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Machine Element Design
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• In Figures - line ab is normal to the contacting  

tooth surfaces, and that (neglecting sliding  

friction) it was the line of action of the forces  

between mating teeth.

• The force between mating teeth can be

resolved at the pitch point (P) into two

components.

1. Tangential component Ft , which, when  

multiplied by the pitch line velocity, accounts  

for the power transmitted.

2. Radial component Fr , which does no work  

but tends to push the gears apart.

• From figure the relationship between Ft  & Fr is



• To analyze the relationships between the gear  

force components and the associated shaft  

power and rotating speed, the gear pitch line  

velocity V, in feet per minute, is

• where d is the pitch diameter in inches of the

gear rotating n rpm. The transmitted power in

horsepower (hp) is

• where Ft is in pounds and V in feet per minute.

• In SI units

• where d is the pitch diameter in mm of the  

gear rotating n rpm and V is in m/s. The  

transmitted power in watts (W) is

• Where Ft is in newtons













• After gear geometry and force analysis,  

looking into how much power a gear pair  

will transmit without tooth failure.

• Figure shows photoelastic pattern of  

stresses in gear-tooth. Highest stresses

exist where the lines are closest together.

1. the point of contact with the mating gear,  

where force F is acting,

2. in the fillet at the base of the tooth.

• Designing gears will deal with bending

fatigue at the base of the tooth and with

surface durability

• As will be seen, the load capacity and  

failure mode of a pair of gears are affected  

by their rotating speed.



• The first analysis of gear-tooth stresses was presented by Lewis in 1892 - still 

used for gear-tooth bending stress analysis. 

• Figure shows a gear tooth loaded as a cantilever beam, with resultant force F 

applied to the tip. Mr. Lewis made the following simplifying assumptions.

• The full load is applied to the tip 

of a single tooth. This is obviously 

the most severe condition and is 

appropriate for gears of “ordinary” 

accuracy. 

• For high precision gears, however, 

the full load is never applied to a 

single tooth tip. 

• With a CR > 1, each new pair of 

teeth comes into contact while the 

previous pair is still engaged.



• After the contact point moves down some distance from the tip, the previous teeth 

go out of engagement and the new pair carries the full load (unless, CR>2).

• This is the situation depicted in stress Figure. Thus, with precision gears, the 

tooth should be regarded as carrying only part of the load at its tip, and the full 

load at a point on the tooth face where the bending moment arm is shorter.



• The radial component, Fr , is negligible. This is a conservative assumption, as Fr 

produces a compressive stress that subtracts from the bending tension at point a of 

Figure. (The fact that it adds to the bending compression in the opposite fillet is 

unimportant because fatigue failures always start on the tensile side.) 

• The load is distributed uniformly 

across the full face width. This is 

a non-conservative assumption 

and can be instrumental in gear 

failures involving wide teeth and 

misaligned or deflecting shafts.

• Forces which are due to tooth 

sliding friction are negligible.

• Stress concentration in the tooth 

fillet is negligible. K factors were 

unknown in Mr. Lewis’s time but 

are now known to be important. 



• Proceeding with the development of the Lewis equation, from Figure, the gear 

tooth is everywhere stronger than the inscribed constant strength parabola, except 

for the section at a where the parabola and tooth profile are tangent. At point a

• For similar triangles

• Substituting d into c gives

• if lewis factor y is 2x/3p then

 = M/Z and Z = bt2/6 



• Gears are made to standard diametral pitch                                                                           

P, which is p = /P and then y = Y/ 

• where Y is the Lewis form factor based on DP, Por Module, m. 

Both Y & y are functions of tooth shape (not size) and therefore 

vary with the number of teeth in the gear. 

or

• Values of Y for standard gear 

systems are given in Figure 15.21. 

• For nonstandard gears, the factor can 

be obtained by graphical layout of 

the tooth or by digital computation.

• Lewis equation indicates that tooth-

bending stresses vary (1) directly 

with load Ft, (2) inversely with tooth 

width b, (3) inversely with tooth size 

p, 1/P, or m and (4) inversely with 

tooth shape factor Y or y.



FIGURE 15.21

Values of Lewis form factor Y for standard spur gears 

(load applied at tip of the tooth).



• In addition to 4 factors in Lewis equation, modern gear design procedures take 

into account several additional factors that influence geartooth- bending stresses.

1. Pitch line velocity. The > the linear velocity of the gear teeth, the > the impact of 

successive teeth as they come into contact. These impacts happen because the 

tooth profiles can never be made with absolute perfection; and even if they were, 

deflections are inevitable, for operating loads cause a slight impact as each new 

pair of teeth come into engagement.

2. Manufacturing accuracy. An important factor influencing impact loading. 

Furthermore, manufacturing accuracy is the factor determining whether or not 

teeth share the load when two or more pairs of teeth are theoretically in contact.

3. Contact ratio. For precision gears 1<CR<2, the transmitted load 

is divided among two pairs of teeth whenever a new tooth comes 

into contact at its tip. As the contact point moves down the new 

tooth, the meshing teeth ahead go out of contact. So two loading 

conditions : (a) carrying part of the load (assumed to be 1/2) at 

the tooth tip and (b) carrying the full load at the point of highest 

single-tooth contact. For gears of (2 < CR < 3), we should 

consider a three-way division of load at tooth tip contact, and a 

two-way division at the highest point of double-tooth contact.



4. Stress concentration at the base of the tooth

5. Degree of shock loading involved in the application

6. Accuracy and rigidity of mounting

7. Moment of inertia of the gears and attached rotating members. Slight tooth 

inaccuracies tend to cause momentary angular accelerations and decelerations of 

the rotating members. If the rotating inertias are small, the members easily 

accelerate without imposing high momentary tooth loads. With large inertias, the 

rotating members tend strongly to resist acceleration, thereby causing large 

momentary tooth loads. Significant torsional elasticity between the gear teeth 

and the major sources of inertia may tend to isolate the gear teeth from the 

harmful inertial effect. 

• The problem of gear-tooth-bending fatigue requires an evaluation of (a) the 

fluctuating stresses in the tooth fillet and (b) the fatigue strength of the material 

at this same highly localized location. 

• So far only stresses have been considered; now consider the strength aspect.



• The important strength property is usually the bending fatigue strength, as 

represented by the endurance limit. 

• which, for steel members, is usually

• Gear teeth generally loaded in one direction. Idler teeth and planet pinions are 

loaded in both directions. 

• ideally make a m-a diagram for each case, figure shows the basis for the 

common generalization:

• For infinite life, peak stresses must be < the reversed bending endurance limit for 

an idler gear, but peak stresses can be 40% > for a driving or driven gear.

• For a reliability of other than 50%, gear-bending strength calculations are 

commonly based on the assumption that the tooth-bending fatigue strength has a 

normal distribution with one standard deviation being about 8 % of the nominal 

endurance limit.

• If gear teeth operate at elevated temperatures, the fatigue properties of the 

material at the temperatures involved must be used.





• Gear design and analysis should be done with latest AGMA stds and the 

procedure is representation of common practice

• In the absence of more specific information, the factors affecting gear-tooth 

bending stress can be taken into account by adding factors to the Lewis equation

• where

• J = spur gear geometry factor from Figure 15.23. This factor includes the Lewis 

form factor Y and also a stress concentration factor based on a tooth fillet radius 

of 0.35/P. Values are given for no load sharing (nonprecision gears) and also for 

load sharing (high-precision gears). In load sharing the J factor depends on the 

number of teeth in the mating gear, (which determines CR), which determines the 

highest point of single-tooth contact.







• Gear design and analysis should be done with latest AGMA stds and the 

procedure is representation of common practice

• In the absence of more specific information, the factors affecting gear-tooth 

bending stress can be taken into account by adding factors to the Lewis equation

• where

• J = spur gear geometry factor from Figure 15.23. This factor includes the Lewis 

form factor Y and also a stress concentration factor based on a tooth fillet radius 

of 0.35/P. Values are given for no load sharing (nonprecision gears) and also for 

load sharing (high-precision gears). In load sharing the J factor depends on the 

number of teeth in the mating gear, (which determines CR), which determines the 

highest point of single-tooth contact.

• Kv = velocity or dynamic factor, indicating the severity of impact as successive 

pairs of teeth engage. This is a function of pitch line velocity and manufacturing 

accuracy. Figure 15.24 gives guidelines pertaining to representative gear 

manufacturing processes. For reference, curve A is for AGMA quality control 

number (class), Qv = 9, curve B for Qv = 6 and curve C for Qv = 4.





• Ko = overload factor, reflecting the degree of nonuniformity of driving and load 

torques. Table 15.1 have long been used as a basis for rough estimates.

• Km = mounting factor, reflecting the accuracy of mating gear alignment. Table 

15.2 is used as a basis for rough estimates.



• Ko = overload factor, reflecting the degree of nonuniformity of driving and load 

torques. Table 15.1 have long been used as a basis for rough estimates.

• Km = mounting factor, reflecting the accuracy of mating gear alignment. Table 

15.2 is used as a basis for rough estimates.



• The effective fatigue stress from Eq. 15.17 must be compared with the 

corresponding fatigue strength. For infinite life the appropriate endurance limit is



• kt = temperature factor, CT . For steel gears use kt = 1.0 if the T< 160F. If not,

• kms = mean stress factor. use 1.0 for idler gears (subjected to two-way bending) 

and 1.4 for input and output gears (one-way bending). 

• The safety factor for bending fatigue can be taken as the ratio of fatigue strength 

(Eq. 15.18) to fatigue stress (Eq. 15.17). 

• Its numerical value should be chosen in accordance with Section 6.12. Since 

factors Ko, Km, and kr have been taken into account separately, the “safety factor” 

need not be large 

• Typically, a safety factor of 1.5 might be selected, together with a reliability factor 

corresponding to 99.9 percent reliability.









From chap 8 S’n in Ksi is .25Bhn















• Gear teeth undergo various types of surface damage Excessive loading and lubrication 

breakdown - cause abrasion, pitting, and scoring. 

• Nothing has previously been said about the rubbing velocity of the contacting surfaces. 

Figure shows the same conjugate gear teeth, with vectors showing, Vp & Vg, of the 

instantaneous contact points on the pinion and gear teeth, Vp & Vg are tangential wrt their 

centers of rotation. 

• If the teeth do not separate or crush together, 

Vpn and Vgn normal to the surface are same. 

• This results in Vpt and Vgt tangential 

components being different. 

• The sliding velocity is the difference between 

Vpt and Vgt .

• Figure b shows that when contact at the pitch 

point P , sliding velocity = 0, and the tooth 

relative motion is one of pure rolling. 

• For contact at all other points, the relative 

motion is one of rolling plus sliding, with the 

sliding velocity being directly proportional to 

the distance between the point of contact and 

the pitch point. 

• Three basic types of surface deterioration 

that occur in gear teeth.



• Abrasive wear, caused by the presence of foreign particles, such as gears that are not 

enclosed, enclosed gears that were assembled with abrasive particles present, and gears 

lubricated by an oil supply with inadequate filtration.

• Scoring (a form of adhesive wear), which occurs at high speeds, when adequate 

lubrication is not provided. This causes a high coefficient of sliding friction that, 

together with high tooth loading and high sliding velocities, produces a high rate of heat 

generation in the localized regions of contact. This results in temperatures and pressures 

that cause welding and tearing apart. 

• Scoring can often be prevented by directing an adequate flow (to provide cooling) of 

appropriate lubricant to the teeth as they come into mesh. An appropriate lubricant is 

generally one sufficiently resistant to extreme pressures that it maintains hydrodynamic 

lubrication. 

• Surface finish is also important, with finishes as fine as 20 inches being desirable 

where scoring is a factor. Allowing the gears to smooth themselves during an initial 

“break-in” period of moderate load will increase their resistance to scoring.

• Pitting and spalling, which are, respectively, surface and subsurface fatigue failures 

brought about by the complex stresses within the contact zone. 



• Gears should not fail because of abrasive wear. With proper lubrication and cooling, 

they will not fail because of scoring. If the best heat transfer available can be provided, 

but an adequate lubricant cannot be found, then loads and speeds must be reduced, 

more score-resistant materials used, or the gears made larger. 

• Unlike scoring, which occurs early in the operating life, pitting is typical of fatigue 

failures because it occurs only after accumulating a sufficient number of load cycles. 

• Since contact stress S–N curves do not level off after 106 or 107 cycles even with steel 

members, this type of potential surface failure must be considered in every gear design.

• Generally good correlation has been observed between spur gear surface fatigue failure 

and the computed elastic surface stress (Hertz stress). 

• Adapting the Hertz equation to spur gear teeth was done by Buckingham who noted 

that gear-tooth pitting occurs predominantly in the vicinity of the pitch line where, 

because of zero sliding velocity, the oil film breaks down. 

• Hence, he treated a pair of gear teeth as two cylinders of radii equal to the radii of 

curvature of the mating involutes at the pitch point. 



• From basic involute geometry, these radii are

• Giving surface (Hertz) fatigue stress as

• Where b is the gear face width

• Because of the increased contact area with load, stress increases only as the square root 

of load Ft (or square root of load/inch of face width, Ft/b). 

• Contact area ↑ses (and stress ↓ses) with ↓sed moduli, Ep and Eg. 

• Larger gears have greater radii of curvature, hence lower stress. 

• Contact stresses are influenced by manufacturing accuracy, pitch line velocity, shock 

loading, shaft misalignment and deflection, and moment of inertia and torsional 

elasticity of the connected rotating members. 

• Similarly, surface fatigue strength of the material is affected by the reliability 

requirement and by possible temperature extremes.



• Equation 15.21 can be simplified  by (1) combining matl properties as elastic coeff, Cp, 

and (2) combine terms relating to tooth shape into geometry factor, I:

• Where R is the ratio of gear to pinion diameters

• R is +ve for external gears and –ve for a pinion and internal gear.

• Substituting Cp and I into Eq. 15.21, and introducing factors Kv, Ko, and Km, which 

were used with the bending fatigue analysis, gives

• I can be calculated from 15.23 and CP can be determined from the tables





• The actual stress state at the point of contact is influenced by several factors not 

considered in the simple Hertz equation 

• These include thermal stresses, changes in pressure distribution because a lubricant is 

present, stresses from sliding friction etc. So the stresses calculated from Eq. 15.24 

must be compared with surface fatigue strength S–N curves that have been obtained 

experimentally from tests in which these additional factors were at least roughly 

comparable with those for the situation under study. 

• Table 

gives 

represen

tative 

values 

of 

informat

ion 

about 

surface 

fatigue 

strength.



• It is desirable for one of the contacting members to be harder than the other. In case of 

steel set, the pinion is made harder because pinion is subjected to a higher of fatigue 

cycles and it is economical to manufacture the smaller pinion to higher hardness. 

• Typically, the hardness differential ranges from about 30 Bhn for gears in the 200-Bhn 

range to about 100 Bhn for the 500-Bhn range and 2 Rockwell C for the 60RC range. 

• For hardness differentials not exceeding these values, the average hardness can be used 

for checking both pinion and gear.

• For surface-hardened steel gears, the hardness used with Table 15.5 is the surface 

hardness, but the depth of the hardened case should extend down to the peak shear 

stresses. 

• This would normally be at 

least 1 mm, or 0.040 in.

• For fatigue lives other than 

107 cycles, multiply the 

values of Sfe (Table 15.5) 

by a life factor, CLi, from 

Figure 15.27 representing 

average shape of S-N 

curve of steel



• Rough appropriate reliability factor CR, in Table, is used (in Eq. 15.25).

• When gear-tooth surface temperatures are high (above about 120ºC, or 250ºF), we must 

determine the appropriate surface fatigue strength for the material and temperature of 

the gear teeth. (A temperature correction factor for surface fatigue strength has not been 

included in Eq. 15.25.)

• Applying the information about surface fatigue strength just given, the resulting 

equation for gear-tooth surface fatigue strength, which should be compared to the gear-

tooth surface fatigue stress from Eq. 15.24, is

• The Safety Factor, defined as the multiplier of Ft needed to make H equal to SH, can be 

small (1.1 to 1.5). Many of the factors often included in “SF” are already accounted

• The consequences of failure are low as 

pitting failures develop slowly and give 

warning by increasing gear noise. 

• The extent of surface fatigue damage 

constituting “failure” is arbitrary, and 

the gears will continue to operate for 

some period of time after their surface 

endurance “life” has expired. 

















• Sample Problems so far shows the analysis of estimated capacity of a given pair of 

gears. As is generally the case with machine components, it is a more challenging task 

to design a suitable pair of gears for a given application. Few general observations.

1. Increasing the surface hardness of steel gears pays off handsomely in terms of surface 

endurance. Table 15.5 indicates that doubling the hardness more than doubles surface 

fatigue strength (allowable Hertz stress); Eq. 15.24 shows that doubling the allowable 

Hertz stress quadruples the load capacity Ft.

2. Increases in steel hardness also increase bending fatigue strength, but the increase is far 

less. For example, doubling the hardness will likely not double the basic endurance 

limit, (flattening of curves in Figure 8.6). Furthermore, doubling hardness substantially 

reduces CS (see Figure 8.13). 



3. Increasing tooth size (using a coarser pitch) increases bending strength more than 

surface strength. This fact, together with points 1 and 2, correlates with two 

observations. (a) A balance between bending and surface strengths occurs typically in 

the region of P = 8 for high-hardness steel gears (above about 500 Bhn, or 50RC), with 

coarser teeth failing in surface fatigue and finer teeth failing in bending fatigue. (b) 

With progressively softer steel teeth, surface fatigue becomes critical at increasingly 

fine pitches. Other materials have properties giving different gear-tooth strength 

characteristics. 

4. In general, the harder the gears, the more costly they are to manufacture. On the other 

hand, harder gears can be smaller and still do the same job. And if the gears are 

smaller, the housing and other associated parts may also be smaller and lighter. 

Furthermore, if the gears are smaller, pitch line velocities are lower, and this reduces 

the dynamic loading and rubbing velocities. Thus, overall cost can often be reduced by 

using harder gears.

5. If minimum-size gears are desired (for any given gear materials and application), it is 

best in general to start by choosing the minimum acceptable number of teeth for the 

pinion (usually 18 teeth for 20º pinions, and 12 teeth for 25º pinions), and then solving 

for the pitch (or module) required.





















• The least expensive gear material is CI, ASTM grade 20. Grades 30, 40, 50, and 60 are 

progressively stronger and more expensive.

• CI gears typically have greater surface fatigue strength than bending fatigue strength. 

Their internal damping tends to make them quieter than steel gears.

• Nodular CI gears have substantially greater bending strength, together with good 

surface durability. A good combination is often a steel pinion mated to a CI gear.

• Steel gears that are not heat-treated are inexpensive, but have low surface endurance 

capacity. Heat-treated steel gears must be designed to resist warpage; hence, alloy 

steels and oil quenching are usually preferred. 

• For hardnesses > 250 to 350 Bhn, machining must usually be done before hardening.

• Greater profile accuracy is obtained if the surfaces are finished after heat treating, as

• by grinding. (But if grinding is done, avoid residual tensile stresses at surface.) 

• Through-hardened gears generally have 0.35 to 0.6 % carbon. Surface or case-

hardened gears are usually processed by flame hardening, induction hardening, 

carburizing, or nitriding.

• Of the nonferrous metals, bronzes are most often used for making gears.



• Nonmetallic gears made of acetal, nylon, and other plastics are generally quiet, 

durable, reasonably priced, and can often operate under light loads without lubrication.

• Their teeth deflect more easily than those of corresponding metal gears. This promotes 

effective load sharing among teeth in simultaneous contact, but results in substantial 

hysteresis heating if the gears are rotating at high speed. 

• Since non-metallic materials have low thermal conductivity, special cooling provisions 

may be required. 

• Also, these materials have relatively high coefficients of thermal expansion, and thus 

may require installation with greater backlash than metal gears.

• Often the base plastics used for gears are formulated with fillers, such as glass fibers, 

for strength, and with lubricants such as Teflon for reduced friction and wear.

• Nonmetallic gears are usually mated with CI or steel pinions. 

• For best wear resistance, hardness of mating metal pinion should be at least 300 Bhn.

• Design procedures for gears made of plastics are similar to those for gears made of 

metals, but are not yet as reliable. 

• Hence, prototype testing is even more important than for metal gears.


