) It is important to note that since the fuzzy approximator (5) is constructed from the fuzzy
IF–THEN rules, linguistic information describing the plant from a human expert can be directly incorporated
to estimate the unknown function f. In this case, one may synthesize the controllers assuming that the fuzzy
logic system represents (approximately) the true plant.
(2) We should note that the above membership function could also be selected as other forms such as

sigmoidal functions [8] or triangular functions. However, it is shown in [9,10] that Gaussian basis functions
do have the best approximation property. This is the principal reason being the selection of the Guassian
function to characterize this membership function.

4. Adaptive fuzzy control system

When an explicit linear parameterization of the function f(X ) is either unknown or impossible, by applying
Lemma 1, unknown function f(X ) in (1) is approximated by a fuzzy approximator f∗(X ),

f∗(X ) =
N∑
j=1

!∗
j gj(�

∗
j ‖X − �j‖) ≡

N∑
j=1

!∗
j gj(�

∗
j ); (7)

where the centers �j are placed on a regular mesh, and !∗
j ∈R and �∗T

j =(�1∗j ; �2∗j ; : : : ; �n∗
j ) are optimal

parameters for approximating the unknown function f(X ) in (1). The approximation error ! can then be
expressed as

! ≡ f(X )− f∗(X ): (8)

To construct f∗(X ), the values of the optimal parameters !∗
j and �∗ are required. However, Lemma 1 does

not provide any insight on how to Gnd the optimal parameters !∗
j and �∗ for a given number of fuzzy

IF–THEN rules. Normally the unknown parameters values !∗
j and �∗

j are replaced by their estimates !̂j and

�̂j. Then the estimation function f̂(X )=
∑N

j=1 !̂jgj(�̂j‖X − �j‖)≡
∑N

j=1 !̂jgj(�̂j) is used instead of f∗(X )
to approximate the unknown function f(X ). The parameters in the estimated f̂(X ) should then be stably
tuned to provide eHective tracking control architecture. However, in recent adaptive fuzzy controllers [3,7,14],
only parameter vector !̂j which appears linearly in the estimation function, is tuned. This implies that the
shape of the fuzzy member function is Gxed. As shown in [10], when centers are placed on a regular mesh,
the approximation error of the RBF expansion relies crucially on the choices of the weights and variances.
Without any doubt, the desirable approach is to tune the weights and variances simultaneously to achieve the
best approximation. Since the parameter �̂j appears nonlinearly in the FBF expansion, it is a nontrivial task for
the adjustment of nonlinearly parameterized systems [23]. Though the gradient approaches were used [11–13],
the way of fusing this approach with the adaptive fuzzy control schemes to generate global stability, is still
an open problem. The challenge addressed here to develop a method that can adaptively adjust the shape of
the fuzzy member function to achieve the best approximation. To accomplish such an objective, based on a
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min–max optimization technique [15], a new adaptive controller, which tunes !̂j and �̂j simultaneously as
described below, is proposed that leads to global stability.
To develop the controller, as in [3,17], an error metric is deGned as

s(t) =
(
d
dt
+ $
)n−1

x̃(t) with $¿0; (9)

which can be rewritten as s(t)=%TX̃ (t), with %T = [$n−1; (n− 1)$n−2; : : : ; 1]. The equation s(t)= 0 deGnes a
time-varying hyperplane in Rn on which the tracking error vector decays exponentially to zero, so that perfect
tracking can be asymptotically obtained by maintaining this condition [17]. In this case the control objective
becomes the design of a controller to force s(t)= 0. The time derivative of the error metric can be written as

ṡ(t) = − x(n)d (t) + %T
V X̃ (t) + u− f(X ); (10)

where %T
V = [0; $

n−1; (n− 1)$n−2; : : : ; (n− 1)$].
The structure of the plant in Eq. (10) suggests that when f(X ) is known, a control input of form

u(t) = − kds(t) + x(n)d (t)− %T
V X̃ (t) + f(X )

leads to a closed-loop system ṡ(t)=− kds(t), and hence, X̃ (t)→ 0 as t→∞. The question is how u(t) can
be determined when f(X ) is unknown. Before answering this question, it is reasonable to assume that there
exists a known constant !f¿0, so that the approximation error !, deGned as in (8), satisGes |!|6!f.
Inspired by the above control structure, using the fuzzy approximator f̂(X )=

∑N
j=1 !̂jgj(�̂j‖X − �j‖)≡∑N

j=1 !̂jgj(�̂j) a natural choice for the adaptive control law is

u(t) =− kds(t) + x(n)d (t)− %T
V X̃ (t) +

N∑
j=1

!̂jgj(�̂j‖X − �j‖)− (a∗ + !f) sgn(s); (11)

˙̂!j(t) = − $js(t)gj(�̂j); (12)

˙̂�j = − )j*∗
j s(t); (13)

where $j and )j ∈Rn×n are rates of adaptation, a∗ ∈R and *∗
j ∈Rn×1 are time functions which are determined

as follows.
Before giving a∗ ∈R and *∗

j ∈Rn×1, we should note that Eqs. (12) and (13) are used to adjust !̂j and �̂j
in the fuzzy approximator f̂(X ). The role of the term (a∗+ !f) sgn(s) overcomes the eHects of approximation
error due to the estimations of !̂j and �̂j as well as uncertain nonlinearities such as unmodeled dynamics.
Now, consider Lyapunov function candidate

V (t) =
1
2


s2(t) +

N∑
j=1

$−1j !̃2
j +

N∑
j=1

�̃Tj )
−1
j �̃j


 ; (14)

where the estimation errors of the parameters are deGned as

!̃j ≡ !∗
j − !̂j; �̃j ≡ �∗

j − �̂j: (15)
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Time derivative of V is given by

V̇ (t) = s(t)ṡ(t)−
N∑
j=1

$−1j !̃j ˙̂!j −
N∑
j=1

˙̂�
T
j )

−1
j �̃j

=− kds2(t) + s(t)[f̂(X )− f(X )− (a∗ + !f) sgn(s)]

+ s(t)
N∑
j=1

!̃jgj(�̂j) + s(t)
N∑
j=1

*∗T
j �̃j

=− kds2(t)+ s(t)


 N∑
j=1

!̂jgj(�̂j)−
N∑
j=1

!∗
j gj(�

∗
j )− !− (a∗+ !f) sgn(s)+

N∑
j=1

!̃jgj(�̂j)+
N∑
j=1

*∗T
j �̃j




=− kds2(t)− !s(t)− !f|s(t)|

+ s(t)


 N∑

j=1

!̂jgj(�̂j)−
N∑
j=1

!∗
j gj(�

∗
j ) − a∗ sgn(s) +

N∑
j=1

!̃jgj(�̂j) +
N∑
j=1

*∗T
j �̃j




=− kds2(t)− !s(t)− !f|s(t)|+ s(t)


 N∑

j=1

!∗
j gj(�̂j)−

N∑
j=1

!∗
j gj(�

∗
j ) − a∗ sgn(s) +

N∑
j=1

*∗T
j �̃j




=− kds2(t)− !s(t)− !f|s(t)| − s(t)


 N∑

j=1

!∗
j (gj(�

∗
j )− gj(�̂j)) +

N∑
j=1

*∗T
j (�̂j − �∗

j ) + a∗ sgn(s)




=− kds2(t)− !s(t)− !f|s(t)| − s(t)


 N∑

j=1

(!∗
j (gj(�

∗
j )− gj(�̂j)) + *∗T

j (�̂j − �∗
j )) + a∗ sgn(s)


 :

(16)

We now consider two distinct cases, (a) s(t)¡0 and (b) s(t)¿0, and show that V̇ (t)60 with proper choices
of a∗ ∈R and *∗

j ∈Rn×1 in both cases.
(a) s(t)¡0:
It follows that V̇ (t)60 if

a∗ ¿
N∑
j=1

(!∗
j (gj(�

∗
j )− gj(�̂j)) + *∗T

j (�̂j − �∗
j )): (17)

Therefore, we can choose

a∗ = max
�∈+s

N∑
j=1

(!∗
j (gj(�

∗
j )− gj(�̂j)) + *∗T

j (�̂j − �∗
j )): (18)
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Since the form of the controller in Eq. (11) suggests that the quantity a∗ is like a gain, we seek to Gnd an
*∗
j so that a∗ is minimized. Hence our goal is to choose *∗

j as

a∗ = min
kj∈Rn

max
�∈+s

N∑
j=1

(!∗
j (gj(�

∗
j )− gj(�̂j)) + *∗T

j (�̂j − �∗
j )): (19)

At this stage, we need to perform a min–max optimization to Gnd a∗ and *∗
j to complete the controller

design. For the above optimization problem, several algorithms [20,21] have been proposed to obtain the
values of a∗ and *∗

j . However, they generally involve a numerical search over the feasible set of solutions
with complicated computing procedures. To simplify the problem, we notice that the nonlinear function gj(·)
is a convex and − gj(·) is concave with respect to �j. In this case, the concave=convex optimization technique
developed by Annaswamy et al. [15] can be utilized to obtain an analytic solution for a∗ and *∗

j . The detailed
description of the concave=convex optimization technique is listed in the appendix. However, we should note
that, the concave=convex optimization technique could not be applied directly. To determine whether the
function !∗

j gj(�j) is convex or concave, the sign of !
∗
j must be known, because gj(�j) is convex on +, so

!∗
j gj(�j) will be convex when !∗

j¿0, and concave when !∗
j ¡0.

Since !∗
j is the optimal weights in (6), it is reasonable to assume that the range of !∗

j is known, i.e.,
!∗
j ∈ [!∗

min ; !
∗
max]. Now, we deGne a new parameter pj ∈ [pmin ; pmax], the boundaries pmin and pmax are positive

constants, which can be chosen by the designer. To deal with the problem of sign of !∗
j , we introduce the

following one-to-one mapping:

!∗
j = m+ npj; pj¿0; (20)

where

m = !∗
min −

!∗
max − !∗

min

pmax − pmin
pmin ; (21)

n =
!∗
max − !∗

min

pmax − pmin
(¿0): (22)

Substituting (20)–(22) into (19), we have

a∗ = min
kj∈Rn

max
�∈+s

N∑
j=1

((m+ npj)(gj(�∗
j )− gj(�̂j)) + *∗T

j (�̂j − �∗
j ))

= min
kj∈Rn

max
�∈+s

N∑
j=1

((!∗
min − npmin + npj)(gj(�∗

j )− gj(�̂j)) + *∗T
j (�̂j − �∗

j ))

= a∗1 + a∗2 ; (23)

where

a∗1 = min
k1j∈Rn

max
�∈+s

N∑
j=1

(!∗
min(gj(�

∗
j )− gj(�̂j)) + *∗T

1j (�̂j − �∗
j )); (24)

a∗2 = min
k2j∈Rn

max
�∈+s

N∑
j=1

(n(pj − pmin)(gj(�∗
j )− gj(�̂j)) + *∗T

2j (�̂j − �∗
j )): (25)
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Remark. The either convex or concave of !∗
mingj(�j) and n(pj−pmin)gj(�j) could be determined in both (24)

and (25) via the one-to-one mapping, since the sign of !∗
min is known by the assumption and n(pj−pmin)¿0.

Now applying the concave=convex optimization results described in the appendix, we can get the solutions
for a∗1 ; a

∗
2 ; *

∗
1j and *∗

2j that lead to V̇ (t)60.

a∗1 =




N∑
j=1

Aj1 if !∗
min ¿ 0;

0 if !∗
min¡0;

(26)

*∗
1j =

{
!∗
minAj2 if !∗

min ¿ 0;

!∗
min∇gj�̂j if !∗

min¡0;
(27)

where Aj = [Aj1; Aj2]T =G−1
j bj; Aj1 is a scalar, Aj2 ∈Rn,

Gj =



−1 !∗

min(�̂j − �js1)T

−1 !∗
min(�̂j − �js2)T

...
...

−1 !∗
min(�̂j − �jsn+1)T


 ; bj =




!∗
min(ĝj − gjs1)

!∗
min(ĝj − gjs2)

...
!∗
min(ĝj − gjsn+1)


 ; gjsi = gj(�si) (28)

and

a∗2 =
N∑
j=1

Bj1; (29)

*∗
2j = n(pj − pmin)Bj2; (30)

where Bj = [Bj1; Bj2]T =G−1
j bj; Bj1 is a scalar, Bj2 ∈Rn,

Gj =



−1 n(pj − pmin)(�̂j − �js1)T

−1 n(pj − pmin)(�̂j − �js2)T

...
...

−1 n(pj − pmin)(�̂j − �jsn+1)T


 ; b =




n(pj − pmin)(ĝj − gjs1)

n(pj − pmin)(ĝj − gjs2)
...

n(pj − pmin)(ĝj − gjsn+1)


 : (31)

(b) s(t)¿0:
Similar to the argument in (a), it follows that V̇ (t)60 if

a∗ = min
kj∈Rn

max
�∈+s

N∑
j=1

[− (!∗
j (gj(�

∗
j )− gj(�̂j)) + *∗T

1j (�̂j − �∗
j ))]

= a∗1 + a∗2 ; (32)
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where

a∗1 = min
k1j∈Rn

max
�∈+s

N∑
j=1

[− (!∗
min(gj(�

∗
j )− gj(�̂j)) + *∗T

1j (�̂j − �∗
j ))]; (33)

a∗2 = min
k2j∈Rn

max
�∈+s

N∑
j=1

[− (n(pj − pmin)(gj(�∗
j )− gj(�̂j)) + *∗T

2j (�̂j − �∗
j ))]: (34)

The solutions of a∗1 ; a
∗
2 ; *

∗
1j and *∗

2j are given as follows:

a∗1 =



0 if !∗

min ¿ 0;
N∑
j=1

Aj1 if !∗
min¡0;

(35)

*∗
1j =

{−!∗
min∇gj�̂j if !∗

min ¿ 0;

−!∗
minAj2 if !∗

min¡0;
(36)

where Aj = [Aj1; Aj2]T =G−1
j bj; Aj1 is a scalar, Aj2 ∈Rn,

Gj =



−1 −!∗

min(�̂j − �js1)T

−1 −!∗
min(�̂j − �js2)T

...
...

−1 −!∗
min (�̂j − �jsN+1)T


 ; bj =




−!∗
min(ĝj − gjs1)

−!∗
min(ĝj − gjs2)

...

−!∗
min(ĝj − gjsn+1)


 (37)

and

a∗2 = 0; (38)

*∗
2j = − n(pj − pmin)∇gj�̂j : (39)

The above shows that V̇ (t)60. Therefore, all signals in the system are bounded. Since s(t) is uniformly
bounded, it is easily shown that, if X̃ (0) is bounded, then X̃ (t) is also bounded for all t, and since Xd(t)
is bounded by design, X (t) is as well. To complete the proof and establish asymptotic convergence of the
tracking error, it is necessary to show that s(t)→ 0 as t→∞. This can be accomplished by applying Barbalat’s
lemma to the continuous, nonnegative function:

V1(t) = V (t)−
∫ t

0
(V̇ (/) + kds2(/)) d/ with V̇ 1(t) = −kds2(t): (40)

It can easily be shown that every term in (10) is bounded, hence ṡ(t) is bounded, which implies that V̇1(t)
is a uniformly continuous function of time. Since V1 is bounded below by 0, and V̇1(t)60 for all t, use
of Barbalat’s lemma proves that V̇1(t)→ 0 and hence from (40) that s(t)→ 0 as t→∞. The stability of the
closed-loop system described by (1), (11)–(13), (26)–(31) and (35)–(39) is thus established in the following
theorem.
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Theorem 1. If the robust adaptive control laws (11)–(13); (26)–(31) and (35)–(39) are applied to the
nonlinear plant (1); then all closed-loop signals are bounded and X̃ (t)→ 0 as t→∞.

Remarks. (1) Thanks to the concave=convex property of the nonlinear function gj(·) for �j, it makes use of
the optimization technique [15] possible. In this case, a globally stable adaptive system can be established. This
is possible mainly due to the analytic solution for a∗ and *∗

j as a min–max optimization problem. The main
feature of the new adaptive controller is that both parameters !̂j that occur linear in the fuzzy approximator
and parameters �̂j that occur nonlinearly can be tuned, simultaneously.
(2) Continuity with respect to switches of gj(·) between concavity and convexity in (11)–(13) can easily

be proved [15]. However, the control law (11)–(13) is discontinuous along the surface s(t) = 0 due to the
existence of sgn(•). It can lead to control chatter. Chattering is undesirable in practice because it involves
high control activity and further may excite high frequency unmodelled dynamics. This can be remedied by
approximating these discontinuous control laws by continuous ones inside a boundary layer [17]. To do this,
sgn(•) in (11) is replaced by sat(•=&), where & is the boundary layer thickness. This leads to tracking within
a guaranteed precision.

5. Simulation examples

To illustrate and clarify the proposed design procedure, we apply the adaptive fuzzy controller developed
in Section 4 to control an unstable nonlinear system (Example 1) and a chaotic system (Example 2).

Example 1. A nonlinear system is described as [2,3]

ẋ(t) =
1− e−x(t)

1 + e−x(t) + u(t): (41)

Without the control and disturbance, i.e., u(t)= 0, it can be easily seen that the system is unstable, because of
ẋ(t)= (1− e−x(t))=(1 + e−x(t))¿0 for x(t)¿0, and ẋ(t)= (1− e−x(t))=(1 + e−x(t))¡0 for x(t)¡0. The control
objective is to force the system state x(t) to the origin; i.e., xd = 0. The simulation is conducted with the
following linguistic descriptions:

Rk
f: IF x is near k; THEN f is near Bk

where near k; k = − 3;−2;−1; 0; 1; 2; 3; is a fuzzy set with membership functions �k(x)= exp(− (�(x −
k))2), which are shown in Fig. 2 with initial variances �=1: Bk are obtained by evaluating f at points
x=−3;−2;−1; 0; 1; 2; 3. The values of Bk and � are not required here since the exact W ∗ and �∗ are not
required in the control law. However, with the knowledge about the FBF expansion it will be helpful for
the choice of initial Ŵ (0) and �̂(0) to speed up the adaptation process. In this example, those initial values
Ŵ (0), and �̂(0) are selected as Ŵ (0)= [− 0:8;− 0:6;− 0:4; 0; 0:4; 0:6; 0:8]T and �̂(0)= [1; 1; 1; 1; 1; 1; 1]T.
Control law (11) was used with kd = 10. The rates of the adaptation (12) and (13) are selected as $j =0:1

and )j =0:8 where j=1; 2; : : : ; 7. Referring to the nonlinearity f being uniformly upper bounded, namely
(1 − e−x(t))=(1 + e−x(t))61, the upper bound !f in (11) is thus selected as !f =1. To avoid the control
chatter, as mentioned in Remark (2) in Section 4, we adopted the saturation function sat(·) with a boundary
layer &=0:05 instead of the sign function sgn(·). The initial state and sampling time are chosen as x(0)= 2
and t=0:005:
Since the parameter � in each Guassian function is a scalar, the hypercube, + and the simplex, +s

coincide. In this case, we choose +=+s= [�min ; �max]. For this simulation example, �min are chosen as
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Fig. 2. Initial membership functions in antecedent.

Fig. 3. Closed-loop state x(t) using the controller law (11)–(13).

�min = [− 0:9;− 0:7;− 0:5;− 0:1; 0:3; 0:5; 0:7]T, and �max are chosen as �max = [− 0:7;− 0:5;− 0:3; 0:1; 0:5;
0:7; 0:9]T.

Simulation results are shown in Figs. 3–5. Fig. 3 shows the evolution x(t). A dramatic improvement on the
system performance is observed, if compared with the result in [2]. Therefore, tuning all the parameters in FBF
expansion clearly results in a superior tracking performance. The amount of control eHort required to achieve
the above level of performance is illustrated in Fig. 4, which conGrms the smoothness of the control signal.
The Gnal tuned membership functions in antecedent are shown in Fig. 5. Comparing the initial membership
function in Fig. 2, it is obvious that the variances in FBF expansion have been changed. Since the state x
has an initial value x(0)= 2 (¿0) and speedily converged to the origin xd = 0 without any overshoots, the
variances in positive region are tuned and the others in negative region are not tuned.
To show the robustness of the control scheme, an unknown disturbance or unmodeled dynamics d(t) is

added to the system model. The corresponding system becomes

ẋ(t) =
1− e−x(t)

1 + e−x(t) + d(t) + u(t) with d(t) =



0:5 0:46 t60:6;

− 0:5 0:76 t60:9;

0 otherwise:

(42)
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Fig. 4. Control signal u(t) using the controller law (11)–(13).

Fig. 5. Final membership function in antecedent.

Fig. 6. Closed-loop state x(t) using the controller law (11)–(13) with disturbance d(t).

Without the change of the controller parameters and fuzzy descriptions described above, simulation results
are shown in Figs. 6 and 7. It is obvious that the proposed control scheme has strong robustness over the
unknown disturbance or unmodeled dynamics.
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Fig. 7. Control signal u(t) using the controller law (11)–(13) with disturbance d(t).

Fig. 8. Unforced trajectories (x; ẋ).

Example 2. In this example, we consider the DuOng forced-oscillation system:

Px(t) = − aẋ(t)− bx3(t) + c cos(t) + u; (43)

which is chaotic in unforced case, i.e., u=0. The unforced trajectory of the system is shown in Fig. 8 in
phase plane (x; ẋ) for x(0)= ẋ(0)= 2; a=0:11; b=1, c=12 and time period t0 = 0 to tf =60. Now, we use
the control algorithm proposed in the previous section to force the state x(t) to follow a desired trajectory
xd(t)= sin(t). In the phase plane, the desired trajectory is a unit circle: xd(t) + ẋd(t)= 1. In this simulation,
we choose the initial membership functions as shown in Fig. 2 for both x(t) and ẋ(t). Clearly, the two input
variables can set up 7× 7=49 fuzzy rules as follows:

Rj: IF x is PB1j and ẋ is NZ2j ; THEN f is wj:

To verify the control scheme, suppose that we have no knowledge regarding the function f=− aẋ(t) −
bx3(t) + c cos(t), so the initial consequent variables, for example, wj, are selected randomly. To Gnd a∗ and
*∗
j , the construction of a simples +s is needed. Since in each fuzzy rule there are two variances in antecedent
that have to be tuned by adaptive law (13), the simplex is chosen by Fig. 9.
As mentioned before, because we do not have any knowledge about function f, it is impossible to give

a suitable range, [�ji min ; �ji max], of each variance �ji on speciGcs. Hence, the only thing we can do is to
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Fig. 9. Simplex +s.

Fig. 10. Closed-loop trajectories (x; ẋ) using the controller law (11)–(13).

choose a large range [�min ; �max], and suppose that this is a common range for every �ji. In this simulation,
we take �min = 0:01 and �max = 2. The closed-loop trajectory is shown in Fig. 10, where the initial conditions
are x(0)= ẋ(0)= 2. We see that our control scheme can control the system with some unknown time-variable
facts such as cos(t) to track the desired trajectory well.

6. Conclusion

In this paper a new adaptive fuzzy control law is presented. The main feature of the proposed method lies
in the fact that the parameters, which appear nonlinearly in the fuzzy approximator, can stably be tuned. In
this case the approximation error can be reduced and control performance can, therefore, be improved. The
developed controller guarantees the global stability of the resulting closed-loop system. Simulation results for
diHerent nonlinear systems conGrmed the theoretic analysis.
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Appendix A solution for min–max problem [15]

De�nition. A function f() is said to be (i) convex on + if it satisGes the following inequality:

f($1 + (1− $)2)6 $f(1) + (1− $)f(2); ∀1; 2 ∈ + (A.1)

and (ii) concave if it satisGes the inequality

f($1 + (1− $)2)¿ $f(1) + (1− $)f(2); ∀1; 2 ∈ +; (A.2)

where ∀$∈ [0; 1].
Let us consider a scalar function f(9(t); ), which is continuous and bounded with respect to its arguments.

 is a parameter vector and belongs to a known hypercube +⊂Rn; 9(t)∈Rn is a known bounded function of
X , and for any 9(t); f(9(t); ) is either convex or concave on +s, where +s is a simplex in Rn such that
+s ⊃+. Suppose that vertices of +s are denoted as si (i=1; 2; : : : ; n). Then +s may be expressed as

+s =

{
s

∣∣∣∣∣s =
n+1∑
i=1

:isi

}
; 06 :i 6 1; (A.3)

n+1∑
i=1

:i = 1: (A.4)

Lemma. Let

J (!; ) = f(9; )− f(9; ̂) + *T(̂− ); (A.5)

a∗ = min
!∈Rn

max
∈+s

)J (!; ); (A.6)

*∗ = arg min
!∈Rn

max
∈+s

)J (!; ); (A.7)

where ̂∈+s and ) is a known non-zero constant. Then

a∗ =

{
A1 if )f is convex on +s;

0 if )f is concave on +s;
(A.8)

*∗ =

{
A2 if )f is convex on +s;

∇f if )f is concave on +s;
(A.9)
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where ∇f= 9f=9; A= [A1; A2]T =G−1b; A1 is a scalar; A2 ∈Rm;

G=



−1 )(̂− s1)T

−1 )(̂− s2)T

...
...

−1 )(̂− sm+1)T


 ; b =




)(f̂ − fs1)

)(f̂ − fs2)
...

)(f̂ − fsm+1)


 (A.10)

and fsi=f(9; si).
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