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Controlling autonomous vehicles using MPC

• MPC-based solutions have been proposed to solve control
problems related to ground vehicles.
• MPC can handle nonlinear/linearized/feedback linearized vehicle

models
• Nonlinear models leads to non-convex MPC formulations.

However, resulting strategies suffer from high computational
complexity and local minima.

• Linearized models leads to computationally appealing convex
MPC formulations. However, the used model for prediction might be
inaccurate and the resulting strategy suboptimal.

• Feedback linearized models are more accurate than linearized
ones. However, they lead to convex MPC only in the absence of
constraints. Indeed, input constraints (e.g., velocity constraints) on
the feedback linearized model are time-varying. However, invariant
inner approximations can be found for convex MPC formulations.
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Considered Robot Model

• In the sequel, we model each robot as a constrained discrete-time
double integrator subject to bounded disturbances

xi(t+ 1) = Axi(t) +Bui(t) + di(t)

A =

[
I2 TsI2
02 I2

]
, B =

[
T 2
s I2
2

TsI2

]
where xi = [pTi , v

T
i ]

T ∈ IR4 is the state-space vector
• Each robot is subject to a bounded disturbance

di(t) ∈ Di ⊂ IR4

and convex state (for the velocities) and input (for the
accelerations) polyhedral constraints:

xi(t) ∈ X := IR2×V, ∀t ≥ 0, ui(t) ∈ Ui ⊂ IR2
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Scenario

[https://epthinktank.eu]

• A set of heterogeneous unmanned vehicles moving in a shared
planar environment.
• Each vehicle follows its own independent trajectory. For privacy

reasons, inter-vehicle communications are not possible
• Collisions are possible at the intersection points if a traffic

manager (e.g. traffic lights) is not used.
2023 IEEE Intelligent Vehicle Symposium 5 / 44



Assumption

• Each vehicle is equipped with a reference generator providing
waypoints ri such that ||ri(ki + 1)− ri(ki)||2 ≤ δi

• Let ri(ki) the current waypoint for the i− th vehicle, a finite preview
of waypoints is available (assuming a limited vision radius), i.e.,

R(ki, Hi) := {ri(ki), ri(ki + 1), . . . , ri(ki +Hi)}, Hi > 0
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Control Problem

• Regardless of disturbance realization, input/ state constraints
and reference trajectories, the UVs must be able to:

• (O1) Sequentially track the given waypoints

• (O2) Avoid collisions while minimizing the number of stop
occurrences along the path.

2023 IEEE Intelligent Vehicle Symposium 7 / 44



Proposed Control Architecture
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• A set of “S” decentralized waypoint reference tracking controllers
• A centralized Traffic Manager (TM) in charge of ensuring absence

of collisions while minimizing the number of vehicle’s stops
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ST-MPC [Angeli et al., Aut., 08] - single waypoint

Offline Operations
1 Design ui(t) = K0

i (xi(t)− xeq
ri(0)

) and find the associated smallest RCI region
T 0
i (ri(0)) using, e.g., [Rakovic et al., TAC, 05].

2 Build a family of robust one-step controllable sets {T ni
i (ri(0))}Ni

ni=1 until the
desired state-space region is covered

Ti+1 = {x ∈ X : ∃u ∈ U s.t. x+ ∈ Ti, ∀d ∈ D}

Online Operations
1 At each t, Find the minimum ni(t) such that

xi(t) ∈ T ni(t)
i (ri(0))

2 If ni(t) > 0 then
u(k) = argmin ||Aixi(t) +Biui − xeq

ri(0)
||22, s.t.

Aixi(t) +Biu ∈ T̃ ni(t)−1
i (ri(0)), ui ∈ Ui

Else u(t) = K0
i (x(t)− xeq

ri(0)
)
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ST-MPC - tracking a sequence of waypoints

Remarks:

• Any point of the plane is an equilibrium point for zero acceleration
and zero velocity.

• The state constraints are only on the velocity components.

• {T ni
i (ri(0))}Ni

ni=1 can be shifted (re-centered) to any equilibrium
• xeqri(ki) → xeqri(ki+1) is admissible from the terminal region of the

current waypoint if [Bagherzadeh et al., TAC, 21]:

Ni⋃
ni=0

T ni
i (ri(0))⊇Bδi(ri(0))⊕T

0
i (02)
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ST-MPC - waypoint tracking controller
[Bagherzadeh et al., TAC, 21]

1: Compute ni(t) := min
0≤ni≤Ni

ni : xi(t) ∈ T ni
i (ri(ki))

2: if ni(t) == 0 and the successive waypoint exists and it is enabled,
then ki ← ki + 1, goto Step 1

3: end if
4: xeq ← xeqri(ki)
5: if ni(t) == 0 then ui(t) = K0

i (xi(t)− xeqri(ki))

6: else Find ui(t) by solving the following optimization problem

ui(t) = argmin
ui

∥Axi(t) +Bui − xeqpi∥
2
2 s.t.

Axi(t) +Bui ∈ T̃ ni(t)−1
i (ri(ki)), ui(t) ∈ Ui

7: end if
8: t← t+ 1 and goto Step 1

• Remark: if necessary, a vehicle can be confined in the
terminal region associated with the current waypoint ri(ki),
by disabling Step 2
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Assumption 2 - ST-MPC feasibility under the TM
operations

• Given the desired TM operations, we make the following
assumption
• Assumption: A finite set of L > 1 different velocity constraints can

be imposed for each vehicle:

V = {V1,V2 . . . ,VL}, with V1 ⊂ V2 ⊂ . . . ⊂ VL ≡ V

• Therefore, each vehicle might be subject to time-varying state
constraints that will be imposed by the TM

xi(k) ∈ Xli := IR2×Vli , li ∈ {1, . . . , L}

The ST-MPC operations must be revised to ensure recursive
feasibility
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ST-MPC with time-varying velocity constraints

• Offline:
1 The RCI region T 0

i (ri(0)) is built using the worst-case velocity
constraint scenario xi(t) ∈ X1.

2 ∀Vli ∈ V , a family of N(i,l) robust one-step controllable sets
{T ni

(i,l)(ri(0))}
N(i,l)

ni=1 is built from the same T 0
i (ri(0))

• Online:
1 constraint switches Xl1 → Xl2 , l1, l2 ≤ L are enabled when xi(t)

enters the domain of attraction of the controller using Xl2 , i.e.,

xi(t) ∈
N⋃

n=0

{T n
(i,l2)

(ri(0))}
N(i,l2)

n=1

• Remark In the worst-case scenario, the switch happens
when T 0

i (ri(0)) is reached
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Data sent by the vehicle to the Traffic Manager

Offline:
• Each ith UV sends {T ni

i (ri(0))}Ni
ni=0 = {T

ni

(i,L)(ri(0))}
Ni
ni=0 and the

associated controller domain DoANi(ri(0)).

Online:
• Each ith UV sends the predicted waypoints R(ki, Hi) and the

current set-membership index ni(t)
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Traffic Manager Operations

• TM operations:
1 Impose the vehicle’s velocity constraints Vli to minimize the

possibility of collisions in the future.
2 Ensure the absence of collisions, by stopping, whenever strictly

necessary, the minimal subset of vehicles.

• We model the TM operations as

{statusi, li}Si=1 = TM
(
{R(ki, Hi), ni(t)}Si=1

)
• statusi = {go, stop}
• li the velocity constraint Vli ∈ {V1, . . . ,VL} to be used by the

vehicles
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TM-Step 1: Collision Graph

• TM computes an undirected connectivity
graph G := (I, E), which characterizes:
• Collisions between vehicles in the

waypoint prediction horizons (solid lines)

DoANi(ri(ki+h̄i))∩DoANj (rj(ki+h̄j)) ̸= 0

• Potential collisions with the current
waypoint (dashed lines)

max(ni(t)−1,0)⋃
ni=0

{T ni
i (ri(ki))}

⋂max(nj(t)−1,0)⋃
nj=0

{T nj

j (rj(kj))} ̸= 0

• In a receding horizon fashion, ∀ t > 0 G, is partially updated
[Savehshemshaki et al., CDC, 22]
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TM-Step 2: Vehicles to be Stopped

• Let Gsw = (I, Esw) be the sub-graph containing
imminent collisions, and Isw ⊂ I the vehicles that
want to go to the next waypoint (green circles)

• Remark: Only the vehicles that just updated the desired
waypoint can be stopped (i.e., vehicles in the terminal
region of the current waypoint)

• TM stops the minimum number of UV s to avoid collisions.
Iterative procedure [Bagherzadeh et al., TAC, 21]:1

1 Find the vehicle i ∈ Isw with the highest degree,
2 Add i to Istop and remove i from Gsw
3 If ∃ esw(i,j)(t) ∈ E

sw(t) : esw(ij)(t) ̸= 0, then goto Step 1, else stop the
procedure.

1
This problem is also known as a vertex cover problem in a graph. An Integer Linear optimization problem can be formulated.
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TM-Step 3: Future Collision Minimization - I

• Consider the graph of not stopped vehicles
Gns = (Ins, Ens), with Ins = I \ Istop

• Then, the TM:
1 Finds all the connected components {Cz}Zz=1, where Cz ⊆ Ins,
2 Computes, for each i ∈ Cz, |Cz| > 1, the distance to the closest

collision waypoint kci in the connected component

dci =

kc
i−1∑

h=ki

∥pi(h+ 1)− pi(h)∥2, i ∈ Cz
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TM-Step 3: Future Collision Minimization - II
3 Collects the computed distances dci in an ordered vector

dc = [dcvc1
, . . . , dcvcz

]

vc1 is the vehicle at the maximum distance from a collision
vcz is the vehicle at the minimum distance from a collision

4 Heuristic: the vehicles closer to collision points use higher
velocities

vc1 → lvc1

...
vcz → lvz

, s.t.
lvc1
≤ lvc1

+1 ≤ . . . < lvcz

lvci
∈ {1, . . . , L}, ∀ci ∈ Cz

5 An optimization is defined to maximize the difference in velocities
between the vehicles in the same connected component

max
lvc1 ,...,lvcz

vcz−1∑
l=1

|lvc1
+l+1 − lvc1

+l| s.t.

lvc1
≤ lvc1

+1 ≤ . . . < lvcz

lvci
∈ {1, . . . , L}, ∀ci ∈ Cz
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Summary of the TM operations
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Simulation Example 1: Setup - I

• 10 UVs, i.e. I = {1, . . . , 10}.
• The UVs dynamics are described by a discrete-time double

integrator with Ts = 0.1 sec

• The disturbance set and the constraints are the followings:

|vxi | = |v
y
i | ≤ v̄i, |uxi | = |u

y
i | ≤ ūi,

Di = {d = [d1, . . . , d4]
T : |dj | ≤ d̄i, j = 1, . . . , 4}

where
• ∀i→ ūi = 4
• i ∈ {1, 2, 3} → v̄i = 20, d̄i = 0.06
• i ∈ {4, 5} → v̄i = 25, d̄i = 0.085
• i ∈ {6, 9, 10} → v̄i = 8, d̄i = 0.07
• i ∈ {7, 8} → v̄i = 18, d̄i = 0.065

• L = 1, i.e., no restriction on the velocity can be imposed by the TM
• The waypoint prediction horizon is Hi = 1, ∀ i
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Simulation Example 1: Setup - II

• The waypoint max distances are:
• i ∈ {1, 2, 3} → δi = 4.02
• i ∈ {4, 5} → δi = 5.62
• i ∈ {6, 9, 10} → δi = 3.22
• i ∈ {7, 8} → δi = 3.91

• a family of Ni robust controllable sets {T l
i }

Ni
l=1 has been computed

for each vehicle
• i ∈ {1, 2, 3} → Ni = 21
• i ∈ {4, 5} → Ni = 19
• i ∈ {6, 9, 10} → Ni = 15
• i ∈ {7, 8} → Ni = 18.

to ensure that the waypoint switches are admissible
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Simulation Example- 10 Vehicles

• At t = 8.9s:
• Isw = {1, 2, 3, 4, 5, 8, 9}
• 6, 7, 10 cannot be stopped
• Istop = {4, 5, 8}
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Simulation Example - 20 vehicles

• Performed demo for 20 vehicles:
https://youtu.be/SCeoJyle_VU
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Simulation Example 2: Setup

• Two UVs, i.e. I = {1, 2}.
• The UVs dynamics are described by a discrete-time double

integrator with Ts = 0.1 sec and subject to the disturbance sets

d1(t) ∈ D1 = {d ∈ IR4 : |d(s)| ≤ 7× 10−4, s = 1, . . . , 4}
d2(t) ∈ D2 = {d ∈ IR4 : |d(s)| ≤ 9× 10−4, s = 1, . . . , 4}

and constraints

V = {v ∈ IR2 : |v(s)| ≤ 5, s = 1, 2}
u1(t) ∈ U1 = {u ∈ IR2 : |u(s)| ≤ 8, s = 1, 2}
u2(t) ∈ U2 = {u ∈ IR2 : |u(s)| ≤ 7, s = 1, 2}

• L = 3 different velocity constraints levels are considered, i.e.
V = {V1,V2,V3} :

V1 = {v∈ IR2 : |vi(s)| ≤0.8, s = 1, 2}
V2 = {v∈ IR2 : |vi(s)| ≤ 2, s = 1, 2}, V3 ≡ V
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Simulation Results - I

1 Each vehicle follows an
independent trajectory

2 The number of stops imposed
by the TM has been evaluated
for different waypoint
prediction horizons
Hi ∈ [1, 300]
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Simulation Results - II

1 Time-varying velocity
constraints imposed by the TM
for different waypoint horizon
Hi for t ∈ [0, 130] sec

2 In the figure, [1] refers to
[Bagherzadeh et al., TAC, 21]
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Conclusions and Future Works

Conclusions: control strategy addressing the collision avoidance
problem for multi-unmanned vehicles moving in a shared environment

1 ST-MPC local controllers address reference tracking problem
2 Collision avoidance problem is solved using a centralized unit via

“set- membership checks”.
3 The solution is capable of exploiting a prediction horizon on the

waypoints to minimize the number of vehicles’ stops required to
avoid collisions.

Future Works:
1 Solve a the collision avoidance in a distributed fashion.
2 Enhance the traffic manager using different collision risk indices

(e.g., time to collisions) and priorities among vehicles.
3 Work with more complete (nonlinear) model of UVs such as

differential-drive robot or car-like vehicles.
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Some recent advancements and work in progress
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Wheeled mobile robot - popular configurations - I
• Differential-Drive (DD) and unicycle (U) robots:

(a) (b)

(a) differential-drive, (b) unicycle.

ẋc(t) = R
2 (ωR(t) + ωL(t)) cos θ(t)

ẏc(t) = R
2 (ωR(t) + ωL(t)) sin θ(t)

θ̇(t) = R
D (ωR(t)− ωL(t))

,
ẋc(t) = v(t) cos(θ(t))
ẏc(t) = v(t) sin(θ(t))

θ̇(t) = ω(t)

A DD robot model can be equivalently re-written as an
unicycle one. Moreover, the U robot model is feedback

linearizable [De Luca et al., RMPC, 02].
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Wheeled mobile robot - popular configurations - II

• Car-like model (assuming rear driving wheels):

l

Car-like vehicle

q̇c(t)=

 ẋ(t)
ẏ(t)

θ̇(t)
φ̇(t)

=

 cos θ(t)
sin θ(t)

1
l
tan(φ(t))

0

v(t)+
 0

0
0
1

ω(t)

As shown in [De Luca et al., RMPC, 05], the car-like model
can be linearized via an input-output feedback linearization.
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Advancement 1: constraints dealing in
feedback-linearized vehicle models - I

(differential-drive)

l

(car-like)

Using feedback-linearization, both the DD and Car-like models
become linear. However, the input constraints become nonlinear
and state-dependent, leading still to nonlinear MPC formulations
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Advancement 1: constraints dealing in
feedback-linearized vehicle models - II

• Considering the DD/U model. Under feedback linearization:

z(k + 1) = Az(k) +Bu(k), A = I2×2, B = TsI2×2, Ts > 0

u(k) ∈ U(θ) = {[u1, u2]T ∈ IR2 : H(θ) [u1, u2]
T ≤ 1}

(a) (b) (c)

• In [Tiriolo et al., TCST, 22], it has been proved that U(θ) admits the
following worst-case circular approximation:

U(ru) =
⋂
∀θ

U(θ) = {u ∈ IR2 |uTu ≤ r2u}, ru =
2Ω̄Rb√
4b2 +D2
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Advancement 1: constraints dealing in
feedback-linearized vehicle models - III

• Considering the car-like model. Under feedback linearization:

z(k + 1) = Az(k) +Bu(k), A = I2×2, B = TsI2×2, Ts > 0

u(k) ∈ U(θ, φ) = {[u1, u2]T ∈ IR2 : L(θ, φ) [u1, u2]
T ≤ 1}

• In [Tiriolo et al., L-CSS 23], it has been proven that the time-varying
polyhedron admits the following worst-case circular approximation:

U(r̂) =
⋂

∀θ, ∀φ

U(θ, φ) = {u ∈ IR2 |uTu ≤ r̂2}, r̂ = ∆lω

√
1

∆2 + l2
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Advancement 2: MPC for reference tracking for
feedback-linearized vehicle models (I)

Remark: the worst-case time invariant inner approximations
U(ru) and U(r̂) are instrumental to define constraint-admissible

control strategies.

General procedure:
1 Use U(ru) or U(r̂) to offline design a constraints-admissible but

conservative control strategy for the vehicle.
2 Exploit the online measure of the vehicle parameters (θ(k) for

differential-drive robots, θ(k), φ(k) for car-like vehicle) to online use the
actual control input constraints U(θ) or U(θ, φ) and obtain
non-conservative control strategies.
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Advancement 2: MPC for reference tracking for
feedback-linearized vehicle models (II)

• In [Tiriolo et al., TCST, 22], we have developed RHC controller
capable of solving a waypoint tracking problem for
feedback-linearized DD robots
• Offline, U(ru) is exploited to design a guaranteed RHC controller

with associated invariant region E . Online, the measure of θ(k) is
used to relax the control problem using U(θ) under an additional
invariance condition for E

• Experiments on Khepera IV: https://shorturl.at/demOW
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Advancement 2: MPC for reference tracking for
feedback-linearized vehicle models (III)

• In [Tiriolo et al., ACC, 23], we
developed a RHC for solving the
waypoint tracking with obstacle
avoidance for DD robots.
• The DD robot is linearized through

dynamic-feedback linearization.
• The linearization model is subject to

a norm-bounded uncertainty and the
worst-case approximation of the
time-varying input constraint set is
characterized.

• The proposed RHC law ensures
waypoint tracking and obstacle
avoidance.
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Advancement 2: MPC for reference tracking for
feedback-linearized vehicle models (IV)
• In [Tiriolo et al., L-CSS 23 (Accepted)], we have developed a

ST-MPC controller for solving the trajectory tracking problem for
DD robots.
• The reference trajectory is incorporated as a disturbance in the

feedback-linearized error model.
• Offline, the ST-MPC is developed considering U(ru). Online, U(θ) is

used to obtain a non-conservative control law
• Experiments - Khepera IV: https://youtu.be/A0Tlbgr08tY

Khepera IV T-ST-RHC 

Computer RobotWi-Fi
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Advancement 2: MPC for reference tracking for
feedback-linearized vehicle models (V)

• In [Tiriolo et al., L-CSS 23], considering the
feedback linearized model of a car-like
vehicle.
• The feedback linearized tracking error

dynamics are subject to a bounded
disturbance depending on the reference
trajectory:

z̃(k + 1) = Az̃(k) +Bu(k) + dr(k)

• A LQ controller u(k) = −Kz̃(k) is
analytically designed to asymptotically
stabilize the nominal model regardless
of any input constraints.

• Then, a RCI region Σ, associated to the
computed LQ control law, is designed
such that ∀z̃(0) ∈ Σ, then z̃(k) ∈ Σ,
∀dr(k) ∈ D, and u(k) ∈ U(r̂),∀k > 0
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Work in progress/Future works

UNDER
CONSTRUCTIONCONSTRUCTION

COMING
SOON

1 Design a complete dual-mode MPC controller for car-like vehicles
2 Design a centralized/distributed collision-avoidance strategies

(e.g., Traffic Manager) for differential-drive and car-like vehicles.
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End of Part 2 - Questions ?

Thank You!
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