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a b s t r a c t
In this paper, we present a deep learning framework for eﬃcient 3D shape classiﬁcation using geodesic
moments. Our approach inherits many useful properties from the geodesic distance, most notably the
capture of the intrinsic geometric structure of 3D shapes and the invariance to isometric deformations.
Moreover, we show the similarity between the convergent series of the geodesic moments and the
inverse-square eigenvalues of the Laplace–Beltrami operator in the continuous setting. The proposed algorithm uses a two-layer stacked sparse autoencoder to learn deep features from geodesic moments by
training the hidden layers individually in an unsupervised fashion, followed by a softmax classiﬁer. Experimental results on three standard 3D shape benchmarks demonstrate superior performance of the
proposed approach compared to existing methods.

1. Introduction
The availability of large 3D shape benchmarks has sparked
a ﬂurry of research activity in the development of eﬃcient approaches for nonrigid shape analysis, including clustering, classiﬁcation and retrieval [1–5]. Shape classiﬁcation is a well-researched
and fundamental problem in various domains, including pattern
recognition, computer vision, and geometry processing. It basically
refers to the process of organizing a database of shapes into a
known number of classes, and the task is to assign new shapes
to one of these classes.
Much of the recent work in 3D shape classiﬁcation uses spectral
shape descriptors, which represent a shape via a concise and compact signature aimed at facilitating the classiﬁcation task. These
shape representations are the building blocks of many shape classiﬁcation algorithms, and may be broadly categorized into local and
global descriptors. Local descriptors are usually deﬁned on each
point of the shape, while global descriptors are deﬁned on the entire 3D shape. The category of Local descriptors include the global
point signature include (GPS) [6], heat kernel signature (HKS) [7],
wave kernel signature (WKS) [8], and spectral graph wavelet signature (SGWS) [9]. On the other hand, many global descriptors can
be obtained from point signatures by integrating over the entire
shape. One of the simplest global descriptors is Shape-DNA [10],
which is deﬁned as a truncated sequence of the eigenvalues of the
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Laplace–Beltrami (LBO) arranged in increasing order of magnitude.
Chaudhari et al. [11] introduced a new version of the GPS signature by setting the LBO eigenfunctions to unity. Gao et al. [12] developed a variant of Shape-DNA, referred to as compact ShapeDNA (cShape-DNA), which is an isometry-invariant signature resulting from applying the discrete Fourier transform to the areanormalized eigenvalues of the LBO. A comprehensive list of spectral descriptors can be found in [13,14].
More recently, deep learning has seen a rapid growth in popularity due largely to its great success in a variety of applications, including speech recognition, natural language processing,
and image classiﬁcation [15,16]. Inspired by information-processing
in human nervous systems, deep learning extracts high-level features from data using multilayered neural networks. The success of
deep neural networks has been greatly accelerated by using graphics processing units (GPUs), which have become the platform of
choice for training large, complex learning systems [17–20]. Deep
learning models such as convolutional neural networks, deep belief
networks, and stacked autoencoders have recently been applied to
3D shape analysis to learn high-level features from 3D shapes. Bu
et al. [17] introduced a deep belief networks based approach for
3D shape classiﬁcation using a shape descriptor represented by a
full matrix deﬁned in terms of the geodesic distance and eigenfunctions of the LBO. Su et al. [18] proposed a 3D shape classiﬁcation framework using multi-view convolutional neural networks
by combining information from multiple 2D rendered images of a
3D shape into a single descriptor. Qi et al. [19] introduced a multiresolution ﬁltering strategy with the aim at improving the perfor-
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mance of multi-view convolutional neural networks on 3D shape
classiﬁcation.
In this paper, we propose a deep learning framework, called
deep geodesic moment (DeepGM) classiﬁer, for 3D shape classiﬁcation using geodesic moments and stacked sparse autoencoders.
The geodesic moments are feature vectors derived from the integral of the geodesic distance on a shape, while stacked sparse autoencoders are deep neural networks consisting of multiple layers
of sparse autoencoders that attempt to enforce a constraint on the
sparsity of the output from the hidden layer. The proposed DeepGMC approach learns deep discriminative features via deep learning with geodesic moments. It harnesses the geometric information from 3D shapes and then uses unsupervised autoencoders to
extract high-level features from the geodesic moments. These highlevel features are then fed into a supervised stacked sparse autoencoder architecture to learn a classiﬁcation model from a training
dataset of 3D shapes. We show that our model incorporates geometric features from shapes with the aim of designing a highly
discriminative shape descriptor that yields better classiﬁcation accuracy compared to existing methods.
The contributions of this paper are twofold: (1) We present an
integrated framework for 3D shape classiﬁcation that extracts discriminative geometric shape descriptors with geodesic moments.
(2) We propose a classiﬁcation approach that harnesses the power
of deep learning to generate high-level features, which are in
turn used within a stacked sparse autoencoder architecture with
two hidden layers in an effort to accurately classify shapes in a
database. Our experimental results show superior performance of
the proposed framework over existing classiﬁcation methods on
several 3D shape benchmarks.
The rest of this paper is organized as follows. In Section 2, we
brieﬂy overview the Laplace–Beltrami operator and stacked sparse
autoencoders. In Section 3, we propose a deep learning approach
with geodesic moments for 3D shape classiﬁcation using a twolayer stacked sparse autoencoder, and we discuss its main algorithmic steps. Experimental results for 3D shape classiﬁcation are
presented in Section 4. Finally, we conclude in Section 5 and point
out some future work directions.
2. Background
In this section, we succinctly review the Laplace–Beltrami operator and stacked sparse autoencoders.
2.1. Laplace–Beltrami operator
Given a compact Riemannian manifold M, the space L2 (M ) of
all smooth, square-integrable functions on M is a Hilbert space

endowed with inner product  f1 , f2  = M f1 (x ) f2 (x ) da(x ), for all
f1 , f2 ∈ L2 (M ), where da(x) (or simply dx) denotes the measure
from the area element of a Riemannian metric on M. Given a
twice-differentiable, real-valued function f : M → R, the Laplace–
Beltrami operator is deﬁned as M f = −div(∇M f ), where ∇M f is
the intrinsic gradient vector ﬁeld and div is the divergence operator [21]. The LBO is a linear, positive semi-deﬁnite operator acting
on the space of real-valued functions deﬁned on M, and it is a
generalization of the Laplace operator to non-Euclidean spaces.
2.2. Stacked sparse autoencoders
An autoencoder is a neural network that learns to reproduce
its input as its output. It is an unsupervised learning algorithm
that learns features from unlabeled data using backpropagation via
stochastic gradient descent, and has typically an input layer representing the original data, one hidden layer and an output layer.

Fig. 1. Graphical diagram of an autoencoder.

An autoencoder is comprised of an encoder and a decoder, as illustrated in Fig. 1.
The encoder, denoted by fθ , maps an input vector x ∈ Rq to a
hidden representation (referred to as code, activations or features)
a ∈ Rr via a deterministic mapping

a = fθ (x ) = σ (Wx + b ),

(1)

parameterized by θ = {W, b}, where W ∈ Rr×q and b ∈ Rq are the
encoder weight matrix and bias vector, and σ is a nonlinear
element-wise activation function such as the logistic sigmoid or
hyperbolic tangent. The decoder, denoted by gθ  , maps back the
hidden representation h to a reconstruction xˆ of the original input
x via a reverse mapping

xˆ = gθ  (a ) = σ (W a + b ),

(2)



parameterized by θ = {W , b }, where W ∈ Rq×r and b ∈ Rq are
the decoder weight matrix and bias vector, respectively. The encoding and decoding weight matrices W and W are usually constrained to be of the form W = WT , which are referred to as tied
weights. Assuming the tied weights case for simplicity, the parameters {W, b, b } of the network are often optimized by minimizN
ˆ i 22 , where N is the number of
ing the squared error
i=1 xi − x
samples in the training set, xi is the ith input sample and xˆ i is its
reconstruction.
To penalize large weight coeﬃcients in an effort to avoid overﬁtting the training data and also to encourage sparsity of the output from the hidden layer, the following objective function is minimized instead

L ( W, b, b ) =

N
1
xi − xˆ i
2
i=1

2
2

+

λ
2

W

2
F

+β

N


KL(ρ ρˆ j ),

(3)

j=1

where λ is a regularization parameter that determines the relative
importance of the sum-of-squares error term and the weight decay
term, and β is the weight of the sparsity regularization term. This
sparsity regularizer is the Kullback–Leibler divergence KL(ρ ρˆ j ),
which is a dissimilarity measure between ρ and ρˆ j , and it is deﬁned as

KL(ρ ρˆ j ) = ρ log

ρ
1−ρ
+ (1 − ρ ) log
,
ρˆ j
1 − ρˆ j

(4)

where ρˆ j is the average activation value of the hidden unit j and
ρ is its desired value which is typically small.
An autoencoder with multiple hidden layers is referred to as
a stacked or deep autoencoder. A stacked sparse autoencoder is a
deep neural network consisting of multiple layers of stacked encoders from several sparse autoencoders. This stacked network is
pre-trained layer by layer in a unsupervised fashion, where the
output from the encoder of the ﬁrst autoencoder is the input of
the second autoencoder, the output from the encoder of the second autoencoder is the input to the third autoencoder, and so
on. After pre-training, the entire stacked sparse autoencoder can
be trained using backpropagation to ﬁne-tune all the parameters
of the network. For classiﬁcation purposes, the ﬁnal hidden layer
of the stacked sparse autoencoder is linked to the softmax layer.
The latter is trained in a supervised manner using labels for the
training data.
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3. Method
In this section, we describe in detail the proposed deep learning
approach to 3D shape classiﬁcation. We start by deﬁning the continuous geodesic moments on a Riemannian manifold. We show
that the second geodesic moment reduces to the integral of the
geodesic distance [22], while the third geodesic moment is related
to the heat kernel [7]. Then, we build the geodesic moments in the
discrete setting, and we provide the main algorithmic steps of our
classiﬁcation framework.
3.1. Geodesic moments
Let M be a connected, compact Riemannian manifold, without
boundary. For a ﬁxed (source) point y in M, we deﬁne the kth
order geodesic central moment (or simply kth geodesic moment)
about y as

μk ( y ) =



M

dk (x, y )M d (x, y )da(x ),

(5)

where d(x, y) is the geodesic distance starting from point y [23].
Note that the geodesic distance function f (x ) = d (x, y ) is a solution to the Eikonal equation ∇M f = 1 on M, with the initial condition f (y ) = 0. In other words, f is the geodesic distance function
from a source point y to the remaining points on the manifold. The
ﬁrst two moments are

μ0 =
and

μ1 =



M


M

M f da = −
f M f da =



M


M

div(∇M f ) da = 0

∇M f

2

da =

M

da = a,

respectively, where a = area(M ). Note that μ0 = 0 and μ1 do not
depend on the source point y.

μk ( y ) = k

M

dk−1 (x, y )da(x ),

for all y ∈ M.

(6)

Proof. Denote by f the geodesic distance function. For all k ∈ N, we
have

M f

k+1

= −div(∇M f

k+1

) = −div((k + 1 ) f ∇M f )
k

= (k + 1 ) f k M f − k(k + 1 ) f k−1 ∇M f, ∇M f 
= (k + 1 ) f k M f − k(k + 1 ) f k−1 ∇M f, ∇M f 
= (k + 1 ) f k M f − k(k + 1 ) f k−1
= ( k + 1 ) f M f − k ( k + 1 ) f
k

∇M f

∇M f
k−1

2

2

)

∇M f

2

= (k + 1 ) f k M f − k(k + 1 ) f k−1 .
Integrating and applying the divergence theorem, we obtain

μk ( y ) = k



M

f k−1 (x )da(x ),

which concludes the proof.

(7)


It is worth pointing out that (M, d ) equipped with the geodesic

distance d is a metric space, and the quantity M dk−1 (x, y )da(x ) is
often referred to as the (k − 1 )th central moment in metric spaces.
Using (6), it can readily be shown that the kth geodesic moments are positive and satisfy the following inequality

0 = μ0 < μk (y ) ≤ kaρ k−1 ,

k ≥ 1,



M

d (x, y )dx,

(9)

which is proportional to the aggregated geodesic distance from y
to the remaining points on the manifold. The aggregated geodesic
distance (also called global geodesic function) is invariant to isometric transformations, and has been used successfully in generating robust Reeb graphs for shape matching and classiﬁcation [22].
A small value of μ2 (y) indicates that a distance from y to arbitrary
points on M is relatively small (i.e., the point y is closer to the
center of the object).
Relation to heat kernel: Using Varadhan’s formula [21], we
may express the third geodesic moment as



M

d2 (x, y )dx = lim −12t
t→0



M

log ht (x, y )dx,

(10)

where ht (x, y) is called the heat kernel, which measures the
amount of heat that is propagated or transferred from point x to
point y in time t.

Let M be a 3D shape represented by a triangle mesh with m
vertices. In the discrete setting, we may write the kth geodesic moment in (6) as

μk ( j ) ≈ k

m


dikj−1 ai ,

(11)

i=1

= ( k + 1 ) f k M f −  ( k + 1 ) ∇ M f k , ∇ M f 

= −(k + 1 ) f k−1 (− f M f + k

μ2 ( y ) = 2

3.2. Discrete geodesic moments

Theorem 1. For all k ∈ N, the kth geodesic moment is given by



is invariant under global isometries. It is a measure of mesh compactness in the sense that it measures the dissimilarity between
the most dissimilar pair of vertices in the mesh. If ρ < 1, then the
series  k ≥ 1 μk (y) is convergent for all y ∈ M.
Since M is a positive semi-deﬁnite operator, its eigenvalues are nonnegative and may be written in increasing order as
0 = λ0 < λ1 ≤ λ2 ≤ . . . with λk ∞ as k ∞. Moreover, the series

2
k≥1 1/λk is convergent. Notice the similarity between the convergent series of the geodesic moments and inverse-square eigenvalues of the LBO.
For a ﬁxed source point y, if d(x, y) ≥ 1 for all x, then the
geodesic moments are nonnegative and may be written in increasing order as 0 = μ0 (y ) < μ1 (y ) ≤ μ2 (y ) ≤ . . .
Relation to integral of geodesic distance: The second geodesic
moment is given by

μ3 ( y ) = 3



3

(8)

where ρ = supx,y∈M d (x, y ) is the diameter of M. The mesh diameter is the longest distance between two vertices in the mesh, and

where ai is the area of the Voronoi cell at vertex i, and dij is
the geodesic distance between mesh vertices i and j. We refer to
the p-dimensional vector μ j = (μ1 ( j ), . . . , μ p ( j )) consisting of the
ﬁrst p moments as the geodesic moment point signature at vertex j.
Hence, we may represent the shape M by an m × p geodesic moment matrix M = (μ1 , . . . , μm )T of m signatures, each of which is
of length p. In other words, the rows of M are data points and the
columns are features.
As the number of mesh vertices differs from one shape to another in a dataset of shapes, the geodesic moments matrix may not
be a convenient representation for shape analysis tasks such as retrieval and classiﬁcation. To circumvent this limitation, we represent the shape M by the p × p matrix S = MT M, which we refer
to as the geodesic moment descriptor of the shape. This matrix
may be regarded as an uncentered scatter matrix. In addition to
being independent of the number of mesh vertices, the geodesic
moment descriptor enjoys a number of desirable properties including simplicity, compactness, invariance to isometric deformations,
and computational feasibility.
3.3. Proposed algorithm
The goal of 3D shape classiﬁcation is to accurately predict the
target class for each 3D shape in a dataset. This is typically done
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Fig. 2. Geodesic moment signatures for three shapes (woman, gorilla, and hand) from three different classes of the SHREC-2011 dataset.

Fig. 3. DeepGM learned features for three shapes (woman, gorilla, and hand) from three different classes of the SHREC-2011 dataset.

by extracting discriminative features from 3D shapes, followed by
using a learning technique to classify these shapes. The available
data X for shape classiﬁcation is usually split into two disjoint
subsets: the training set Xtrain for learning, and the test set Xtest
for testing. The training and test sets are customarily selected by
randomly sampling a set of training instances from X for learning
and using the rest of instances for testing.
Our proposed DeepGM approach to 3D shape classiﬁcation consists of two major steps. In the ﬁrst step, we compute the p
× p matrix Si = MTi Mi for each shape Mi in the dataset D =
{M1 , . . . , Mn }, where Mi is the geodesic moment matrix and p is
the number of geodesic moments. Then, each matrix Si is reshaped
into a p2 -dimensional feature vector xi by stacking its columns
one underneath the other. Subsequently, all feature vectors xi of
all n shapes in the dataset are arranged into a n × p2 data matrix X = (x1 , . . . , xn )T . Fig. 2 displays the geodesic moment matrices of three shapes (woman, gorilla, and hand) from three different
classes of the SHREC-2011 dataset [24].
In the second step, we use a 2-layer SSAE to learn deep features by training the hidden layers individually in an unsupervised
manner. Then, we train a softmax layer to classify the deep features learned by the second autoencoder. Finally, the ﬁnal network
is trained (tuned) in a supervised fashion to determine the optimal parameters. Fig. 3 displays the step plots of DeepGM learned
features of three shapes from three different classes of the SHREC2011 dataset.
The task in multiclass classiﬁcation is to assign a class label
to each input example. More precisely, given a training data of
2
the form Xtrain = {(xi , yi )}, where xi ∈ R p is the ith example and
yi ∈ {1, . . . , K } is its ith class label, we aim at ﬁnding a learning
model that contains the optimized parameters from the SSAE algorithm. Then, the trained deep learning model is applied to a test
data Xtest , resulting in predicted labels yˆi of new data. These predicted labels are subsequently compared to the labels of the test
data to evaluate the classiﬁcation accuracy of the model.
To assess the performance of the proposed framework, we employed two commonly used evaluation criteria, the confusion matrix and accuracy, which will be discussed in more detail in the
next section. Algorithm 1 summarizes the main algorithm steps of
our DeepGM approach.

Algorithm 1 DeepGM classiﬁer.
Input: Dataset D = {M1 , . . . , Mn } of n shapes
1: for i = 1 to n do
2:
Compute the m × p geodesic moment matrix Mi for each 3D
shape Mi , where m is the number of vertices

Compute the p × p matrix Si = Mi Mi , and reshape it into a
3:
2
p -dimensional vector xi
4: end for
5: Arrange all the feature vectors xi into a n × p2 data matrix X =
( x1 , . . . , xn )
6: Apply a 2-layer stacked sparse autoencoder with a softmax
classiﬁer on X to ﬁnd the n-dimensional vector yˆ of predicted
class labels.
Output: n-dimensional vector yˆ containing predicted class labels
for each 3D shape

4. Experiments
In this section, we conduct extensive experiments to assess the
performance of the proposed DeepGM approach in 3D shape classiﬁcation. The effectiveness of our approach is validated by performing a comprehensive comparison with several shape classiﬁcations methods.
Datasets: The effectiveness of the proposed framework is evaluated on three standard and publicly available 3D shape benchmarks [24–26]: SHREC-2010, SHREC-2011 and SHREC-2015. Sample
shapes from these datasets are shown in Fig. 4.
Performance evaluation measures: The performance of a classiﬁer is usually assessed by applying it to test data with known
target values and comparing the predicted values with the known
values. One important way of evaluating the performance of a classiﬁer is to compute its confusion matrix, which is a K × K matrix
that displays the number of correct and incorrect predictions made
by the classiﬁer compared with the actual classiﬁcations in the test
set, where K is the number of classes.
Another intuitively appealing measure is the classiﬁcation accuracy, which is a summary statistic that can be easily computed
from the confusion matrix as the total number of correctly classiﬁed instances (i.e., diagonal elements of confusion matrix) divided
by the total number of test instances. Alternatively, the accuracy of
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Table 1
Classiﬁcation accuracy results on the
SHREC-2010 dataset. Boldface numbers indicate the best classiﬁcation performance.

Fig. 4. Sample shapes from SHREC-2010 (top), SHREC-2011 (middle), and SHREC2015 (bottom).

a classiﬁcation model on a test set may be deﬁned as follows

Number of correct classiﬁcations
Total number of test cases
|x : x ∈ Xtest ∧ yˆ(x ) = y(x )|
=
,
|x : x ∈ Xtest |

Accuracy =

(12)

where y(x) is the actual (true) label of x, and yˆ(x ) is the label
predicted by the classiﬁcation algorithm. A correct classiﬁcation
means that the learned model predicts the same class as the original class of the test case. The error rate is equal to one minus
accuracy.
Baseline methods: Using the aforementioned 3D shape benchmarks, we carry out a comprehensive comparison between the
proposed DeepGM framework and several baseline methods, including Shape-DNA [10], compact Shape-DNA [12], GPS embedding [11], and F1-, F2-, and F3-features [27]. In order to show the
power of deep learning in further improving the classiﬁcation accuracy results, we also compared DeepGM to the shallow geodesic
moment (GM) approach, which employs a one-vs-all SVM classiﬁer
(i.e., using SVM in Step 6 of Algorithm 1).
Implementation details: All experiments were conducted on
a Dell Optiplex 9020 Windows desktop computer with an Intel Core i7 running 3.4 GHz and 32GB RAM; and all the algorithms were implemented in MATLAB. For training, we used the
p2 − h1 − h2 − K architecture for a stacked sparse autoencoder
with two layers as illustrated in Fig. 5, where p2 is the size of the
input, h1 is the size of the hidden layer for the ﬁrst autoencoder, h2
is the size of the hidden layer for the second autoencoder, and K is
the number of classes in the dataset. We used the logistic sigmoid
function as an activation function for both autoencoders. We also
set the regularization parameter to λ = 0.0 0 01, the target sparsity
probability to ρ = 0.15, and the weight of the sparsity regularization term to β = 3.
The length of a shape descriptor is usually domain speciﬁc and
often chosen empirically through experimentation. As will be discussed later, our extensive experiments reveal that a number of
geodesic moments between 20 and 30 gives better classiﬁcation
accuracy. In particular, we set the number of moments to 20 for
SHREC-2010 and SHREC-2011, and to 30 for SHREC-2015. In other

Method

Average accuracy %

F1-features
F2-features
F3-features
Shape-DNA
cShape-DNA
GPS-embedding
GM
DeepGM

76.83 ± 2.77
77.17 ± 4.01
75.83 ± 3.95
82.67 ± 1.96
78.50 ± 5.58
87.17 ± 3.60
92.17 ± 4.17
96.33 ± 1.05

words, each shape in the SHREC-2010 and SHREC-2011 datasets is
represented by a 400-dimensional geodesic feature vector, while
each shape in SHREC-2015 is described by a 900-dimensional feature vector.
The sizes of the hidden layers for the ﬁrst and second autoencoders are set to h1 = 200 and h2 = 100, respectively. In our
DeepGM approach, we use the features learned by the second autoencoder to perform shape classiﬁcation. More speciﬁcally, we
classify the 100-dimensional deep feature vectors by training a
softmax layer in a supervised fashion using labels for the training
data. In all our experiments, we selected a 70%/30% split between
training and testing, respectively.
For the baseline methods shape-DNA, GPS embedding, F1-, F2-,
and F3-features, we set the number of retained eigenvalues to 10.
For cShape-DNA, the dimension of the signature was set to 33 as
suggested in [12].
4.1. SHREC-2010 dataset
The SHREC-2010 dataset consists of 200 nonrigid 3D models,
which are classiﬁed into 10 categories. The models are represented
as watertight triangle meshes [25]. Each category contains 20 objects in a different posture. The 10 categories that make up the
dataset are: ants, crabs, hands, humans, octopus, pliers, snakes,
spectacle, spiders and teddy bear.
Performance evaluation: The SHREC-2010 dataset is randomly
divided into 70% for training and 30% for testing, yielding a test
set of 60 samples. We ﬁrst train the model using the training data
to learn the classiﬁcation model. Then, the resulting model is used
on the test data to derive classiﬁcation results. The confusion matrix displayed in Fig. 6 shows that the proposed DeepGM approach
was able to classify most of the objects correctly, except for one
instance of the spider model which was misclassiﬁed as a crab, indicating that DeepGM is able to capture discriminate features to
distinguish between various 3D shapes.
Results: In our DeepGM approach, each 3D shape in the SHREC2010 dataset is represented using 20 geodesic moments, resulting
in a data matrix X of size 400 × 200.
We compare the proposed DeepGM method to shape-DBA,
compact shape-DNA, GPS embedding, F1-, F2-, F3-features, and the
GM approach. For each method, we followed the standard practice
of running the algorithm 10 times with different randomly selected
training and testing datasets, and then we recorded the mean and
standard deviation for each method. Table 1 displays the classiﬁcation accuracy rates for all methods. As can be seen, DeepGM
achieves better performance than Shape-DNA, cShape-DNA, GPS
embedding, F1-, F2-, F3-features, and the GM classiﬁer. The classiﬁcation accuracy of DeepGM is 96.33%, which shows improvements of 4.16% and 9.16% over the best performing classiﬁers GM
approach and GPS embedding, respectively. In addition to plotting
the average classiﬁcation accuracy rates, Fig. 7 shows the error bars
of DeepGM and the baseline methods on the SHREC-2010 dataset.
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Fig. 5. Graphical diagram of DeepGM architecture using a 2-layer stacked sparse autoencoder.

Fig. 6. Confusion matrix for DeepGM on SHREC-2010.

Fig. 8. Confusion matrix for DeepGM on SHREC-2011.

4.2. SHREC-2011 dataset

Fig. 7. Classiﬁcation accuracy rates with error bars for DeepGM and baseline methods on SHREC-2010.

Error bars are a graphical representation of the variability of data.
Each error bar in Fig. 7 represents the distance of the measurement
of the standard deviation below or above the average classiﬁcation
accuracy. As can be seen, the error bar of DeepGM is the smallest,
indicating a much better performance than the baseline methods.

SHREC-2011 is a large-scale dataset of 600 nonrigid 3D objects
from 30 classes, where each class contains an equal number of objects. The models are represented as watertight triangular meshes
and are obtained by transforming 30 original object models [25].
These 30 classes are: alien, ant, armadillo, bird1, bird2, camel, cat,
centaur, dino_skel, dinosaur, dog1, dog2, ﬂamingo, glasses, gorilla,
hand, horse, lamp, man, octopus, paper, pliers, rabbit, santa, scissor, shark, snake, spider, twoballs and woman.
Performance evaluation: We randomly selected 30% of the
SHREC-2011 benchmark for testing and the rest for training the
classiﬁer, resulting in training and test sets of 420 and 180 shapes,
respectively. Following a similar procedure as in the previous experiment, we represent SHREC-2011 by a data matrix X of size
40 0 × 60 0. The training data is used to learn the classiﬁcation
model, which is in turn used on the test data to predict the class
labels. As shown in Fig. 8, our DeepGM approach was able to correctly classify approximately 98% of the shapes in the test data, except for one instance of the spider model which was misclassiﬁed
as an ant.
Results: To obtain reliable results, the experiments were repeated 10 times with different randomly selected datasets for
training and testing. Then, the mean and standard deviation of the
resulting accuracy for each method were recorded, and the results
are reported in Table 2. We also display in Fig. 9 the classiﬁcation
accuracy rate for each method along with the associated error. As
can be seen, DeepGM outperforms all baseline methods, including
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Table 3
Classiﬁcation accuracy results on the
SHREC-2015 dataset. Boldface numbers indicate the best classiﬁcation performance.

Table 2
Classiﬁcation accuracy results on the
SHREC-2011 dataset. Boldface numbers indicate the best classiﬁcation performance.
Method

Average accuracy %

Method

Average accuracy %

F1-features
F2-features
F3-features
Shape-DNA
cShape-DNA
GPS-embedding
GM
DeepGM

83.78 ± 3.03
80.83 ± 2.24
80.33 ± 2.15
85.39 ± 2.36
88.77 ± 1.77
83.22 ± 1.88
94.11 ± 1.28
97.89 ± 0.57

F1-features
F2-features
F3-features
Shape-DNA
cShape-DNA
GPS-embedding
GM
DeepGM

56.03 ± 4.46
50.86 ± 3.54
62.66 ± 1.90
61.17 ± 3.38
74.80 ± 1.41
63.40 ± 1.73
83.34 ± 1.88
93.03 ± 0.64

4.3. SHREC-2015 dataset

Fig. 9. Classiﬁcation accuracy rates with error bars for DeepGM and baseline methods on SHREC-2011.

The SHREC-2015 dataset consists of 1200 3D watertight triangle
meshes, which are classiﬁed into 50 categories. The models in each
category are obtained by transforming the original 3D meshes of
the same category.
Performance evaluation: We randomly selected 30% shapes
in SHREC-2015 to hold out for the test set, and the remaining
shapes for training. That is, the training and test sets consist of
840 and 160 shapes, respectively. First, we train a stacked sparse
autoencoder with two hidden layers on the training data to learn
the deep classiﬁcation model. Then, we use the resulting, trained
model on the test data to predict the class labels.
Results: Each 3D shape in the SHREC-2015 dataset is represented by a 900-dimensional feature vector, resulting in a data
matrix X of size 900 × 1200. In a bid to obtain reliable results,
we repeated the experiments 10 times for the proposed DeepGM
approach as well as for each of the baseline methods, and we
recorded the resulting classiﬁcation accuracy rates. The average accuracy results along with the standard deviations are shown in
Table 3. Fig. 12 displays the SHREC-2015 classiﬁcation accuracy rate
for each method along with the associated error. As can be seen,
DeepGM outperforms all the baseline methods. The average accuracy of DeepGM is 93.03%, with performance improvements of
18.23% and 29.63% over the best performing baseline methods of
cShape-DNA and GPS-embedding, respectively. DeepGM also yields
a 9.69% accuracy improvement over the GM approach, which uses
a one-vs-all multiclass SVM classiﬁer. These substantial improvements in accuracy rates over the baseline methods dataset demonstrate the robustness of DeepGM in 3D shape classiﬁcation.
4.4. Parameter sensitivity

Fig. 10. DeepGM learned weights from the ﬁrst layer (left) and second layer (right)
on the SHREC-2011 dataset.

the GM approach which uses a one-vs-all multiclass SVM classiﬁer. The average accuracy of DeepGM is 97.89% with performance
improvements of 9.12% and 12.50% over cShape-DNA and ShapeDNA, respectively. DeepGM also yields a 3.78% accuracy improvement over the GM using classiﬁer, indicating the advantage of using deep learning models over shallow ones.
The learned weights from the ﬁrst and second autoencoders are
shown in Fig. 10. The features learned by the second autoencoder
are depicted in Fig. 11. As can be shown, the features are quite
similar for shapes from the same class, meaning that DeepGM is
robust to nonrigid deformations.

We tested the performance of the proposed DeepGM approach
using different values for the number of geodesic moments. Our
experiments show that a number of geodesic moments in the
range of 20–30 is usually suﬃcient to capture the discriminative
features from 3D shapes for better classiﬁcation accuracy, as depicted in Fig. 13 for all the three benchmarks used in experimentation.
5. Discussion
It is worth pointing out that an image descriptor, called patch
geodesic moments, has been previously applied to 2.5D face recognition [28]. While the patch geodesic moments are computed via
the local geodesic distance on range images only, the proposed
geodesic moments are deﬁned via spectral geometry and can be
computed on both range data and 3D shapes. Moreover, we adopt
a completely different strategy that uses the global geodesic distance in conjunction with the Laplace–Beltrami operator to represent the shape information. In other words, our approach differs
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Fig. 11. DeepGM learned features for three women models (top) and three gorilla models (bottom) from the SHREC-2011 dataset.

Fig. 12. Classiﬁcation accuracy rates with error bars for DeepGM and baseline
methods on SHREC-2015.

in the way the geodesic moments are deﬁned and computed. To
enrich the geodesic moments based shape representation, we employed a 2-layer sparse stacked autoencoder to learn deep features
by training the hidden layers individually in an unsupervised manner, resulting in a compact yet discriminative deep shape descriptor. The proposed DeepGM framework embodies several key ideas

Fig. 13. Classiﬁcation accuracy vs. number of geodesic moments.

that provide signiﬁcant beneﬁts over other existing shape classiﬁcation methods. DeepGM represents the 3D shapes in a dataset by
a low-dimensional feature vectors, which are arranged into a data
matrix. The latter is then fed into a sparse stacked autoencoder to
learn deep features, which are subsequently classiﬁed by training
a softmax layer.
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We performed extensive experiments to demonstrate that our
DeepGM approach achieves state-of-the-art performance on different datasets. In particular, we included a shallow GM classiﬁer in
our experiments in order to show not only the eﬃciency of the
geodesic model, but also the power of the deep learning in signiﬁcantly improving the classiﬁcation results. The experimental results
show improved classiﬁcation accuracy results of the DeepGM approach over the shallow GM classiﬁer, with improvements of 4.16%,
3.78% and 9.69% on the SHREC-2010, SHREC-2011, and SHREC-2015
datasets, respectively.
A major issue with most machine learning models is overﬁtting,
which needs to be adequately addressed. To address this concern,
we resorted to a number of techniques that provide effective remedies to overﬁtting: (1) the use of the L2-norm regularization in the
deep learning model controls the penalty for complexity, and we
set the regularization parameter to α = 0.0 0 01. (2) early stoppage
by using a validation set, resulting in a more conservative estimate
of generalization. (3) the use of a smaller number of neurons in
the hidden layers, thereby signiﬁcantly reducing the number of parameters (weights) in the model. Each shape in the dataset is represented by a 400-or 900-dimensional geodesic feature vector, and
we set the sizes of the hidden layers for the ﬁrst and second autoencoders to h1 = 200 and h2 = 100, respectively. (4) the use of
sparsity in the model helps downsize the active neurons. We set
the target sparsity probability to ρ = 0.15 and the weight of sparsity regularization term to β = 3. In addition to dropout regularization which constrains the network adaptation to the data during training and hence improves its generalization ability, the use
of cross-validation helps detect overﬁt models by determining how
well the model generalizes to other datasets by partitioning the
data. In all experiments, we partitioned our data into training, validation and testing sets in an effort to avoid the overﬁtting issues.
6. Conclusion
In this paper, we introduced a discriminative classiﬁer using
deep learning with geodesic moments. The proposed approach
uses stacked sparse autoencoders with two hidden layers to learn
high-level features, which were shown to offer a higher discrimination power for 3D shape classiﬁcation. We showed through extensive experiments on several 3D shape benchmarks that our
deep learning based approach substantially outperforms existing
methods not only in terms of classiﬁcation accuracy rates, but also
in terms of standard error rates. For future work, we plan to apply
the proposed approach to other 3D shape analysis problems. In addition to exploring pre-trained deep learning models on larger 3D
shape benchmarks, we also plan to investigate other deep neural
network architectures in an effort to further improve the classiﬁcation accuracy results.
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