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Abstract. In interpenetrating phase composites, there are at least two phases that are each in-
terconnected in three dimensions, constructing a topologically continuous network throughout the
microstructure. The dependence relation between the macroscopically effective properties and the
microstructures of interpenetrating phase composites is investigated in this paper. The effective
elastic moduli of such kind of composites cannot be calculated from conventional micromechanics
methods based on Eshelby’s tensor because an interpenetrating phase cannot be extracted as dis-
persed inclusions. Using the concept of connectivity, a micromechanical cell model is first presented
to characterize the complex microstructure and stress transfer features and to estimate the effective
elastic moduli of composites reinforced with either dispersed inclusions or interpenetrating networks.
The Mori–Tanaka method and the iso-stress and iso-strain assumptions are adopted in an appropriate
manner of combination by decomposing the unit cell into parallel and series sub-cells, rendering the
calculation of effective moduli quite easy and accurate. This model is also used to determine the
elastoplastic constitutive relation of interpenetrating phase composites. Several typical examples are
given to illustrate the application of this method. The obtained analytical solutions for both effective
elastic moduli and elastoplastic constitutive relations agree well with the finite element results and
experimental data.

Key words: micromechanics, constitutive relation, effective elastic moduli, interpenetrating phase
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1. Introduction

Recently, much attention has been attracted to interpenetrating or co-continuous
phase composites, which contains at least two phases that are each interconnected
in three dimensions, constructing a topologically continuous network throughout
the microstructure. If any one of the constituent phases were removed from such a
composite, the remaining material would form a self-supporting, open-celled foam
which can still bear loading. Many biomaterials such as bones and trunks also
have interpenetrating microstructures. Of late years, some methods (e.g., directed
metal oxidation, self-propagating high-temperature synthesis, and gas pressure as-
sisted infiltration) have been developed for synthesizing interpenetrating phase
composites [1–12]. This new generation of composites possesses some physical
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and mechanical properties that are evidently different from and often superior to
conventional fiber- or particle-reinforced composites [1, 2]. Since an interpene-
trating phase is continuous in all directions, some desired aspects of its properties
can be utilized more efficiently in the overall behavior of composites [1, 2, 13].
In a two-phase interpenetrating or bi-continuous composite made of metal and
ceramic, for example, the ceramic phase enhances the abrasive resistance and frac-
ture strength while the metal improves the properties of electrical conductivity and
plasticity. However, how interpenetrating microstructures influence the mechanical
properties of composites remains a question largely unanswered, due in large part
to a scarcity of experimental data or theoretical investigation in this field.

The determination of the overall effective properties of interpenetrating multi-
phase composites is of great interest, but little work has been done on this subject.
Micromechanical analysis of heterogeneous materials provides their overall be-
havior from the known properties of individual constituents (e.g., matrix and inclu-
sions). Various estimation schemes (e.g., dilute concentration or non-interacting
method, self-consistent method, generalized self-consistent method, and Mori–
Tanaka method) have been proposed to calculate the effective transport moduli
(e.g., thermal conductivity, electrical conductivity, elastic moduli, dielectric con-
stants, piezoelectric coefficients, and magnetic permeability) of heterogeneous ma-
terials or composites [14–16]. However, most of the previous work has been con-
ducted for those composite materials comprised of well-defined inclusions (e.g.,
spheres, whiskers, flakes and cylinders) dispersed in a connected matrix phase,
because it is much more difficult to treat interpenetrating multiphase composites.

Using the concept of matricity introduced first by Poech and Ruhr [17], Leesle
et al. [18, 19] developed a self-consistent matricity model to simulate numerically
the mechanical behavior of an isotropic two-phase composite with a coarse in-
terpenetrating microstructure. Levassort et al. [20] suggested a unit cell model to
estimate the effective electromechanical moduli of a 3-3(3-0) piezoelectric two-
phase composite. Wegner and Gibson [2] suggested a numerical model to estimate
the effective properties of interpenetrating binary composites. This model was di-
rected mainly towards simulating the mechanical properties of isotropic materials
reinforced with coarse particles in such a large volume fraction that they are in-
terconnected as a three-dimensional network. These models are difficult to charac-
terize the complicated microstructures of interpenetrating multiphase composites,
especially when the spatial distribution of individual phases and the macroscopic
properties of composites are anisotropic. Using statistical correlation functions,
Torquato [16, 21, 22] established the multi-point bounds for heterogeneous materi-
als, which are sharper than the Voigt–Reuss (or one-point) bounds and the Hashin–
Shtrikman (or two-point) bounds. Until recently, however, applications of high-
point bounds are still very limited because of the prohibitive complexity involved
in ascertaining the statistical correlation functions for engineering composites.

One of the key considerations in estimation of the effective constitutive relation
of a composite is the appropriate modeling of the stress transfer relation of the
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constituent phases with specific microstructures. Long fibers can bear high stresses
only in their axial direction, while platelets with high diameter-to-thickness ra-
tios can transfer stress effectively in any in-plane directions. In interpenetrating
composites, however, the reinforcing phase can transfer stresses effectively in all
directions. In the present paper, a micromechanical method is employed for es-
timating the effective elastic and plastic properties of interpenetrating multiphase
composites. A cell model is defined to describe the interpenetrating microstructures
including the volume fractions, connectivities, and anisotropic spatial distributions
of the constituent phases. Our present attention is focused on the determination of
the effective elastic moduli and elastoplastic constitutive relations of composites.
Some examples are given to examine the efficiency and accuracy of this method.

2. Unit Cell Model

2.1. CHARACTERIZATION OF MICROSTRUCTURES

Many natural interpenetrating phase materials in biology (e.g., bones in mammals
and the trunks and limbs of many plants) are anisotropic both in microstructure
and in macroscopic behaviors [1]. Man-made interpenetrating phase composites
derived by such approaches as directed metal oxidation and colloidal methods
also possess somewhat anisotropic properties. However, there is still a lack of
micromechanical methods for simulating the mechanical behaviors of anisotropic
interpenetrating phase composites.

Now, let us consider a macroscopically homogeneous n-phase composite, in
which the elastic properties and spatial arrangements of individual phases may be
anisotropic. Assume that in the composite, n1 phases (say phases 1, 2, . . . , n1) are
each continuously self-connected in three dimensions, and the other n2 phases (i.e.,
phases n1+1, n2+2, . . . , n with n1+n2 = n) appear as well-defined, disconnected
inclusions. If a constituent material exists both in the form of a continuous network
and dispersed inclusions, then it is considered as two different phases, a self-
connected or interpenetrating phase and a dispersed inclusion phase. Connectivity
suggested by Newnham et al. [23] is a practical concept for describing the spatial
arrangement of each phase in such a composite since it gives the number of dimen-
sions in which each component is self-connected. The connectivity characterizing
the microstructural feature of the above-defined n-phase composite is designated
as 31 − 32 − · · · − 3n1 − 0n1+1 − 0n1+2 − · · · − 0n, where the subscripts stand for
the corresponding phases. A phase of fiber or flake shape, with connectivity being
1 and 2, respectively, can also be incorporated easily in the present model, but is
omitted here for conciseness.

Choose one interpenetrating phase, say the n1th one, as the matrix of the com-
posite, which usually has a relatively large volume fraction. It might be assumed,
for the sake of simplicity, that all the isolated inclusions of the n2 phases are em-
bedded in this matrix. Then the interpenetrating matrix and all the n2 constituent
phases of inclusion shape are regarded as a single hybrid phase, which is continu-
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ously self-connected in three dimensions. Thus, the microstructure of the n-phase
composite is simplified as an interpenetrating n1-phase material in which all the
phases are each continuously self-connected. Its connectivity can be simplified as
31 − 32 − · · · − 3n1(3n1 − 0n1+1 − 0n1+2 − · · · − 0n), where the expression in the
parentheses indicates the microstructure of the composite matrix phase, as defined
above.

2.2. UNIT CELL

For such a multiphase composite with complex, interpenetrating microstructures, a
cubic cell of unit volume, filled by the n1 interpenetrating phases, can be specified
according to the volume fractions, connectivity and spatial arrangements of the
phases in the composite. An interpenetrating phase is shown in Figure 1(a) [24]. An
interpenetrating composite can be synthesized by filling the remaining empty part
by other materials. Assume the anisotropic principal axes are aligned along the x1-,
x2- and x3-axes, referring to a Cartesian coordinate system (0−x1x2x3). Each self-
connected phase is presented in the unit cell as three mutually orthogonal branches
with rectangular cross-sections, as shown in Figure 1(b). The dimensions of the
three branches can be determined according to the volume fraction and anisotropic
spatial distribution of this phase. The anisotropic microstructure of an interpene-
trating phase, say the αth one, is described by only three size parameters, aα , bα and
cα , as shown in Figure 1(b). Since the cubic cell is assumed to be of unit volume,
the parameters aα , bα and cα are non-dimensional. This unit cell model keeps the
most significant features of microstructures and stress transfer relations of interpen-
etrating multiphase composites. More parameters may be introduced further in the
cubic cell to characterize the microstructures more exactly, but this will certainly
make the numerical computation and parameter determination cumbersome.

The burgeoning development in computational techniques of image analysis
and the concomitant increase in the computational speed of computers have al-
lowed quantitative characterization of the spatial arrangement of the constituent
phases in multiphase composites. Mathematically, the spatial distribution of the
phases can be determined from several cross-sections of different directions, pro-
vided that the composite is statistically uniform. For a two-phase composite with
the principal axes aligned in the x1-, x2- and x3-directions, for example, a cross-
section normal to one principal axis, say x1, is shown in Figure 2 [9]. The cross-
section fractions of the reinforcing (white) phase and the (black) matrix in this
cross-section can be determined by image analysis and designated as s1,x1 and
s2,x1 = 1 − s1,x1 , respectively, where the first subscript of a parameter denotes
the corresponding phase, and the second stands for the direction of the normal of
the corresponding cross-section. Similarly, one can get s1,x2 , s2,x2 = 1 − s1,x2 ,
s1,x3 and s2,x3 = 1 − s1,x3 . For an isotropic composite, the cross-section frac-
tions of phases are independent of the direction, that is, s1,x1 = s1,x2 = s1,x3 and
s2,x1 = s2,x2 = s2,x3.



PROPERTIES OF INTERPENETRATING MULTIPHASE COMPOSITES 37

(a)

(b)

Figure 1. (a) A single interpenetrating phase in a composite [24], and (b) its model in the unit
cell.
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Figure 2. A cross-section of an interpenetrating two-phase composite [9].

Thus, the size parameters of the αth phase in the unit cell are related to the
cross-section fractions by

bαcα = sα,x1, aαcα = sα,x2, aαbα = sα,x3, (1)

from which one obtains

aα =
(

sα,x2sα,x3

sα,x1

)1/2

, bα =
(

sα,x1sα,x3

sα,x2

)1/2

,

cα =
(

sα,x1sα,x2

sα,x3

)1/2

. (2)

The volume fraction of an interpenetrating phase is related to the three size
parameters by

fα = aαbα + aαcα + bαcα − 2aαbαcα. (3)

In the case of isotropic distribution, one has that aα = bα = cα , and then

fα = a2
α(3 − 2aα). (4)

To illustrate the method for defining a unit cell, two examples are given in
Figure 3, corresponding to two five-phase composites. In Figure 3(a), three phases
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(a)

(b)

Figure 3. Unit cell models of two five-phase composites.
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are self-connected in three dimensions and the other two appear as dispersed in-
clusions, and in Figure 3(b), four phases are self-continuous and the other is of
inclusion shape. Such unit cells for multiphase composites are of interest in analy-
sis, design and characterization of actual materials. On one hand, more than two
phases are often used in a composite to get better comprehensive properties. On
the other hand, if a constituent material of a composite exists in different forms
(network or particles), it is convenient to consider it as different phases in the the-
oretical model for easier calculation, as aforementioned. In what follows, we will
illustrate the construction of the unit cell model and its application in determination
of the effective elastic moduli of interpenetrating-phase composites.

3. Estimation of Effective Elastic Moduli

To yield an analytical estimate on the effective elastic moduli of a composite
with complicated microstructures containing both dispersed inclusions and con-
tinuously self-connected phases, some assumptions and simplifications are neces-
sary. In this section, we determine the overall effective elastic moduli from the
above-suggested unit cubic cell model via a two-step procedure.

First, we determine the effective moduli of the above-defined hybrid matrix
phase, in which a self-connected phase (the n1th one) embeds the n2 inclusion-
dispersed phases, by using one of the conventional micromechanics methods (e.g.,
dilute concentration method, self-consistent method, generalized self-consistent
method, Mori–Tanaka method). The simplest one is the dilute concentration
method, which neglects completely the interaction of inclusions. When consid-
ering interaction effects, one may estimate the effective moduli by using the self-
consistent method, Mori–Tanaka method, and other such “effective medium” ap-
proaches [14–16]. In the present paper, only the Mori–Tanaka method [25] will be
employed because it may easily derive the effective moduli of inclusion-dispersed
composites with good accuracy even for a high volume fraction of inclusions.

The Mori–Tanaka method [25] estimates the effective moduli by assuming that
each inclusion is placed in an infinite pristine matrix subjected to the average stress
σm or the average strain εm in the far field. For the composite matrix with n2 rein-
forcing phases in the form of differently oriented inclusions, the effective stiffness
tensor C can be written as an analytical form

C =
(

fmCm +
n2∑

α=1

frα〈Crα : Aα〉
)

:
(

fmI +
n2∑

α=1

frα〈Aα〉
)−1

, (5)

where the subscripts m and r stand for the quantities of the hybrid matrix and the
reinforcing phase, respectively, α implies the αth reinforcing phase, fm and frα

denote the volume fractions, and Cm and Crα denote the elastic stiffness tensors of
the corresponding phases. A boldface letter stands for a two- or four-order tensor,
and a colon between two tensors denotes contraction (inner product) over two
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indices. The angle brackets 〈·〉 represent the orientation average of a quantity. The
fourth-order tensor Aα, which is the average strain concentration tensor, is defined
by

εrα = Aα : εm, (6)

where εrα denotes the average strain in the αth reinforcing phase (inclusions).
The partial concentration factor Aα was given by Walpole [26] as

Aα = [I + Pα : (Crα − Cm)]−1, (7)

where the fourth-ordered tensor Pα is related to the Eshelby’s tensor S by the
relation

Pα = Sα : (Cm)−1. (8)

Therefore, Pα depends on the orientation and shape of the inclusion as well as on
the elastic moduli of the surrounding matrix. Some expressions of the Eshelby’s
tensor and the average strain-concentration tensor can be found in [27].

The second step is to estimate the effective elastic moduli of the cubic cell,
either by a finite element method or by an approximate analytical method. For a
composite with dispersed inclusions, the iso-stress and iso-strain assumptions lead,
respectively, to the lower and upper bounds of elastic moduli. These two methods
were first introduced by Reuss and Voigt, and, therefore, are also referred to as
the Reuss and Voigt methods, respectively. However, neither the stresses nor the
strains are uniform in the unit cell. Therefore, an appropriate combination of the
iso-stress and iso-strain assumptions may yield the effective elastic moduli of the
cubic cell in a manner much easier than the finite element numerical analysis. Both
the analytical and numerical methods will be adopted in what follows, and it will
be shown in the sequel that their results agree well.

To calculate the effective elastic moduli by using the iso-strain and iso-stress
assumptions, we decompose the unit cell into series and parallel sub-cells. For
isotropic composites, there are only two independent elastic constants (e.g.,
Young’s modulus and shear modulus) in the constitutive relation, which can be
determined from any direction of decomposition. For anisotropic composites, how-
ever, there are more independent elastic constants, which should be determined
from sub-cell decompositions of different directions. In addition, the boundary
conditions prescribed on the boundary of the unit cell play a important role in esti-
mation of effective moduli. The periodic displacement boundary condition is more
appropriate than the traction boundary condition, and, therefore, should be adopted.
However, the exact periodic displacement boundary can be satisfied only by numer-
ical iteration. Therefore, the displacement boundary condition corresponding to a
uniform strain field is assumed in our analytical solution based on the iso-strain and
iso-strain assumptions, while the exact periodic displacement boundary condition
is used in our numerical solution.
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(a) (b)

Figure 4. (a) The unit cell of an interpenetrating two-phase composite, and (b) its decompo-
sition.

To determine the effective Young’s modulus E3 and shear moduli G31 and
G32, for example, the unit cell, consisting of n1 self-connected phases (see, e.g.,
Figure 3), is divided into n1 × n1 sub-cells parallel to the x3-axis, each contain-
ing n1 series blocks. The effective moduli of each sub-cell are determined from
the constitutive relations (either elastic or elastoplastic) and volume fractions of
its constituent phases by adopting the iso-stress assumptions. Finally, the elastic
moduli of the whole cell can be calculated from the obtained constitutive property
of the n1 × n1 sub-cells by using the iso-strain assumption and the homogeniza-
tion technique. Such a decomposition scheme is schematized in Figure 4 for an
interpenetrating two-phase composite.

Evidently, there are three possible directions to divide the cell. If the composite
is isotropic, estimates of the effective Young’s modulus and shear modulus are
independent of the dividing direction. For an anisotropic composite with oriented
network phases, the effective elastic moduli in different directions should be de-
rived from the corresponding decomposition direction. In the isotropic case, for
example, the effective Young’s modulus and shear modulus can be determined by

E =
n1∑

α=1

n1∑
β=1

{[(
n1∑

γ=1

Vαβγ

Eαβγ

)−1 n1∑
γ=1

Vαβγ

]
n1∑

γ=1

Vαβγ

}
,

G =
n1∑

α=1

n1∑
β=1

{[(
n1∑

γ=1

Vαβγ

Gαβγ

)−1 n1∑
γ=1

Vαβγ

]
n1∑

γ=1

Vαβγ

}
, (9)



PROPERTIES OF INTERPENETRATING MULTIPHASE COMPOSITES 43

where (α, β, γ ) denotes the serial number of a sub-cell in the x1-, x2- and x3-
directions (Figure 4(b)), and Eαβγ and Vαβγ denote the Young’s modulus and
volume of the (α, β, γ ) sub-cell.

4. Examples for Calculating Effective Elastic Moduli

4.1. EXAMPLE 1: CONVENTIONAL COMPOSITES REINFORCED BY DISPERSED

INCLUSIONS

For a composite reinforced by distributed inclusions, only the matrix phase is self-
connected in three-dimensions. Thus, the unit cell is reduced to the representative
volume element (RVE), which is extensively employed in the micromechanics of
composites. The effective moduli of the composite can be given directly from
Mori–Tanaka method, i.e., from Equation (5). In this case, therefore, the present
model is identical to the conventional micromechanics models.

For a binary composite reinforced by particles of spherical shape, for instance,
Mori–Tanaka method yields the effective bulk modulus K and shear modulus G as

K = Km + crKm(Kr − Km)

Km + β1(1 − cr)(Kr − Km)
,

G = Gm + crGm(Gr − Gm)

Gm + β2(1 − cr)(Gr − Gm)
, (10)

with

β1 = 1 + νm

3(1 − νm)
, β2 = 2(4 − 5νm)

15(1 − νm)
, (11)

where

Km = Em

3(1 − 2νm)
, Gm = Em

2(1 − νm)

and νm are the bulk modulus, shear modulus and Poisson’s ratio of the matrix,
respectively, Kr and Gr are the bulk modulus and shear modulus of the reinforcing
phase.

4.2. EXAMPLE 2: AN INTERPENETRATING TWO-PHASE COMPOSITE

For an interpenetrating binary composite, the effective moduli can be estimated
easily from the unit cubic cell in Figure 4 by adopting the combination of iso-tress
and iso-strain assumptions. This simple case is of great significance in engineering.
For illustration, we assume that both the phases are isotropic, elastic and uniformly
distributed in all directions. For such a case, one has that a1 = b1 = c1 = a, a2 =
b2 = c2 = 1 − a and the volume fraction of the reinforcing phase f1 = 3a2 − 2a3.
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Table I. Material constants of the constituent phases.

Material Young’s modulus Shear modulus Yield stress Strain-hardening exponent
E (GPa) G (GPa) σ s (MPa) n

420 stainless 210 81.4 1432.62 13.8
150P bronze 110 41.35 135.96 7.8125
Alumina 380 141.26

Then, the effective Young’s modulus E and shear modulus G are derived in the
following explicit form:

E = a2Er + (1 − a)2Em + 2a(1 − a)

(
a

Er
+ 1 − a

Em

)−1

,

G = a2Gr + (1 − a)2Gm + 2a(1 − a)

(
a

Gr
+ 1 − a

Gm

)−1

, (12)

which are functions merely of the volume fraction of the reinforcing phase via the
relation f1 = 3a2 − 2a3, though the effects of the interpenetrating microstructure
have been included.

To examine the accuracy of the above method based on the decomposition of
series and parallel sub-cells, the commercial finite element program ABAQUS-
6.2.1 is used to calculate the effective elastic moduli of the unit cell in Figure 4(a).
The periodic displacement boundary conditions are prescribed on the unit cell [28].
A bi-continuous composite made of 420 stainless steel and 150P bronze is taken as
an example. The Young’s moduli and shear moduli of the two phases are given in
Table I. The analytical solution in Equation (12), the finite element results and the
experimental results of Wegner and Gibson [2] are shown in Figure 5. Evidently,
the approximate analytical method based on sub-cell decomposition agrees very
well with the numerical method and the experimental results.

4.3. EXAMPLE 3: INTERPENETRATING THREE-PHASE COMPOSITES

Now we consider a composite consisting of three-phases, each of which constructs
a three-dimensional network [16]. The unit cell is shown in Figure 6. Assume that
all the three phases are isotropic. Without loss of generality, phase 2 is taken as the
matrix. By decomposing the unit cell into series and parallel sub-cells and using
the iso-strain and iso-stress assumptions, the effective Young’s modulus E and the
effective shear modulus G are derived as

E = a2E1 + (1 − a − b)2E2 + b2E3 + 2a(1 − a − b)E1E2

(1 − a)E1 + aE2

+ 2b(1 − a − b)E2E3

bE2 + (1 − b)E3
+ 2abE1E2E3

bE1E2 + (1 − a)E1E3 + aE2E3
,
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(a)

(b)

Figure 5. Effective elastic moduli of the co-continuous stainless steel/bronze composite:
(a) Young’s modulus, and (b) shear modulus.
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Figure 6. The unit cell of an interpenetrating three-phase composite.

G = a2G1 + (1 − a − b)2G2 + b2G3 + 2a(1 − a − b)G1G2

(1 − a)G1 + aG2

+ 2b(1 − a − b)G2G3

bG2 + (1 − b)G3
+ 2abG1G2G3

bG1G2 + (1 − a)G1G3 + aG2G3
, (13)

where Eα and Gα denotes the Young’s modulus and shear modulus of the αth
phase, respectively, a and b are the dimensionless parameters related to the volume
fraction of phases 1 and 3, as shown in Figure 6.

To verify the accuracy of the analytical solution in Equation (13), numerical
calculations of finite element method are also performed by using ABAQUS. An
interpenetrating three-phase composite made of 420 stainless steel, 150P bronze
and alumina are taken as an example. The elastic constants of the phases are given
in Table I. The stainless steel is regarded as the matrix. The periodic displacement
boundary conditions are prescribed on the unit cell, which are divided into 8000
linear eight-noded brick elements. For two given values 21.6% and 35.2% of the
volume fraction of the steel phase, the effective Young’s modulus E and shear
modulus G of such a three-phase composite are plotted in Figure 7 as a function of
the volume fraction of alumina. It is found again that the analytical results have a
good agreement with the numerical solutions.
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(a)

(b)

Figure 7. Effective elastic moduli of the interpenetrating stainless steel/bronze/alumina
composite: (a) Young’s modulus, and (b) shear modulus.
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Table II. Volume fractions and elastic moduli of phases in a four-phase composite [9].

Phase number Phase material Volume fraction Bulk modulus Shear modulus

α fα Kα (GPa) Gα (GPa)

1 Al 0.16 67.6 25.9

2 B4C 0.66 226.0 192.0

3 A1B2 0.02 170.0 120.0

4 A14BC 0.16 175.0 129.0

4.4. EXAMPLE 4: A FOUR-PHASE COMPOSITE WITH TWO SELF-CONNECTED

PHASES

A four-phase composite synthesized by Torquato and co-workers [9] is analyzed
further, in which the B4C and Al phases are self-connected in three-dimensions and
the AlB2 and Al4BC phases exist in the form of dispersed inclusions. The elastic
properties and volume fractions of the four phases are given by Torquato et al. [9]
and, for completeness, are listed in Table II.

The B4C phase is chosen as the self-connected matrix. According to the two-
step calculation procedure, the effective moduli of the composite matrix com-
prising of the B4C, AlB2 and Al4BC phase are first determined from the Mori–
Tanaka method. Its Young’s modulus and shear modulus are determined as Em =
414.72 GPa and Gm = 176.19 GPa. Using the relation f1 = 3a2 − 2a3 and
the volume fraction of Al f1 = 0.16, the parameter a equals to 0.2533. Then,
the effective bulk modulus and shear modulus are derived from Equation (12) as
K = 169.9 GPa and G = 126.8 GPa, which agree well with the experimental data
of Torquato et al. [9], K = 176 GPa and G = 125 GPa.

5. Elastoplastic Constitutive Relation

5.1. THEORETICAL DERIVATION OF ELASTOPLASTIC RELATION

It is of great interest both in theoretical investigation and engineering applica-
tion to predict the elastoplastic response of composites from the microstructures
and the properties of the constituent phases. However, this non-linear problem
is much more difficult than the estimation of effective elastic moduli. Microme-
chanical investigations on determination of elastoplastic stress-strain relations of
composites are very limited as yet [28–31], especially for interpenetrating phase
composites [32].

The unit cell model presented in Section 2 is now extended to calculate the plas-
tic properties of interpenetrating phase composites. Due to the heterogeneous and
non-linear features of plastic deformation, the stress-strain relation of a composite
can only be obtained from the unit cell by using the step-by-step homogenization
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scheme. A complete elastoplastic stress-strain relation can be obtained from the
following steps:

(1) Calculate first the effective elastic moduli of the composite in the stage of
elasticity when the applied strain loading is small, as described in Section 3;

(2) Calculate the stress distribution in the unit cell as a function of the applied
displacement loading by using the iso-strain and iso-stress assumptions;

(3) Determine which sub-cell (say the kth one) will undergo plastic yielding next;
(4) Derive the effective stress-strain relation by using the homogenization method

based on the sub-cell decomposition, analogously to the method in Section 4
except that the elastoplastic constitutive relations of the yielded sub-cells are
employed;

(5) Repeat steps 2–4 until all the sub-cells undergo plastic deformation.

The above approach is now illustrated by a co-continuous two-phase composite
(Figure 4). Assume that the matrix and the reinforcing phase obey the following
elastoplastic constitutive relations with strain-hardening:

εm

εs
m

=
{

σm/σ s
m for σm < σ s

m,

(σm/σ s
m)nm for σm � σ s

m,

εr

εs
r

=
{

σr/σ
s
r for σr < σ s

r ,

(σr/σ
s
r )

nr for σr � σ s
r ,

(14)

where σ s
m and σ s

r denote the yield stresses of the matrix and the reinforcing phase,
respectively, εs

m = σ s
m/Em and εs

r = σ s
r /Er the corresponding yield strains, nm and

nr the strain-hardening exponents. When nm = nr = 0, the constitutive relations in
Equation (14) correspond to elastic-perfectly plastic phases.

Assume that the composite is subjected to uniaxial tension in the x3-axis di-
rection. We consider this simple case for two reasons. First, the three-dimensional
constitutive relation of an isotropic material can be extended from the stress-strain
relation of uniaxial tension, as will be shown below. In other words, its independent
elastic constants can generally be determined from the analysis of uniaxial tension.
Second, the derivation in what follows for uniaxial tension can be generalized to
other loading situations. As discussed in Section 3, the linear displacement bound-
ary condition corresponding to the uniaxial tensile strain ε is prescribed on the unit
cell. In addition, without loss of generality, we assume that the yield stress of the
matrix is lower than that of the reinforcing phase, i.e., σ s

m < σ s
r .

With the increase in the tensile loading, the deformation of the unit cell in
Figure 4(a) includes the following five regimes:

(1) In the first stage, all the sub-cells are elastic, and the composite under-
goes only elastic deformation. From the iso-strain and iso-stress assumptions, the
average stresses in the sub-cells are

σ1 = Erε, σ2 = σ3 = ε

(
a

Er
+ 1 − a

Em

)−1

, σ4 = Emε, (15)
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where σk (k = 1, . . . , 4) denotes the average stress in the kth sub-cell (Figure 4(b)).
Then the homogenization method leads to the elastic stress-strain relation as

σ =
[
a2Er + (1 − a)2Em + 2a(1 − a)

(
a

Er
+ 1 − a

Em

)−1]
ε. (16)

(2) In the second stage, assume that the matrix in sub-cells 2 and 3 in Figure 4(b)
has plastic deformation while all other materials are elastic. For different combi-
nation of material parameters, it is also possible that other sub-cells yield first, but
the analysis method is similar. The average stresses in the sub-cells are given by

σ1 = Erε, ε = (1 − a)εs
m

(
σ2

σ s
m

)nm

+ σ2a

Er
, σ4 = Emε. (17)

Then, the stress σ -strain ε relation in the second regime is obtained as

σ = [a2Er + (1 − a)2Em]ε + 2a(1 − a)σ2, (18)

where σ2 is related to the applied strain ε by the second equation in (17).
(3) In the third stage, the matrix in sub-cells 2–4 in Figure 4(b) experiences

plastic deformation while the reinforcing phase is elastic. The stress-strain relation
in this stage can be obtained similarly as

σ = a2Erε + 2a(1 − a)σ2 + (1 − a)2σ s
m

(
ε

εs
m

) 1
nm

, (19)

where σ2 is related to the applied strain ε also by the second equation in (17).
(4) In the fourth stage, the reinforcing phase in sub-cells 2 and 3 is elastic

while all the other parts undergo plastic deformation. The stress-strain relation is
expressed as

σ = 2a(1 − a)σ2 + a2σ s
r

(
ε

εs
r

) 1
nr + (1 − a)2σ s

m

(
ε

εs
m

) 1
nm

, (20)

where σ2 is given also by the second equation in (17).
(5) In the final stage, all the blocks in the unit-cell undergo plastic deformation.

The stress-strain relation is also given by Equation (20), except that σ2 is related to
ε by

ε = (1 − a)εs
m

(
σ2

σ s
m

)nm

+ aεs
r

(
σ2

σ s
r

)nr

. (21)

Thus, the elastoplastic constitutive relation of an interpenetrating binary com-
posite under tension is expressed analytically by Equations (16–21). For easier
application, the above constitutive relation including five stages can be fitted by an
elastic-power law hardening one:

ε

εs
=
{

σ/σs for σ < σs,

(σ/σs)
n for σ � σs,

(22)
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where σs and εs denote the yield stress and yield strain of the composite. Using
the associated flow rule and the von Mises yield criterion, Equation (22) can be
extended easily to the three-dimensional constitutive equation of the composite as

εij

εs
=




1 + ν

E

σij

σs
− ν

E

σkk

σs
δij for σeq < σs,

3

2

(
σeq

σs

)n−1 σ ′
ij

σs
for σeq � σs,

(23)

where σ ′
ij = σij − 1

3σkkδij is the deviatoric stress tensor, and σeq = ( 3
2σ

′
ij σ

′
ij )

2 the
von Mises equivalent stress.

5.2. EXAMPLE

We take again the bi-continuous stainless steel/bronze composite as an example.
The stress-strain relations of 420 stainless steel and 150P bronze under uniaxial
tension are shown in Figures 8 and 9, respectively. By fitting these two curves, the
yield stresses and strain-hardening exponents of the two phases are listed in Table I.
The analytical solution in Equations (16–21), the numerical results of finite element
method and the experimental results of Wegner and Gibson [2] for the stress-strain
relation of the composite are compared in Figure 10. They coincide well with each
other.

Then, the above theoretical solution including five stages is fitted into an elastic-
power law strain-hardening curve in Equation (22) and extended to the three-
dimensional elastoplastic constitutive relation in the form of Equation (23), where

Figure 8. Stress-strain relation of 420 stainless steel under uniaxial tension.
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Figure 9. Stress-strain relation of 150P bronze under uniaxial tension.

Figure 10. Stress-strain relation of bi-continuous stainless steel/bronze composite under
uniaxial tension.
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the material parameters are σs = 244.5 MPa, εs = 0.0015, and n = 2.256. It
is seen that the micromechanical unit cell model presented in this paper is valid
not only for estimating the effective elastic moduli but also for determining the
elastoplastic constitutive relations for interpenetrating multiphase composites.

6. Conclusions

The mechanical properties of composites, e.g., stiffness, strength, toughness, ther-
mal expansion and conductivity, depend not only on the volume fractions but also,
to different extents, on the spatial distribution of the constituents and topological
microsructure. The effective elastic moduli of interpenetrating phase composites
cannot be obtained directly from the Eshelby’s tensor, which constructs a basis
of the conventional micromechanics of composites, because an interpenetrating
network phase cannot be extracted as dispersed inclusions. In terms of the concept
of connectivity developed by Newnham et al. [23], a cell model is presented in
this work to determine the overall effective properties of composites reinforced
with either dispersed inclusions or interpenetrating networks. The Mori–Tanaka
method and the iso-stress and iso-strain assumptions are employed in an appro-
priate manner of combination, rendering the calculation of effective moduli quite
easy and accurate. Via a step-by-step analysis of the unit cell, the three-dimensional
strain-hardening elastoplastic constitutive relation can be derived. Such an ap-
proach should be of theoretical and engineering interest due to its simplicity and
satisfactory accuracy. Though the attention of this work is focused mainly on the
effective elastic moduli and elastoplastic constitutive relations of composites, the
present micromechanics model can also be used to estimate other effective trans-
port properties, such as thermal expansion and conductivity coefficients, piezo-
electric and dielectric moduli of piezoelectric composites with interpenetrating
microstructures.
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