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With the increasing number of applications of Description Logics (DLs), unsatisfiable concepts
and inconsistent knowledge bases become quite common, especially when the knowledge bases are
large and complex. This makes it challenging, even for experienced knowledge engineers, to identify
and resolve these unsatisfiabilities and inconsistencies manually. It is thus crucial to provide ser-
vices to explain how and why a result is derived. Motivated by the possibility of applying resolution
technique in first-order logic to construct explanations for Description Logics, we present an algo-
rithm that uses patterns to generate explanations for unsatisfiability and inconsistency reasoning in
ALCHI, obtained by extending our previous work on ALC. The use of resolution proofs to provide
explanations for DL reasoners is due to their focus which, through literals involved in the process,
contributes directly to the contradiction, hence acting as filters to discard irrelevant information.
We also establish the soundness and completeness of the algorithm. The proposed solution approach
is independent of the underlying DL reasoners, which suggests its potential application for any DL
framework.
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1. INTRODUCTION

In recent years, Description Logics (DLs) have found their way into many application
domains, including domain modeling, software engineering, configuration, and the Seman-
tic Web (Baader and Nutt 2003). For example, DLs have deeply influenced the design and
standardization of the Web Ontology Language OWL. On the other hand, the acceptance of
OWL as a Web standard has resulted in the widespread use of DL ontologies on the Web.
As more and more applications emerge with increasing large and complexity, unsatisfiability
and inconsistency are more usual to encounter. For example, the DICE (Diagnoses for In-
tensive Care Evaluation) terminology (Haase and Stojanovic 2005) contains more than 2400
concepts, out of which about 750 concepts were unsatisfiable due to migration from other
terminological systems. Unsatisfiability and inconsistency may also arise due to unintentional
design defects or changes in the ontology evolution process. Although these problems need
immediate attention, existing DL reasoners, such as Racer (Haarslev and Möller 2001) and
FaCT (Horrocks 1998), do not provide explanation services; they merely provide “Yes/No”
answer to a satisfiability or consistency query without giving any information or reasons. In
addition to such primitive answers, it is also desirable that DL reasoners provide explanations
for these answers and identify the sources of inconsistencies to further assist knowledge engi-
neers and ontology developers to improve the quality of the knowledge base. It is therefore
crucial to provide explanation services as a useful feature and facility for DL reasoners. This
paper reports our research in this direction.

In general, there are two approaches to build an explanation system. One way is to
construct a system specially designed to provide explanations, as suggested in (Wick and
Thompson 1992). Several proposals to support for explanations in theorem proving systems
follow this idea (Huang 1994; Meier 2000). Another solution approach is to extend an existing
reasoner to include an explanation module, which essentially traces the internal reasoning
procedure to produce explanations. Most research on explanations in logic programming and
deductive databases follow this approach (Byrd 1980; Shmueli and Tsur 1990). In (Deng
et al. 2005; Deng et al. 2006), we proposed a framework for constructing explanations
for the DL language ALC using resolution proofs, which follows the basic ideas of the first
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approach, although the necessary interaction with the DL reasoner is also considered. The
DL language ALC includes constructors such as conjunctions, disjunctions, existential and
universal restrictions. In this paper, we extend the language of consideration from ALC
to ALCHI, by additionally allowing constructors for role hierarchy and inverse role. We
investigate unsatisfiability and inconsistency patterns inALCHI to further improve efficiency
of generating explanations. Based on these patterns, we propose an algorithm and prove its
soundness and completeness.

There are three main advantages of our approach. First, the resolution technique can
generate explanations at a fine-grained, logical level in contrast to merely debugging the
knowledge base. Besides, compared to the previous approaches of using natural deduction
proofs to explain reasoning, we use resolution technique which is more focused, since all the
literals involved in a proof contribute directly to the solution. Below is a variant of the
example in (Huang 1996) illustrating a natural deduction proof style explanation. A number
shown in the second column at each row indicates the hypotheses that derivation depends
on. The conclusion of the inference is shown in column 3. The last column indicates the
inference rule and/or hypotheses used in a row.

No Hyp. Conclusion Reason
1. 1 A (Hypothesis)
2. 2 A v B (Hypothesis)
3. 3 ¬B (Hypothesis)
4. 2 ¬A ∨B (Tautology 2)
5. 5 ¬A (Hypothesis)
6. 1, 5 ⊥ (¬E 1, 5)
7. 7 B (Hypothesis)
8. 3,7 ⊥ (¬E 3, 7)
9. 1, 2, 3 ⊥ (Case analysis 4, 6, 8)
10. 1, 2 B (Indirect 9)

Considering that this problem could be solved in two steps using resolution as shown
below, the natural deduction proof is indeed long and tedious.

No Hyp. Clause Reason
1. 1 {A} (Hypothesis)
2. 2 {¬A, B} (Hypothesis)
3. 3 {¬B} (Hypothesis)
4. 1, 2 {B} (Resolution 2, 3)
5. 3, 4 ⊥ (Resolution 3, 4)

A second advantage of our approach is that it is independent of any specific DL rea-
soners being used. Most implemented DL reasoners use tableau algorithm as their decision
procedure. Having a decidable procedure has been one of the main factors for using tableau al-
gorithms. The development of highly efficient optimization techniques has also demonstrated
that acceptable performance can be achieved. However, tableau algorithms are designed to
render results faster but not necessarily easier for users to comprehend. For example, some
DL optimization techniques are adopted to make reasoning more efficient; ease of under-
standing of reasoning results by general users are not often the concerns of such techniques.
Therefore, in order to generate explanations, the internal reasoning procedures may be tai-
lored with performance penalties. In our approach, explanations are constructed based on
resolution proofs, and hence no modification of the internal of the DL reasoner is required.
This makes our proposed solution applicable to arbitrary DL reasoners rather easily.
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The third advantage of our proposal is that it can exploit and benefit from many fea-
tures of resolution based theorem provers to provide better explanations. For example, there
might be more than one reason for the unsatisfiability or inconsistency in a problem descrip-
tion, and it is not sufficient for the explanation service to stop whenever the first source of
the contradiction is detected. Since many resolution based theorem provers, such as Otter
(WosMcCune and Wos.L 1997), can be configured to provide all the resolution proofs they
can find, we can rely on the provers to provide alternative proofs in our approach.

The rest of the paper is organized as follows. Section 2 provides a brief introduction
of Description Logics and resolution. Section 3 presents the overview of the explanation
framework and the algorithms for generating explanations. Section 4 includes an example
to illustrate the procedure. Section 5 discusses the related work in explanations. Section 6
includes concluding remarks and discusses some future work.

2. PRELIMINARIES

In this section, we introduce the syntax, semantics and inference problems in the DL
ALCHI. We also provide basic background information for resolution techniques. For more
materials on resolution, the reader is referred to (Robinson and Voronkov 2001).

2.1. Description Logics

Description Logics are a family of concept-based knowledge representation formalisms.
They can represent the knowledge of a domain by first defining the relevant concepts of the
domain. These concepts are then used to specify properties of the objects and individuals
in the domain. Typically a DL language has two parts: terminology (TBox) and asser-
tion (ABox). The TBox includes intensional knowledge in the form of axioms whereas the
ABox contains the extensional knowledge that is specific to elements in the domain, called
individuals.

The language AL (for Attribute Language) has been introduced as a minimal language
of interest in DL. Other languages of this family are various extensions of AL. In AL, basic
descriptions are atomic concepts, designated by unary predicates, and atomic roles, desig-
nated by binary predicates to express relationships between individuals. Arbitrary concept
descriptions such as C and D are defined recursively from atomic concepts and roles using
the DL constructors according to the following syntax rules:

C, D → A| (atomic concept)
>| (universal concept)
⊥| (bottom concept)
¬A| (atomic negation)

C uD| (intersection)
∀R.C| (value restriction)
∃R.> (limited existential quantification)

For example, suppose that Person and Female are atomic concepts. Then Person u Female
and Person u ¬Female are concepts describing people who are female and people who are
not. In addition, if we suppose that hasSpouse is an atomic role, then the concept description
Person u ∃hasSpouse.> denotes people who have a spouse.

Axioms express how concepts and roles are related to each other. Generally, an axiom is
a statement of the form C v D, read as “concept C is subsumed by concept D”, or C ≡ D,
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indicating that C v D and D v C, where C and D are concept descriptions. For instance,
by the axiom:

Married v Person u ∃hasSpouse.Person

we assert that Married are people who have spouses.
A TBox is a set of axioms by which we can introduce atomic concepts and concept

descriptions. In addition, we can also introduce individuals and assert properties of these
individuals in an ABox. For example, suppose JANE and JACK are individual names, then
Married(JANE) means that Jane is married, and hasSpouse(JANE, JACK) means that JANE
is the spouse of JACK.

More expressive language can be obtained if more constructors are added into AL. For
example, ALCHI is the extension of AL by allowing negation of arbitrary concepts (indicated
by C for Complement), role hierarchy (indicated by H) and inverse role (indicated by I).
With these additional constructors, we can describe that if people have spouses then they
have relatives by using role hierarchy: hasSpouse v hasRelative. We can also define that the
inverse of the role hasChild yields the role hasParent.

An interpretation I defines the formal semantics of concepts, roles, and individuals. It
consists of a non-empty set ∆I , called the domain. The interpretation function I maps every
atomic concept A to a subset AI of ∆I , and maps every atomic role R to a binary relation
RI ⊆ ∆I × ∆I . In addition, I maps each individual name a to an element aI ∈ ∆I . An
interpretation I satisfies C v D if CI ⊆ DI . It satisfies C ≡ D if CI = DI . Similarly,
it satisfies R v S if RI ⊆ SI . The interpretation I is extended to concept descriptions, as
shown in Table 1.

Constructor Semantics

> ∆I

⊥ ∅
A AI

¬C ∆I\CI

C uD CI ∩DI

C tD CI ∪DI

∀R.C {a ∈ ∆I | ∀b(a, b) ∈ RI → b ∈ CI}
∃R.C {a ∈ ∆I | ∃b(a, b) ∈ RI ∧ b ∈ CI}
R− {(a, b) ∈ ∆I ×∆I | (b, a) ∈ RI}

Axiom Semantics

C v D CI ⊆ DI

C ≡ D CI = DI

R v S RI ⊆ SI

a : C aI ∈ CI

(a, b) : R (aI , bI) ∈ RI

Table 1. Interpretation of DL constructors and axioms in ALCHI.

The basic inference services in TBoxes include satisfiability, subsumption, equivalence,
and disjointness. A concept C in a TBox T is said to be satisfiable w.r.t T if there exists
a model of T (that is an interpretation I that satisfies the axioms of T ), such that CI is
nonempty. The other three inference services can be reduced to (un)satisfiability. Another
important reasoning service in TBoxes is to check whether a TBox T is consistent, i.e.,
whether there exists a model for T . The basic reasoning tasks in ABoxes include instance
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checking, realization, and retrieval. The instance check verifies if a given individual is an
instance of a specified concept. The realization finds the most specific concept that an
individual is an instance of. The retrieval finds the individuals in the knowledge base that
are instances of a given concept. An ABox A is consistent w.r.t a TBox T , if there is an
interpretation that is a model of both A and T (that is an interpretation I that both satisfies
the axioms of T and the assertions of A). Similar to the inference services in TBoxes, the
other three inference services in ABoxes can also be reduced to the consistency problem of
ABoxes. The reader is referred to (Baader and Nutt 2003) for details.

2.2. Resolution

We assume that the reader is familiar with standard definitions of first-order logic (FOL)
and clausal theorem proving in the standard logic. Resolution is a most widely used proof
procedure for theorem proving in FOL. It proceeds by negating the statement to be proved
and adding this negated goal to the axioms that are known to be true. It then uses the
following inference rules iteratively to derive a contradiction.
Positive factoring:

C ∨A ∨B

Cσ ∨Aσ

where σ is a most general unifier (mgu) of propositions A and B, denoted as mgu(A,B).
Resolution:

C1 ∨ . . . ∨ Cn ∨A D1 ∨ . . . ∨Dn ∨ ¬B

C1σ ∨ . . . Cnσ ∨D1σ ∨ . . . Dnσ

Resolution is sound and complete: if a set of clauses is saturated up to redundancy by
the inference rules, then it is satisfiable if and only if it does not contain the empty clause.

3. THE EXPLANATION PROCEDURE

In this section, we present our resolution based framework to provide explanations for
unsatisfiability and inconsistency queries in ALCHI. We also propose our explanation pro-
cedure and establish its soundness and completeness.

3.1. Resolution Based Framework

The proposed explanation framework consists of three phases, described as follows. The
architecture of the system is shown in Figure 1.

1. Preprocessing: The explanation system communicates with a DL reasoner, e.g., Racer,
which provides the answer to a query, normally in the form of “Yes” or “No” for a concept
satisfiability, or an ABox consistency query, or a list of unsatisfiable concepts for TBox
consistency checking. If the answer is “No”, this means a concept is unsatisfiable or a
TBox/ABox is inconsistent. Then the original TBox/ABox will be translated into FOL
formulas or clauses by the translation component.

2. Rendering resolution proofs: A resolution based automated theorem prover is applied to
the FOL formulas or clauses resulted from step 1 in order to generate resolution proofs. It
is important to note that since a DL reasoner is used first to get the result of the query, the
unsatisfiability of the concept or the inconsistency of the TBox/ABox is already known.
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Figure 1. The explanation system architecture.

The complexity of the resolution based decision procedure of the guarded fragment of
FOL is double exponential in the worst case (Ganzinger and de Nivelle 1999). Since
ALCHI can be embedded into the guarded fragment, its upper bound of computational
complexity falls into the same category.

3. Explaining: The resolution proof is used by the explanation kernel to construct expla-
nations for better human understanding. Our approach transforms the proof into its
corresponding refutation graph (Eisinger 1991), which is a more abstract representation
for the refutation proof. A refutation graph is a graph whose nodes are literals (grouped
together in clauses) and its edges connect complementary literals. As shown in (Eisinger
1991), for each resolution proof, there is a minimal refutation graph, but one refutation
graph can represent multiple different sequences of resolution steps. Hence we can dy-
namically search to find one of the best sequences as explanations. Finally, the clauses in-
volved in each resolution step are referred back to the contributing DL axioms/assertions
or FOL formulas and possibly transformed into natural language explanations later.

3.2. Translation Between DL And FOL

The translation between DL and FOL is based on the semantics of DL. For ALCHI,
concepts can be translated into L2, which is a first order predicate logic over unary and
binary predicates with two variables, say x, y. Table 2 shows this translation from ALCHI
into L2. An atomic concept A is translated into a predicate logic formula φA(x) with one free
variable x such that for every interpretation I, the set of elements of ∆I satisfying φA(x)
is exactly AI . Similarly, a role name R is translated into a binary predicate φR(x, y). An
individual name a is translated into the constant a.

In case of TBox inconsistency queries, there are two possible scenarios: a set of unsatis-
fiable concepts or an inconsistent TBox, i.e., the top concept is inconsistent thus causing all
the concepts in the TBox to be unsatisfiable. In case of ABoxes inconsistency queries, there
are two possible scenarios: an individual is asserted as an instance of an unsatisfiable concept
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DL Constructor FOL Formula

A φA(x)

¬C ¬φC(x)

C uD φC(x) ∧ φD(x)

C tD φC(x) ∨ φD(x)

∃R.C ∃y(φR(x, y) ∧ φC(y))

∀R.C ∀y(φR(x, y) → φC(y))

R, R− ∀x, y(φR(x, y) ↔ φR−(y, x))

DL Axiom FOL Formula

C v D ∀x(φC(x) → φD(x))

C ≡ D ∀x(φC(x) ↔ φD(x))

R v S ∀x, y(φR(x, y) → φS(x, y))

a : A φA(a)

(a, b) : R φR(a, b)

Table 2. Translation from ALCHI into L2.

or it is asserted to belong to an inconsistent concept description. Consequently, these cases
are distinguished in the translation.

Definition 1. Let T be a TBox, and C be an unsatisfiable concept in T . An unsatisfiability
translation function Γ w.r.t. C translates T ∪ {C} into a set of FOL formulas.

For example, suppose T = {Person v Man u ¬Man}. The concept Person is unsatisfiable, so
Person and the axiom in T form the input set of Γ.

Definition 2. Let T be a TBox and A be an ABox (either T or A can be empty). An
inconsistency translation function Λ translates T ∪ A into a set of FOL formulas.

For example, suppose TBox T is {Person v ⊥,> v Person}. Here, T is inconsistent, so the
two axioms form the input set of Λ.

A straightforward translation as shown in Table 2 would easily cause the exponential
blow up of the number of the clauses. Consider the axiom E v F , where E and F are
complex concept descriptions. If n and m are the numbers of clauses generated by E and F
respectively, then the above formula generates n×m clauses. The reason for the exponential
explosion is duplication of subformulae obtained by the exhaustive application of the distribu-
tive law. In order to avoid such blow-ups, we adopt the standard translation augmented by
structural transformation as in (Hustadt et al. 2005). Roughly speaking, the structural trans-
formation is a kind of conjunctive normal form (CNF) transformation of first-order predicate
logic formulae by replacing the subformulae with some new predicates and adding suitable
definitions for these predicates. In the previous example, if we replace F by a fresh concept,
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say C, then the above axiom transforms into two: E v C and C v F . The number of clauses
generated by these two axioms is n+m. Besides, the structural transformation also helps pre-
serve original structures of DL axioms after their corresponding first-order logic formulae are
transformed into conjunctive normal forms. For instance, consider the axiom ∀R.A v ∃S.B.
Without the transformation, the subsumee and subsumer of this axiom are distributed into
four clauses, {R(x, f1(x)), S(x, f2(x))}, {R(x, f1(x)), B(x, f2(x))}, {S(x, f2(x)),¬A(f1(x))},
and {¬A(f1(x)), B(f2(x))}, making it difficult to generate comprehensible explanations.

The structural transformation can be formally described as follows. More details can be
found in (Nonnengart et al. 1998). Since the basic idea is to replace non-atomic concepts,
which are subformula of the axioms, with new concept names, the notion of formula positions
are used to define the transformation. For example, let ϕ be a formula and φ = ϕ|π be a
subformula of ϕ at position π that we want to replace. The transformation will replace φ
with a predicate new to ϕ, say R.

Definition 3. A position is a word over the natural numbers. The set pos(ϕ) of positions of
a given formula is defined as follows:

• the empty word ε ∈ pos(ϕ)
• for 1 ≤ i ≤ n, i.p ∈ pos(ϕ) if ϕ = ϕ1 ◦ . . . ◦ ϕn and p ∈ pos(ϕi) where ◦ is a first-order

operator. If p ∈ pos(ϕ) , ϕ|i.p = ϕi|p where ϕ = ϕ1 ◦ . . . ◦ ϕn. We write ϕ[φ]p for ϕ|p
= φ. With ϕ[p/φ] where p ∈ pos(ϕ) we denote the formula obtained by replacing ϕ|p
with φ at position p in ϕ. The polarity of a formula occurring at position in a formula
is denoted by Pol(ϕ, π) and defined as: Pol(ϕ, ε) = 1; Pol(ϕ, π.i) = Pol(ϕ, π) if ϕ|π
is a conjunction, disjunction, formula starting with a quantifier or an implication with
i = 2; Pol(ϕ, π.i) = −Pol(ϕ, π) if ϕ|π is a formula starting with a negation symbol or an
implication with i = 1 and, Pol(ϕ, π.i) = Pol(ϕ, π) if ϕ|π is an equivalence.

Definition 4. Let ϕ be a formula and φ = ϕ|π be a subformula of ϕ at position π. Let
x1, . . . , xn be the free variables in ϕ and let R be a new predicate. Then the formula

ϕ[π/R(x1, . . . , xn)] ∧Defϕ
π

is a structural transformation of ϕ at position φ. The formula Defϕ
π is a polarity dependent

definition of the new predicate R:

Defϕ
π =

{ ∀x1, . . . , xn[R(x1, . . . , xn) → φ] ifPol(ϕ, π) = 1
∀x1, . . . , xn[φ → R(x1, . . . , xn)] ifPol(ϕ, π) = −1

There are six types of clauses in ALCHI after normalization:1

1.
∨

Xi

2.
∨

Xi ∨R(x, f(x))
3.

∨
Xi ∨ Y

4.
∨

Xi ∨ ¬R(x, y) ∨ Z
5. ¬R(x, y) ∨ (R−)(y, x)
6. ¬R(x, y) ∨ S(x, y)

where Xi ∈ {Ci(x),¬Ci(x)}, Y ∈ {D(f(x)),¬D(f(x))}, and Z ∈ {D(y), ¬D(y)}.

1We only consider TBoxes here. ABoxes cases have the similar syntactic properties.
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Specifically, clause type (1) is translated from axioms Ci v Cj , with both Ci and Cj being
complex concepts. Types (2) and (3) are translated from axioms C v ∃R.D or ∀R.C v D.
Type (4) is translated from axioms C v ∀R.D or ∃R.C v D. Type (5) is the result of
translating from the definition of inverse role. Type (6) is translated from role hierarchy
R v S.

The following theorem is the basis of the correctness of the translation.

Theorem 1. Let T be a consistent TBox in ALCHI and C be a named concept in T . Then
C is unsatisfiable if and only if the empty clause is derived under resolution given Γ w.r.t.
C.

Proof. As proved in (Hustadt et al. 2005), the structural transformation does not affect
satisfiability. Let Θ(T ) and Θ(C(a)) be the resulting set of FOL formulae of T and C(a)
after the translation, where a is a newly introduced individual. As T is given to be consistent,
Θ(T ) is also consistent. Since C is unsatisfiable, C does not admit any instance, i.e., C(a)
is inconsistent. Hence Θ(T ) ∪ Θ(C(a)) is inconsistent. Due to completeness of refutation
resolution, the empty clause can be derived.

On the other hand, if the empty clause is derived from Θ(T ) ∪ Θ(C(a)), then Θ(T ) ∪
Θ(C(a)) is inconsistent. Since T is given to be consistent, C must be unsatisfiable.

The following result can also be obtained due to the consistency preserving property of
the translation.

Theorem 2. Let T be a TBox and A be an ABox (either T or A can be empty). Then T ∪A
is inconsistent if and only if the empty clause is derived by resolution, given Λ(T ∪A).

Proof. As proved in (Hustadt et al. 2005), the structural transformation does not affect
satisfiability. If T ∪A is inconsistent, then Λ(T ∪A) is inconsistent, which means the empty
clause can be derived. On the other hand, if the empty clause is derived from Λ(T ∪A), then
it is inconsistent. Consequently, T ∪ A is inconsistent.

3.3. Resolution Proofs

After the translation step, a resolution based theorem prover is invoked to generate
resolution proofs. To illustrate this procedure, we consider the following example of a TBox.

1. A1 v A2 u ¬A uA3

2. A2 v A uA4

The concept A1 is unsatisfiable. After the translation, the resulting clauses are:

C0={A1(c)}
C11= {¬A1(x), A2(x)}
C12= {¬A1(x),¬A(x)} C13 = {¬A1(x), A3(x)}
C21= {¬A2(x), A(x)} C22 = {¬A2(x), A4(x)}
Below is one of the possible resolution proofs. The numbers shown in the second column

of each row indicate the hypotheses it depends on. The inference rule that justifies a row is
given after the conclusion formula, followed by the premise rows.
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No Hyp. Clause Reason
1. 1 {A1(c)} (Hypothesis)
2. 2 {¬A1(x), A2(x)} (Hypothesis)
3. 3 {¬A1(x),¬A(x)} (Hypothesis)
4. 4 {¬A2(x), A(x)} (Hypothesis)
5 1, 2 {A2(x)} (Resolution 1, 2)
6. 1, 3 ¬A(x) (Resolution 1, 3)
7. 5, 6, 4 ⊥ (Resolution 5, 6, 4)

Since the resolution technique operates on clauses, which are on a finer-grained level than
the original DL axioms, it can determine not only which axioms are relevant but also which
parts of the asserted axioms are relevant for the particular unsatisfiability or inconsistency
problem. In this example, the conjunct A3 in Axiom 1 and A4 in Axiom 2 are irrelevant
for the unsatisfiability of A, hence its corresponding clauses do not appear in the resolution
proof. In order to reflect this characteristics in the explanation, we define the minimal DL
axiom counterparts of clauses as the clausal axioms, shown as follows.

Definition 5. A clausal axiom is inductively defined as follows, where Ci, Cj and Ck are
complex concepts, D is an atomic concept, and ⊗ stands for u or t.

• if the original DL axiom of a clause
∨

Xi ∨D is Ci v D u Cj , then its clausal axiom is
Ci v D;

• if the original DL axiom of a clause
∨

Xi ∨¬D is D tCi v Cj , then its clausal axiom is
D v Cj ;

• if the original DL axiom of a clause
∨

Xi∨R(x, f(x)) is Ci v ∃R.Cj⊗Ck (or ∀R.Ci⊗Ck v
Cj) , then its clausal axiom is Ci v ∃R.>⊗ Ck (or ∀R.>⊗ Ck v Cj).

3.4. Refutation Graphs

The generated resolution proof can be further transformed into its refutation graph
representation to construct explanations (Deng et al. 2005). A refutation graph is based on
a set of literal nodes, which are nodes labeled with literals. These literal nodes are grouped
together to clause nodes, which represent multisets of literals (different literal nodes may be
labeled with the same literal), i.e., clauses. Usually, literal nodes are represented as small
boxes labeled with their literals. Adjacent boxes denote a clause, i.e., the conjunction of the
literals in the boxes. By traversing the graph, a best way to read the proof can be found.

We will use the following definitions of refutation graphs in this paper. Please see
(Eisinger 1991) for more details.

Definition 6. A refutation graph is a quadruple G = (L, C,ML,K), where L is a finite set of
literal nodes in G, and C is a partition of the set of literal nodes, whose members are clause
nodes in G. ML is a mapping from L to a set of literals, which associates with every literal
node a literal. The set of links K is a partition of a subset of L. All the literal nodes in one
link are labeled with literals which are unifiable. There is no pure literal node in a refutation
graph, i.e., every literal node belongs to some link in K.

The refutation graph of the example in Section 3.3 is shown in Figure 2. We extend the
above notions to provide explanations for DL reasoning.

Definition 7. A labeled refutation graph is a quintuple G′ = (L, C,ML,K, MD), where
L, C,ML and K are as defined in the refutation graph G above. And MD is a mapping
from L to a FOL formula, which labels the literal nodes with their originating FOL formulas.
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Figure 2. The refutation graph.

In our example, one of the mappings in MD is as follows:
{¬A1(x)} 7→ ∀x A1(x) → A2(x) ∧ ¬A(x) ∧A3(x)

Definition 8. A traversing path of the labeled refutation graph involving clause nodes C1,
. . ., Cn is a sequence (M1, C1), (L2, C2), (M2, C2), (L3, C3), (M3, C3), . . . , (Ln, Cn), where
Li and Mi, for i = 1, . . . , n, are literal nodes in Ci and Li 6= Mi. Also for all i < n, Mi and
Li+1 unify, i.e., there is a link between them.

Definition 9. A bridge in a refutation graph connects two sets of complementary literal
nodes, which are involved in a resolution step. A traversal ordering is a partial ordering ≤
over the bridges. A factoring link (f-link for short) connects the literals that participate in a
factoring step.

We believe that the quality of explanations largely depends on how the refutation graph
is traversed, i.e., on how ≤ is defined. And the ordering can be decided according to the
unsatisfiability and inconsistency patterns. Generally speaking, an inconsistency pattern (i-
pattern for short) is a resolving step over the concept names and the role names. It helps
decide the traversal ordering ≤ among the bridges.

Definition 10. The set of i-patterns over ALCHI is defined as one of the following cases:

Pattern 1. ∃R.>, ∀R.Ci, and
⋂

Ci = ⊥, where i = 1, . . . , n.
The simplified version presented in the form of a refutation graph is shown in Figure 3.
The dotted line shows the possible intermediate resolving steps between the two literals
in bold boxes. In this case, all the bridges connecting R(x, f(x)) and ¬R(x, y) have the
same traversal order, which is higher than the order of the bridges connecting the literal
nodes Ci(y).

Pattern 2. ∃R.D, ∀R.Ci, and D u⋂
Ci = ⊥, where i = 1, . . . , n.

The simplified refutation graph is shown in Figure 4. Similarly, the bridge connecting
R(x, f(x)) and ¬R(x, y) has a higher order than bridges connecting Ci(y) and D(f(x)).

Pattern 3.
⋂

Ci = ⊥, where i = 1, . . . , n.
In this case, every Ci resides in different clause nodes. All the bridges have the same
traversal order. The simplified refutation graph is shown in Figure 5.

Pattern 4.
⋃

Ci, where each Ci is an i-pattern, for i = 1, . . . , n.
All the bridges adjacent to Ci have the same traversal order. The simplified refutation
graph is shown in Figure 6.
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Xi R(x, f(x))
- R(x, y) C1(y)Xi C2(y)- R(x, y)Xi

Figure 3. Pattern 1.

Xi - R(x,y) C(y)

Xi R(x,f(x))

Xi D(f(x))

Figure 4. Pattern 2.C(x)Xi
D(x)Xi

Figure 5. Pattern 3.

C1(x) C2(x)Xi
D1(x) D2(x)

Figure 6. Pattern 4.

The ordering of the bridges in the refutation graph is based on the i-patterns. A positive
integer is set to be the initial value of each of the bridges in the graph. Then the graph is
inspected to match the i-patterns. If a subgraph is matched with pattern 1 or 2, the involved
bridges increase the ordering value by 1. Otherwise the ordering value remains unchanged.

3.5. The Algorithm

After the traversal ordering of the bridges in the refutation graph is decided, the traverse
algorithm is applied to generate explanations. The main idea of our explanation algorithm
is based on the refutation graph. It starts from a literal node N0 and traverses the graph.
Among all the bridges adjacent to N0, it chooses the one(s) that are not lower than any others
w.r.t. ≤. Then it chooses all the literal nodes Ni on the opposite side of the chosen bridges
from N0. Among each of the clause nodes that Ni resides in, it chooses the yet-to-be-chosen
literal nodes. The traversal process ends when all the nodes in the graph have been chosen.
After the traversal is completed, the clause nodes involved in each step are translated into an
entry in an explanation list (EL) consisting of their clausal axioms in DL. After some clean-
up process, such as deleting duplicate lines, the explanation list can be further transformed
into natural language style explanations. This algorithm is formally stated in Figure 7. It
uses a stack, called SOT , which includes the literal nodes which are yet to be traversed.

Theorem 3. The traversal algorithm is sound, complete and will terminate with an expla-
nation.

Proof. Termination: In each step of the traversal, the number of literal nodes that remain
untraversed decreases, since once a literal node is traversed, it will not be traversed again.
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Algorithm TRAVERSE
Input: a refutation graph R
Output: explanation list EL

if the query is an unsatisfiable query
start from the unsatisfiable concept C in R

else start from an arbitrary concept C in R
SOT (Stack of Traversal) ← the associated literal node of C
for all the literal nodes Li in SOT

put the corresponding clausal axiom of Li into the explanation list EL;
for all the bridges which are adjacent to Li, with the highest traversal order

for all the literal nodes Lk that reside in the same clause node as the
opposite side of the bridge

SOT ← Lk

remove the bridge
remove Li from SOT

return the explanation list EL

end of TRAVERSE

Figure 7. Traversal algorithm.

As the number of literal nodes in a refutation graph is finite, the traversal algorithm will
terminate. More precisely, since the traversal step is applied once for each literal node, i.e.,
the number of the traversal steps is linear in the number of the literal nodes.

Soundness: Since every literal node is visited exactly once, and all the literal nodes in
the refutation graph are translated from the axioms that contribute to the unsatisfiability
and inconsistency, the traversal algorithm will present these culprits in the explanations.

Completeness: The completeness in our context means that at the end of the algorithm,
no literal node is left untraversed. The fact that we cannot reach a blocked situation follows
upon the fact that every literal node in the refutation graph has a complementary literal
node connected by a link, i.e., every literal node is reachable through other nodes.

4. EVALUATION

We have developed a running prototype system based on our proposal and performed
some experiments. The initial results are promising. This system consists of three parts:
(1) The translation component: which transforms the problem description, i.e., the TBox,
the ABox (if any) and the negated unsatisfiable concept (if it is an unsatisfiability problem)
into the corresponding first order formulae. (2) The transformation component: which uses
the resolution based theorem prover Otter (WosMcCune and Wos.L 1997) in order to obtain
the resolution proof, which is then transformed into a refutation graph. (3) The traverse
component: which generate the explanations based on the refutation graph. The input
theory is in the KRSS syntax (Patel-Schneider and Swartout 1993). All the components are
implemented in Java.

We next illustrate the computation of the prototype system, using the following input
example KB.

By using Racer, we get to know that HappyPerson is unsatisfiable. The KB is aug-
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1. Physician v ∃hasDegree.BS
2. HappyPerson v Doctor t ∃hasChild.(PhD u ¬Poor)
3. ∃hasParent.HappyPerson v Married
4. MD v ¬BS
5. Married v Person u ∃hasSpouse.Person
6. Doctor v ∀hasDegree.MD u Physician
7. PhD uMarried v Poor
8. hasParent ≡ hasChild−

mented with HappyPerson(a) where a is a fresh individual. We call the resulting knowledge
base KB′. The goal now is to show that KB′ is inconsistent.

Axiom 1, 2, 3, 5 and 6 contain non-literal subconcepts. But as the structural transfor-
mation does not neither decrease the number of the clauses nor simplify the explanations for
1, 3, 5 and 6, we only show how axiom 2 is converted to FOL formulae based on structural
transformation. We introduce a new name Q for this subconcept and obtain

HappyPerson v Doctor t ∃hasChild.Q

Q v PhD u ¬Poor

The set of clauses in KB′ after normalization is shown as follows.

1.1. ¬Physician(x) ∨ hasDegree(x, f1(x))
1.2. ¬Physician(x) ∨BS(f1(x))
2.1. ¬HappyPerson(x) ∨Doctor(x) ∨ hasChild(x, f2(x))
2.2. ¬HappyPerson(x) ∨Doctor(x) ∨Q(f2(x))
2.3. ¬Q(x) ∨ PhD(x)
2.4. ¬Q(x) ∨ ¬Poor(x)
3.1. ¬hasParent(x, y) ∨ ¬HappyPerson(y) ∨Married(x)
4.1. ¬MD(x) ∨ ¬BS(x)
5.1. ¬Married(x) ∨ Person(x)
5.2. ¬Married(x) ∨ hasSpouse(x, f3(x))
5.3. ¬Married(x) ∨ Person(f3(x))
6.1. ¬Doctor(x) ∨ ¬hasDegree(x, y) ∨MD(y)
6.2. ¬Doctor(x) ∨ Physician(x)
7.1. ¬PhD(x) ∨ ¬Married(x) ∨ Poor(x)
8.1. ¬hasChild(x, y) ∨ hasParent(y, x)
8.2. ¬hasParent(y, x) ∨ hasChild(x, y)
9. HappyPerson(a)

By applying hyper resolution to this set of clauses and converting the resolution proof to
its refutation graph in our prototype system, we obtain the graph shown in Figure 8. From
the resolution as well the refutation graph, we know that axiom 5 does not contribute to the
unsatisfiability of HappyPerson since none of its clauses is in the resolution proof.

By applying the algorithm to explain unsatisfiable concepts, our prototype system pro-
duce the following traversal order, with the traversed literal node followed by its clausal
axiom:

8. HappyPerson(a) [HappyPerson(a)]
↪→ 2.1. ¬HappyPerson(x) ∨Doctor(x) ∨ hasChild(x, f2(x))

[HappyPerson v Doctor t ∃hasChild.>]
↪→6.2.¬Doctor(x) ∨ Physician(x)
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[Doctor v Physician]
↪→ 1.2. ¬Physician(x) ∨BS(f1(x)) [Physician v ∃hasDegree.BS]

↪→ 4.1. ¬MD(x) ∨ ¬BS(x) [MD v ¬BS]
1.1. ¬Physician(x) ∨ hasDegree(x, f1(x))
[Physician v ∃hasDegree.>]

↪→6.1. ¬Doctor(x) ∨ ¬hasDegree(x, y) ∨MD(y)
[Doctor v ∀hasDegree.MD]

2.2. ¬HappyPerson(x) ∨Doctor(x) ∨Q(f2(x))
[HappyPerson v Doctor t ∃hasChild.Q]
↪→ 2.3. ¬Q(x) ∨ PhD(x) [Q v PhD u ¬Poor]

2.4. ¬Q(x) ∨ ¬Poor(x) [Q v PhD u ¬Poor]
3.1.¬hasParent(x, y) ∨ ¬HappyPerson(y) ∨Married(x)

[∃hasParent.HappyPerson v Married]
↪→ 8.1. ¬hasChild(x, y) ∨ hasParent(y, x)

[hasParent ≡ hasChild−]
↪→ 7.1. ¬PhD(x) ∨ ¬Married(x) ∨ Poor(x)

[PhD uMarried v Poor]

The traversal steps are further organized and represented by the system as the following
explanations:

HappyPerson(a)
↪→ HappyPerson v Doctor t ∃hasChild.>

↪→ Doctor v Physician
↪→ Physician v ∃hasDegree.BS

↪→ Doctor v ∀hasDegree.MD
↪→ MD v ¬BS

↪→ HappyPerson v Doctor t ∃hasChild.Q
↪→ Q v PhD u ¬Poor

↪→ ∃hasParent.HappyPerson v Married
↪→ hasParent ≡ hasChild−

↪→ PhD uMarried v Poor

The explanation reads as follow:
If a is a HappyPerson, then it can either be a Doctor or has a child which is Q (PhD

and not Poor). First, if it is a Doctor, then all its degree is MD and it is a Physician. Every
Physician has a BS degree, however, BS is disjoint with MD. So there is a conflict within the
branch of Doctor. Secondly, if a has a child which is a PhD and not poor, since every child
of a HappyPerson is Married and every married PhD is poor, then a’s child must be poor,
which is a contradiction. So a cannot be a HappyPerson.

5. RELATED WORK

There have been several proposals to provide explanations for DL reasoning. The earli-
est work is (McGuinness 1996), which provides an explanation facility for subsumption and
non subsumption reasoning in CLASSIC (Brachman et al. 1990). CLASSIC is a family
of knowledge representation systems based on DLs. It allows constructors such as uni-
versal quantification, conjunction and restricted number restrictions. Since disjunction is
excluded in CLASSIC, explanations are generated based on structural subsumption compar-
isons. Lengthy explanations are decomposed into smaller steps and a single step explanation
is followed by more detailed explanations. Being one of the first DL systems to obtain an
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HP(a) -HP(x) -hasP(x,y) M(y)
-Q(x) -poor(x)

-Phy(x)  BS(f1(x))

-HP(x) Doc(x) Q(f2(x))

hasC(x,f2(x)) Doc(x)

-Q(x) PhD(x)

-Doc(x) Phy(x) -Doc(x) -hasD(x,y) MD(y)-Phy(x) hasD(x,f1(x))-BS(x) -MD(x)

-M(x) -PhD(x) poor(x)
-HP(x)

hasP(y,x) -hasC(x,y)

Figure 8. The refutation graph of the example using abbreviated predicate names

explanation facility, CLASSIC generates explanations in a proof-theoretic framework. How-
ever, since the expressive power of CLASSIC is limited, this approach is not applicable to
the DL language ALC.

This work is extended in (Borgida et al. 1999) by using sequent rules to explain sub-
sumption in ALC. The sequent rules are modified to imitate the behavior of tableau calculus
as well as of human reasoning. For example, in order to avoid confusion, sequent rules are
defined in such a way that formulas can never be shifted from antecedents to consequents or
vice versa. This approach is based on the observation that sequent calculi are a natural way
of explaining subsumption as they axiomatize entailment. It aims to provide explanations
for subsumption but not unsatisfiability.

In contrast to these works, (Schlobach and Cornet 2003) provides algorithms to pinpoint
unsatisfiable concepts and related axioms. This approach first excludes axioms that are
irrelevant to the inconsistency, and then provide simplified definitions which highlight the
exact position of the contradiction. This work is extended in (Parsia et al. 2005b; Parsia
et al. 2005a) to debug OWL ontologies using both glass box and black box. Glass box relies on
information from internals of the reasoners. It traces back to the last clash to give the sources
of inconsistency. One drawback of this solution is that showing clashes alone is not specific
enough to point out the source of unsatisfiability. In addition, glass box needs to extend or to
alter the reasoner, e.g., modify normalization/absorption, to keep track of the source axioms,
thus efficiency of the reasoner is affected. Black box approach uses reasoners as oracles and
exploits the asserted structure of the ontology to help isolate the source of problems. This
method is only used for detecting dependencies between unsatisfiable concepts.

On the other hand, the insufficiency of explanations in automated theorem proving (ATP)
has been one of the problems that impede its usability. Therefore researchers in ATP have
made efforts to transform machine-generated proofs into human understandable proofs. Most
existing explanation facilities in resolution based ATP transform the proofs into natural lan-
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guage style explanations. For example, (Felty and Miller 1987) uses the sequential variant
of natural deduction to present proofs, then further transforms them into natural language
explanations. PROVERB (Huang 1994; Huang and Fiedler 1996) uses a reconstructive ap-
proach to generate proofs which are logically equivalent to the original natural deduction
proofs, but at a higher level of abstraction. These explanation facilities are specifically de-
signed to solve problems in theorem proving, particularly mathematical theorems. The above
approaches focus more on deriving conclusions using theorems, lemmas and axioms, which
are not in general suitable for indirect proofs. The closest work to our approach that we are
aware of is the TRAMP system (Meier 2000), which extends PROVERB by using refutation
graphs to represent assertion applications. However, TRAMP uses refutation graphs merely
as a form of presentation. In our approach, we exploit graph features for explanations as well
as for inconsistency detection.

Another interesting piece of work is (Horrocks and Voronkov 2006). The authors claim
that first-order theorem provers are not efficient for reasoning with ontologies based on DL
compared to specialized DL reasoners. However, a carefully adapted first-order theorem
prover can be used to reason with large ontologies of more expressive ontology languages,
which DL reasoners cannot handle. Their experiments show that the performance of a
theorem prover can be greatly improved for query answering and consistency checking, but
it is not very effective at proving satisfiability. They also discuss the need of providing
explanations for both query answering and inconsistencies, and suggest that the proof format
in which each inference is displayed separately is easier to read and understand. Their work
sheds the light on the usage of resolution proof for explanations in the context of DL from a
practical point of view. Moreover, if a first-order theorem prover is used to solve the problems
when DL reasoners fail, our approach can still be applied to provide an explanation.

6. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a framework which uses resolution proofs to provide explana-
tions for DL reasoning, and demonstrated its applicability. We developed a sound and com-
plete algorithm for explaining unsatisfiability and inconsistency queries w.r.t TBoxes/ABoxes
in ALCHI. We identified patterns of unsatisfiability and inconsistency and used them to
improve the quality of explanations. This method is extensible in that newly found frequent
patterns can be added in the future, if desired. We have developed a running prototype sys-
tem which implements our algorithm. The explanations provided in this paper are generated
by this system. A main advantage of our resolution based solution is that it is independent
of a particular DL reasoner used. This makes it applicable to any DL reasoner, since it will
not require changes in the internal details of such reasoners which often employ sophisti-
cated optimization techniques and in general may result in producing answers that are not
comprehensible for human users.

This research raises the following issues for future work.

1. The underlying DL language is restricted to ALCHI and extensions to more expressive
DL languages are needed. Since most resolution based automated theorem provers use
the equality predicate to express number restrictions, it might become a problem for
explanations in our context. As the number of literals grows exponentially with the
actual numbers, FOL formulas or clauses will become cumbersome, which may degrade
the performance. One possible solution is to shift to DL reasoners to handle number
restrictions. Besides, more sophisticated translations and resolution technique should be
also used. Theoretically there is a resolution decision procedure based on the use of a
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particular selection function for SHIQ, which is ALCHI extended to include number
restrictions and transitive roles. It can decide satisfiability in ExpTime. Practically,
when a relevant-only translation is used, as shown in (Tsarkov and Horrocks 2003), the
performance of Vampire, a FOL theorem prover, is comparable with that of FaCT++
(Tsarkov and Horrocks 2006), especially in the context of positive (unsatisfiability) test.

2. Currently the explanation is restricted to unsatisfiability and inconsistency queries. Al-
though we believe explanations for this kind of queries are more often needed by users,
providing explanations for subsumption, satisfiability and non-subsumption queries is
also necessary. As pointed out in (McGuinness and Borgida 1995), an explanation can
be generated by returning a model or a counter-example. More work needs to be done
to identify most suitable model or counter-example as an explanation.

3. So far we have focused on explaining semantic defects in the knowledge base. When
the problem is identified and understood, the next step to take is to resolve it. Usually
some axioms or parts of the axioms should be removed and often there are a number
of possible alternative remedies that can correct the defect. It would be interesting to
develop methods to select a remedy that can mostly preserve the desirable properties of
the original knowledge base.
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