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Guaranteed Collision-Free Reference Tracking in Constrained Multi
Unmanned Vehicle Systems
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Abstract— In this paper, we face the reference tracking control
problem for a system of heterogeneous Multi Unmanned Vehicles
(MUVs) moving in a 2-D planar environment. We consider a sce-
nario where each vehicle follows a trajectory imposed by a local
planner and where each UV can have different linear dynamics
as well as different constraints and disturbances. In this contest,
we design a novel control architecture where a centralized traf-
fic manager, in conjunction with ad-hoc designed local vehicle
controllers, is capable of ensuring the absence of collisions. The
proposed solution is obtained by exploiting, for the local vehicles’
controllers, a dual-mode Model Predictive Controller (MPC) and,
for the traffic manager, set-theoretic and controllability properties.
Moreover, after modeling the potential vehicle collisions with a
graph, connectivity arguments are used to obtain an optimal colli-
sion resolution which minimizes the number of vehicles that need
to be stopped. The resulting control scheme ensures collision-free
signal tracking. Simulation results, conducted on a MUV system
are shown to provide tangible evidence of the features of the
proposed framework.

Index Terms— Collision avoidance; Traffic control; Con-
strained control; Robust control; Autonomous vehicles.

I. INTRODUCTION

To obtain a fully automated transportation system, different issues
must be addressed [1]. Each vehicle must be able to track a reference
signal and reach the desired goal [2], [3], formation control tools
are needed to guarantee coordination among vehicles [4], [5], and
absence of collisions must be ensured [6]. Of interest for this paper
are control solutions capable of addressing the collision-free reference
tracking control problem for MUVs moving in a 2D planar environ-
ment. In [5], [7]–[12], different multi-agent strategies have been pro-
posed to address the collision avoidance problem. Such approaches,
although appealing, cannot be straightforwardly used to take into
account the simultaneous presence of state and input constraints
and exogenous disturbances. In [13], collision-free movements and
deadlock-avoidance for multi-robot systems are achieved by defining
a proper quadratic programming problem based on a mixture of
relaxed control barrier functions, hybrid braking controllers, and
consistent perturbations. In [14], the collision avoidance problem for
a group of vehicles is formulated as a Mixed Integer Linear Program-
ming (MILP) problem where each vehicle has an apriori known fixed
number of possible trajectories. Along similar lines is also the work
in [15] where the exponential complexity of the obtained Hamilton-
Jacobi (HJ) and MILP problems is reduced using a combinational
technique based on HJ reachability and MILP programming concepts.
In [16], a robust Decentralized Model Predictive Controller (DMPC)
for a team of UVs is proposed. In particular, absence of collisions are
modeled as coupling constraints and the resulting centralized MILP
optimization problem is recast into smaller size MILP problems,
sequentially solved by the vehicles. Such a solution, at the cost
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of increasing communication requirements among the vehicles and
conservativeness, is proved to better scale with the number of vehicles
with respect to the centralized counterpart. In [17], it has been shown
that in structured environments, with a finite and apriori known
number of trajectories, the inter-vehicles communication demand of
decentralized solutions can be reduced by resorting to a centralized
entity in charge of coordinating the vehicles trajectories.

Starting from the discussed state-of-the art, in this paper, we
introduce a novel control solution, based on set-theoretic arguments
[18]–[20], capable of dealing with the MUV collision-free reference
tracking problems. We assume a general setting where each vehicle
is equipped with a reference generator module and a local controller.
Moreover, the vehicles’ trajectories are neither coordinated nor shared
with the other vehicles. The solution here presented is based on two
main ingredients: local set-theoretic reference tracking controllers
and a centralized collision-avoidance supervisor (Fig. 1). It is shown
that the local controllers require the computation of quadratic pro-
gramming problems and the collision avoidance logic is based on
simple set-membership tests naturally arising from the employed local
controllers. Contrary to the solution in [17], the environment does not
need to be structured, and the collision-avoidance supervisor does
not need to know all the possible vehicle trajectories. Differently
from existing DMPC approaches, the proposed solution solves in a
decentralized fashion the reference tracking problem while leaving
centralized only the collision avoidance. As a consequence, the
local controllers solve independent convex programming optimization
problems (instead of sequential MILP, see e.g., [16]), and each vehicle
does not need to exchange its trajectory with the other vehicles.
Although we cannot claim any improvement in terms of solution
conservativeness with respect to the state-of-the-art, the proposed
control architecture presents some peculiar capabilities. First, it
solves the reference tracking and the collision avoidance problems
without requiring the solution of non-convex optimization problems.
Second, it does not require inter-vehicle communications, and as a
consequence, it is well-suited for smart city contests where absence
of vehicle communications is desirable for privacy reasons [21].

The present work extends and improves the preliminary solution
in [22] in the following main aspects: the control scheme has been
extended to face MUVs with a finite arbitrary number of vehicles;
a new collision avoidance algorithm has been proposed to guarantee
optimal collision avoidance by resorting to graph connectivity theory;
all the main results and strategy properties have been formally proved
(no proofs are provided in [22]); and a more exhaustive simulation
example has been provided.

II. PROBLEM FORMULATION

Let us consider UVs moving in a two-dimensional planar environ-
ment of coordinates pi = [pxi , p

y
i ]T .

Assumption 1: The vehicle’s dynamics can be described by the
class of constrained discrete-time linear time-invariant (LTI) systems
subject to additive bounded exogenous disturbances.
The state space representation for the i-th vehicle dynamic, namely
UVi, is:

xi(t+ 1)=Aixi(t)+Biui(t)+di(t), pi(t) = Cixi(t) (1)
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where t ∈ ZZ+ := {0, 1, ...} is the sampling time instants, ui ∈ IRmi

the control input, xi = [pTi , z
T
i ]T ∈ IRni the state space vector with

zi ∈ IRni−2 the vector of non-spatial state-space variables (e.g.,
vehicle velocities). Ai, Bi are matrices of suitable dimensions, Ci is
a matrix which selects the spatial components pi from the state-vector
xi and di is a bounded exogenous disturbance such that

di(t) ∈ Di ⊂ IRdi , 0di ∈ Di (2)

with Di a compact set. The following state and input constraints are
prescribed

ui(t) ∈ Ui, xi(t) ∈ Xi = IR2×Zi, ∀t ≥ 0, (3)

where Ui ⊆ IRmi and Zi ⊆ IRni−2 are compact subsets with 0mi ∈
Ui and 0ni−2 ∈ Zi, respectively.

Assumption 2: The vehicle’s model (1) is reachable and it includes

two integral effects, i.e., A =

[
I A12

0 A22

]
, with I ∈ IR2×2 and

0 ∈ IRni−2×2 the identity and zero matrix, respectively, and
A12 ∈ IR2×ni−2, A22 ∈ IRni−2×ni−2 . Therefore, the pair (xeqpi :=

[pTi , 0ni−2]T , ueqi = 0mi) defines, for any pi ∈ IR2, an equilibrium
point for UVi.

Definition 1: Let Q ⊂ IRn be a neighborhood region of the origin.
The closed-loop trajectory of (1), is Uniformly Ultimately Bounded
(UUB) in Q if for all µ > 0, there exists a function T (µ) > 0 such
that ∀ ‖x(0)‖ ≤ µ → x(t) ∈ Q, ∀di(t) ∈ Di and ∀ t ≥ T (µ) [19].

Definition 2: A set Q ⊆ Xi is said to be Robust Control Invariant
(RCI) for (1) under (2)-(3) if ∀xi(t) ∈ Q → ∃ui(t) ∈ Ui : Aixi(t)+
Biui(t) + di(t) ∈ Q, ∀di(t) ∈ Di, ∀t ∈ ZZ+ [23].

A. Considered Setup

UV models: each i-th UV is described by (1)-(3). Each UV can
have a different model in terms of (Ai, Bi, Ci) matrices and/or
constraints (Xi, Ui) and/or disturbance sets (Di). Moreover, we claim
absence of collisions between UVi and UVj if ||pi(t)− pj(t)||2 >
0, ∀t ∈ ZZ+ .

Reference generators: each UV is equipped with a reference
generator performing trajectory planning at a kinematic level without
taking into account the complete vehicles’ model, constraints, distur-
bances, and the presence of other vehicles. The reference generators
provide the trajectories ri to the vehicles as a sequence of waypoints
ri(ki) ∈ IR2 indexed by ki ∈ ZZ+ . We assume there exists
a maximum distance δi > 0 between two successive points, i.e.
||ri(ki + 1)− ri(ki)||2 ≤ δi.

Communication facilities: Inter-vehicle communications are not
possible, but each vehicle is able to share information with a
centralized unit hereafter referred to as the traffic manager.

Remark 1: In the sequel, the discrete index t denotes the discrete-
time evolution of the vehicles’ variables, e.g. xi(t), ui(t), and pi(t),
the index ki denotes the ki − th waypoint ri(ki) generated by the
reference generator.

The control problem of interest can be stated as follows:
UVs Reference Tracking with Guaranteed Collision Avoidance:
Given a set I := {1, 2, . . . , S} of S heterogeneous unnamed vehicles
which models are described by (1)-(3):
• (O1) Design decentralized state-feedback controllers ui(t) =
fi(xi(t), ri(ki)) fulfilling constraints (3) regardless disturbance
realizations (2) and able to sequentially track the waypoints
ri(ki),∀ki, with a tracking error that, for each waypoint, is
UUB in a finite number of steps.

• (O2) Design a centralized traffic manger module capable of
guaranteeing absence of collisions among vehicles regardless
of the reference trajectories ri, i ∈ I.
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Fig. 1. Proposed Control Architecture

III. PROPOSED SOLUTION

The proposed control architecture, illustrated in Fig. 1, consists of a
set of S set-theoretic model predictive controllers (ST-MPC) which
takes care of the tracking problem (O1), and a centralized Traffic
Manager (TM) that solves the collision avoidance problem (O2).

A. Set-Theoretic MPC Tracking Controller

In this subsection, we provide a solution to the control objective
(O1). Our approach is based on the dual-mode set-theoretic MPC
(ST-MPC) paradigm inspired by the works done in [19], [20], [24].
In particular, the proposed tracking control strategy consists of two
main actions: (i) regulation towards the current waypoint ri(ki) and
(ii) waypoint update ri(ki)→ ri(ki + 1).
(i) Regulation towards the current waypoint: Let’s first consider
the i-th UV and a waypoint ri(ki), and denote with (xeq

ri(ki)
=

[rTi (ki), 0ni−2]T , ueq
ri(ki)

= 0) the equilibrium pair corresponding
to the waypoint ri(ki). The constrained waypoint regulation problem
is solved according to the prescription of ST-MPC scheme in [20].
The offline (Off-1 and Off-2) and online (On-1 and On-2) steps of
the strategy are here summarized:

–Offline–
-(Off-1) Given (1), design a stabilizing state-feedback control law
ui(t) := f0

i (xi(t), x
eq
ri(ki)

) and the associated smallest RCI region,

namely T 0
i (ri(ki)) [25]. The region T 0

i is hereafter referred to either
as the terminal region or as the domain of attraction of the terminal
controller, namely DoA0

i .
-(Off-2) The domain of the controller found in the previous step is
enlarged to ensure that any initial state xi(t) belongs to the controller
admissible region. The latter is obtained by computing a family of
Ni robust one-step controllable sets, namely {T li }

Ni
l=0, Ni ≥ 1,

by applying the following recursive definition for robust one-step
controllable sets [19]:

T li := {xi∈Xi :∃ui∈ Ui :∀di∈Di, Aixi+Biui+di∈T l−1
i }

= {xi ∈ Xi : ∃ui∈ Ui : Aixi +Biui ∈ T̃ l−1
i }

(4)
where Ni is the number of computed sets, and T̃ l−1

i := T l−1
i ∼ Di

with ∼ denoting the Minkowski set-difference operator [23]. The
set union

⋃Ni
l=0{T

l
i } defines the controller domain of attraction,

namely DoAi.

–Online–
-(On-1) Let xi(t) be the i-th vehicle’s state vector, find the smallest
set index li(t) containing xi(t), i.e.

li(t) := min{l ∈ {0, 1, . . . , Ni} : xi(t) ∈ T li (ri(ki))} (5)

-(On-2) If li(t) = 0 (i.e. xi(t) ∈ T 0
i ) apply the control action given

by terminal controller, otherwise apply the control action given by the
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solution of the following Quadratic Programming (QP) optimization
problem:

ui(t)=arg min
ui∈Ui

||Aixi(k)+Biui − xeqri (ki)||22 s.t.

Aixi(t) +Biui ∈ T̃
li(t)−1
i (ri(ki))

(6)

(ii) Waypoint update: Let’s consider ri(ki) as the current waypoint
for the i-th UV and let’s assume that the previously presented set-
theoretic controller has terminal region and robust one-step control-
lable sets centered in ri(ki), namely {T li (ri(ki))}

Ni
l=0. Let denote

with t̄ ∈ ZZ+ the generic time instant when we want to switch to
the successive waypoint ri(ki + 1). In principle, for linearity, we
can switch waypoint and controller’s DoA by simply re-centering
the terminal region T 0

i (ri(ki)) and the family of robust one-step
controllable sets {T li (ri(ki)}

Ni
l=1 around the new equilibrium point

xeq
ri(ki+1)

associated to ri(ki + 1). Nevertheless, to guarantee that
this operation is doable and preserves the vehicles’ constraints (3),
the following condition must be satisfied

xi(t̄) ∈
Ni⋃
l=0

T li (ri(ki + 1)), ∀xi(t̄) ∈ T 0
i (ri(ki)) (7)

Indeed, condition (7) ensures that any state inside the current terminal
region belongs to the DoAi of the controller shifted to the successive
waypoint.

Proposition 1: Let’s consider the i-th vehicle model (1)-(3), the
maximum distance δi between two successive waypoints ri(ki)
and ri(ki + 1), the terminal region T 0

i (02) centered in xeq02 =

[02, 0
T
ni−2]T , and a ball Bδi(ri(ki + 1)) ⊂ IRn of radius δi

centered in xeq
ri(ki+1)

= [ri(ki + 1)T , 0Tni−2]T . The i-th vehicle
local controller with domain DoAi(ri(ki+1)) guarantees condition
(7) if the following set-inclusion holds true:

DoAi(ri(ki + 1))⊇Bδi(ri(ki + 1))⊕T 0
i (02) :=Wi (8)

with ⊕ denoting the Pontryagin/Minkowski set sum [23].
Proof - For the considered UVi model, under zero inputs, the
equilibrium states associated to ri(ki) and ri(ki + 1) are xeq

ri(ki)
=

[ri(ki)
T , 0Tni−2]T , and xeq

ri(ki+1)
= [ri(ki + 1)T , 0Tni−2]T , re-

spectively. As a consequence, the distance in norm two between
two successive equilibrium state vectors is at most δi. To ensure
safe waypoint switching from any state xi(t) ∈ T 0

i (ri(ki)) the
DoAi(ri(ki + 1)) must be sufficiently large to cover the region
T 0
i (ri(ki)). This translates into the requirement that DoAi(ri(ki +

1)) must cover the region shaped by a ball of radius δi centered in
ri(ki + 1) and enlarged by the dimension of the terminal region
T 0
i . Therefore, the condition ∀xi(t̄) ∈ T 0

i (ri(ki)) → xi(t̄) ∈
DoAi(ri(ki + 1)) is satisfied if the DoAi(ri(ki + 1)) is bigger or
equal to the subsetWi ⊂ IRn defined as the Minkowski sum between
a ball centered in ri(ki + 1) and the terminal region associated to
02, i.e., Wi := Bδi(ri(ki + 1))⊕T 0

i (02). �
Remark 2: Please note that Proposition 1 provides a condition for

the domain DoAi of the tracking controller so that (7) is satisfied
and the waypoint update is feasible. Therefore, the condition (8) is
used as the stopping criteria for the recursion (4).

Proposition 2: The proposed set-theoretic MPC tracking con-
troller enjoys the following properties: (i) For each waypoint ri(ki),
the vehicle trajectory will converge, in a finite number of steps (at
most Ni) to the terminal region T 0

i (ri(ki)) centered in the waypoints
ri(ki); (ii) For a constant waypoint ri, T 0

i (ri) defines an RCI
region where the tracking error is UUB and constraints are fulfilled
despite any admissible disturbance realization; (iii) The union of all
the families of one-step controllable sets, i.e.,

⋃
∀ ki

{T li (ri(ki))}
Ni
l=0,

Fig. 2. Possibility of collision (yellow area) between UVi and UVj , see
condition (9).

defines a tube, passing by all the waypoints, which bounds all the
admissible vehicle’s trajectories.
Proof - By collecting all the above developments and by resorting
to the basic properties of the dual-mode set-theoretic MPC paradigm
[19], [20].

B. Traffic Manager (TM) and Collision Avoidance

In this subsection, the traffic manager logic and the collision
avoidance strategy solving the control objective (O2) are presented.
First, it is important to clarify which exchange of data is assumed
between the local vehicles’ controllers and the TM. This allows
us to understand which information the TM can leverage to avoid
collisions.
Data exchange over time:
• At t = 0: each i-th vehicle transmits to TM the computed family

of robust one-step controllable sets centered in the first waypoint
ri(0), {T li (ri(0))}Ni

l=0.
• At t ≥ 0 :

Each i-th vehicle sends to TM:
– the current set-membership index li(t) (see (On-1))
– the waypoint r̄i, where r̄i = ri(ki + 1) (next waypoint) if

the i-th UV is in a terminal region, r̄i = ri(ki) (current
waypoint), otherwise. Hereafter, we denote with Isw(t) ⊆
I, the set of UVs making request to switch waypoint at
time t.

TM sends to each i-th vehicle a binary variable which values
are “Stop” or “Go”.

The next proposition states the fundamental set-theoretic condition
under which a collision between two UVs might happen. Please refer
to Fig. 2 for a graphical illustration.

Proposition 3: Let’s consider two UVs, namely UVi and UVj

modeled as (1)-(3). Let {T li (r̄i)}
Ni
l=0 and {T lj (r̄j)}

Nj

l=0 be the fam-
ilies of one-step controllable sets currently used by the ST-MPC
controllers to track the waypoints r̄i and r̄j , respectively. If li(t) and
lj(t) are the set-membership indices at t, then a necessary condition
for the existence of collisions at t+ 1 is:

Cr̄ir̄j (li(t), lj(t)) :=

max(li(t)−1,0)⋃
l=0

{T li (r̄i)}
⋂max(lj(t)−1,0)⋃

l=0

{T lj (r̄j)} 6= ∅ (9)

Proof - According to the ST-MPC online algorithm (steps (On-
1)-(On-2)), the one-step evolution of each vehicle is confined within
a set which set-membership index is less or equal to the current
one. In particular, if UVi is currently outside of the terminal region
(li(t) > 0), then li(t+ 1) < li(t), otherwise li(t+ 1) = li(t) = 0.
The same arguments apply to UVj . As a consequence, condition (9)
represents a necessary but not sufficient condition for collisions at
the next time instant.
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Remark 3: If the waypoints r̄i and r̄j are kept constant, the ve-
hicle’s state trajectories xi(t) and xj(t) are UUB in

⋃li(t)
l=0 {T

l
i (r̄i)}

and
⋃lj(t)

l=0 {T
l
j (r̄j)}, respectively. As a consequence, if no collisions

are predicted at t̄, then no collisions can occur for any t > t̄.
Given the result in Proposition 3, we want to design a conservative

but effective traffic manager capable of ensuring that, for any pair
(i, j) of UVs in I, the potential collision condition (9) is never
reached. To this end, first, a connectivity graph modeling all the
possible intersections is built, and then a collision avoidance strategy
capable of minimizing the number of vehicles to be stopped is
illustrated.

For feasibility reasons, we assume that at t = 0 the condition (9),
∀ pair (i, j) in I, is not satisfied (no initial collisions). Therefore,
until no vehicle makes a request to update the current waypoint,
namely ri(ki), ∀ i ∈ I , no collisions are possible (see Remark 3).
As soon as the first vehicle makes the request to switch waypoint (i.e.
the vehicle has reached the current terminal region), an undirected
connectivity graph [26] G(t) := (V, E(t)) is built with V = I the
vehicles set and E(t) the edge set modeling potential collisions. Each
edge eij(t) ∈ E , i, j ∈ V, is computed as follows:

eij(t) =

{
1 if i ∈ Isw and Cr̄ir̄j (li(t), lj(t)) 6= ∅
0 otherwise

(10)

where r̄p = rp(kp+1) if p ∈ Isw, r̄p = rp(kp) otherwise, p = i, j.
If at the time t, ∃ eij(t) 6= 0, a collision avoidance strategy must
be activated. In the sequel, we denote with Istop ⊆ I the set of
vehicles that need to be stopped. It is important to remark that all the
UVis making a switching request, i ∈ Isw, are already within RCI
regions, i.e. xi(t) ∈ T 0

i (ri(ki)). Therefore, if needed, they can be
stopped for an indefinitely long time period without causing collisions
(see Remark 3). Moreover, UVi not making any request of waypoint
switch cannot be stopped (they are not in the terminal RCI region). In
order to stop the minimum number of UVs, the following procedure
is applied:
(P1) Find the vehicle ī ∈ Isw with the highest adjacency degree

ī = arg max
i∈Isw

∆[G] (11)

with ∆[G] the diagonal degree matrix containing the adjacency
degrees for all vehicles [26]. If more than one vehicle has
the same highest adjacency degree, we assume that the above
function randomly selects one of them (vehicles have no
priorities).

(P2) Add ī to Istop and set to zero all the edges connected to the
node ī, i.e. eīj = 0 ∀ j ∈ I

(P3) If ∃ eij(t) ∈ E(t) : eij(t) 6= 0, goto Step (P1)

Remark 4: Please note that the procedure (P1)-(P3) terminates
when a disconnected graph G(t) is obtained. Therefore, in the worst-
case scenario at least one vehicle will be always allowed to move to
the next waypoint, so avoiding deadlocks.

C. Computational Algorithms

All the above developments can be collected in the following
computational algorithms:

Traffic Manager (TM)

1: if Isw = ∅ then Istop = ∅
2: else Build G(t) = (V(t), E(t)) as in (10)
3: if ∃ eij(t) 6= 0 then Compute Istop by (P1)-(P3)
4: else Istop = ∅
5: end if

6: end if
7: ∀ i ∈ I, if i ∈ Istop, send “Stop”, otherwise “Go”

Set-Theoretic MPC i (ST-MPC-i)

1: Use (5) to find the smallest set index li(t) containing xi(t)
2: if li(t) == 0 then r̄i ← ri(ki + 1)
3: else r̄i ← ri(ki)
4: end if
5: Send to TM: li(t), r̄i
6: if li(t) == 0 & TM==“Go” then
7: ri(ki)← ri(ki + 1), ki ← ki + 1;
8: Update li(t) by using (5)
9: end if

10: if li(t) == 0 then ui(t) = K0
i (xi(t)− xeqri (ki))

11: else Find ui(t) by solving opt. (6)
12: end if

Remark 5: The computational complexity of the proposed TM
algorithm is mainly related to the construction of G(t) in Step 2.
In particular, to test if between two vehicles i and j there is a
collision possibility (i.e., eij(t) = 1), then a set-membership test
must be performed. Assuming a polyhedral representation for the
robust one-step controllable sets T li , each test requires the solution
of a simple linear programming (LP) optimization problem solvable
in polynomial time. Therefore, to completely build G(t), the number
of LP problems that must be solved is equal to

∑|Isw|
η=1 (S − η) where

|Isw| is the number of vehicles making a waypoint switch request
at the time t and S is the total number of vehicles. On the other
hand, the local ST-MPC-i is mainly related to the solution of the
QP optimization problem defined in (6). Therefore, contrary to the
existing DMPC solutions, the proposed approach does not requires
inter-vehicles communications and non-convex optimizations. As an
example, at each iteration, the distributed approach in [16] requires
the computation of S MILPs while the proposed solution requires
S(S − 1)/2 LPs (worst-case) and 1 QP per vehicle. Finally, by
noticing that the required LP problems are independent of each
other their computation can be parallelized. As a consequence, by
resorting to a parallel computing platform, the time required by the
TM operations can be drastically decreased, so making TM affordable
in practical scenarios.

Proposition 4: Let’s consider a set I of UVs modeled as in (1)-(3)
where each i-th UV is equipped with the ST-MPC-i local controller
and the vehicles waypoint switches are coordinated by a centralized
traffic manager which logic is described by the TM algorithm. If the
UVs start from a feasible collision-free initial condition, i.e.

∃ li(0) ≥ 0 : xi(0) ∈
li(0)⋃
l=0

T li (ri(0)), ∀i ∈ I

li(0)⋃
l=0

T li (ri(0))∩
lj(0)⋃
l=0

T lj (rj(0)) = ∅, ∀(i, j), i 6= j, i, j ∈ I

(12)
then, TM guarantees the absence of collisions, i.e. ||pi(t)−pj(t)||2 >
0, ∀t ∈ ZZ+, ∀i, j ∈ I, i 6= j regardless of the UVs trajectories ri,
∀ i ∈ I.

Proof - If each i-th UV starts from a feasible collision-free initial
condition, see (12), then ST-MPC-i controller is capable of steering
each UV state trajectory within the current terminal RCI region
in a finite number of steps (see ST-MPC-i, Steps 10-11) where
it can be confined for an arbitrarily long time interval. Moreover,
according to the results in Proposition 3 and Remark 3, until no
waypoint switch occurs, collisions among vehicles are not possible. In
Proposition 1 it has been proved that starting from a terminal region,
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Fig. 3. UV Waypoints and trajectories for t ∈ [0, 100]s.

e.g. T 0
i (ri(ki)) waypoint switches ri(ki) → ri(ki + 1) are always

feasible and preserve vehicle constraints (3). On the other hand, to
avoid collisions among the vehicles, switches can be accomplished
only if the collision avoidance condition (9) is preserved between
any pair of vehicles. To this end, each vehicle, before switching, asks
permission to the TM (see ST-MPC-i, Step 6) who collects all the
requests. The TM, by building the connectivity graph (see TM, Step
2), checks if any of the requested waypoint switches do not preserve
(9) (see TM, Step 3). If collisions are detected, then the procedure
(P1)-(P3) is activated (see TM, Step. 3) to deny the waypoint switch
to the minimum number of vehicles. The latter is sufficient to
maintain the vehicles controllers’ domain mutually disjointed, i.e.⋃li(t)
l=0 T

l
i (ri(ki))) ∩

⋃lj(t)

l=0 T
l
j (rj(kj)) = ∅, ∀(i, j), i 6= j, i, j ∈ I,

and ensure absence of collisions.

IV. SIMULATION

In this section, the effectiveness of the proposed control archi-
tecture is testified by means of a simulation example involving ten
I = {1, . . . , 10} UVs. The UVs dynamics are described by mean
of a double integrator model [16] subject to bounded state and input
constraints and disturbances. The model has been discretized using
a sampling time Ts = 0.1 sec . The state space vector xi ∈ IR4

includes the vehicle’s 2D coordinates pi = [pxi , p
y
i ]T and velocities

zi = [vxi , v
y
i ]T , while ui = [axi , a

y
i ] ∈ IR2 is the acceleration vector.

The disturbance set and the constraints are the following

|vxi | = |v
y
i | ≤ v̄i, |u

x
i | = |u

y
i | ≤ ūi,

Di = {d = [d1, . . . , d4]T : |dj | ≤ d̄i, j = 1, . . . , 4}

where for i ∈ {1, 2, 3} → v̄i = 20, d̄i = 0.06, i ∈ {4, 5} →
v̄i = 25, d̄i = 0.085, i ∈ {6, 9, 10} → v̄i = 8, d̄i = 0.07,
i ∈ {7, 8} → v̄i = 18, d̄i = 0.065, ∀i → ūi = 4 . Each vehicle’s
reference generator provides a sequence of waypoints ri(ki) as shown
in Fig. 3. The maximum distance δi, ∀ i ∈ I between two successive
waypoints are: i ∈ {1, 2, 3} → δi = 4.02, i ∈ {4, 5} → δi = 5.62,
i ∈ {6, 9, 10} → δi = 3.22, i ∈ {7, 8} → δi = 3.91. According to
the proposed ST-MPC strategy, for each vehicle, a terminal controller
and an RCI set have been offline computed as in [22]. Moreover,
to assure that the vehicles’ controller domains satisfy the waypoint
switching feasibility condition (7), a family of Ni robust controllable
sets {T li }

Ni
l=1 has been computed for each vehicle, where for i ∈

{1, 2, 3} → Ni = 21, i ∈ {4, 5} → Ni = 19, i ∈ {6, 9, 10} →
Ni = 15, i ∈ {7, 8} → Ni = 18. By considering the vehicle’s
initial positions as shown in Fig. 3, the obtained simulation results are
collected in Figs. 3-5. In Fig. 3, the vehicle’s trajectories are depicted
for the time interval [0, 100]s. The trajectories show how the ST-
MPC-i controllers are able to track the switching waypoints in Fig. 3
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Fig. 4. Potential collisions at t = 8.9s and connectivity graphs.

despite constraints and disturbances. Moreover, it is possible to notice
that the obtained paths have potential collision points. Therefore, it
is worth to investigate how the traffic manager actions are essential
to avoid collisions. To better understand the TM modus operandi,
we shall refer to Fig. 4 where the simulation has been paused at
t = 8.9s. Specifically, at the considered screenshot, the vehicle’s
set membership scenario is the following: x1 ∈ T 0

1 (r1(10)), x2 ∈
T 0

2 (r2(9)), x3 ∈ T 0
3 (r3(14)), x4 ∈ T 0

4 (r4(8)), x5 ∈ T 0
5 (r5(5)),

x6 ∈ T 8
6 (r6(8)), x7 ∈ T 4

7 (r7(8)), x8 ∈ T 0
8 (r8(8)), x9 ∈

T 5
9 (r9(7)), x10 ∈ T 0

10(r10(5)). The TM, first collects all the
waypoint switch requests and set-membership indices. At t = 8.9s,
the set of UVs in a terminal region making a waypoint switch request
is Isw = {1, 2, 3, 4, 5, 8, 9}. Given the collected information, the
TM builds the connectivity graph G(8.9) according to (10). In Fig. 4,
the current vehicles’ positions are shown with a star symbol and the
rectangular areas (matched by color) represent the regions where the
one-step evolution (at t = 9s) of each agent will be confined. By
construction, according to the waypoint switch feasibility condition
(7), the vehicles in the terminal region also belong to the family of
the one-step controllable set associated with the successive waypoint.
In particular, at t = 8.9s: x1 ∈ T 5

1 (r1(11)), x2 ∈ T 6
2 (r2(10)),

x3 ∈ T 3
3 (r3(15)), x4 ∈ T 6

4 (r4(9)), x5 ∈ T 13
5 (r5(6)), x8 ∈

T 7
8 (r5(9)), x10 ∈ T 11

10 (r10(6)). Since the constructed families of
one-step controllable sets are nested, in Fig. 4, we show only the
outer sets. The connectivity graph in Fig. 4.a summarizes all the
possible collisions (9) at t = 8.9s. In particular, the graph presents
potential collisions among the vehicles 1−4, 4−5, 1−5, 4−10 and
6− 8. Therefore, according to the TM algorithm (see its step 3) the
(P1)-(P3) procedure is activated to avoid collisions by stopping the
minimum number of vehicles among the ones making a waypoint
switch request. In the first iteration, the UV4 (the node with the
highest degree) is stopped and added to Istop. As a consequence,
all the edges connected to UV4 are also removed. The resulting
connectivity graph and remaining intersections are shown in Fig. 4.b.
Since collisions between the vehicles 1 − 5 and 6 − 8 are still
possible, a second iteration of (P1)-(P3) is executed and the vehicle
UV8 is added to Istop. Fig. 4.c. shows the resulting graph with a
single collision possibility between UV1 and UV5. Therefore, since
both vehicles have the same connectivity degree either UV1 or UV5

could be stopped. In the simulation, UV5 is added to Istop, i.e.
Istop = {4, 5, 8}. The completely disconnected in Fig. 4.d results
where no collisions are possible. Therefore, the TM operations are
concluded: UV4, UV5 and UV8 are stopped while UV1, UV2, UV3,
and UV10 are allowed to switch waypoint. In Fig. 5, the vehicles
set-membership index signal is shown for UV3, UV5 and UV9 in the
time interval [0, 20]s (the time interval has been shortened to improve
the figure’s readability). Such signal allows us to better clarify the
STOP and GO commands received by these vehicles according to the
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TM operations previously described. In the absence of collisions, the
signals li(t), by construction, have a reverse sawtooth shape. The
wave ramps downward while the vehicles move within the family
of computed one-step controllable sets, and sharply rises when a
waypoint switch occurs. On the other hand, when the signal li(t)
holds constant for more than one sampling time, then it means that
the vehicle i has received a STOP command. It is worth noticing in
Fig. 5 that, according to the developed theory, a STOP signal can
be received only by the vehicles making switch request, i.e. from
the vehicles within a terminal region (li(t) = 0). As an example, in
the previously described potential collision happening at t = 8.9s,
the TM imposes a STOP on three of the seven vehicles making a
switch request, i.e. UV4, UV5 and UV8. As a consequence, in the
zoom-in subplot in Fig. 5, it is possible to appreciate what follows:
the signal l5(8.9) stays constant to zero, meaning that the waypoint
switch has been denied for UV5; the index l3(8.9) jumps from 0 to
l3(9) = 11, testifying that the waypoint switch has been granted to
UV3; the signal l9(8.9) keeps decreasing showing that UV9 moves
closer to the current waypoint (vehicles that do not belong to the
terminal region won’t be stopped). Finally, for the interested reader,
the demo of the performed simulation for 20 vehicles is available at
the following weblink: https://tinyurl.com/34n5c3yt.

V. CONCLUSIONS

In this paper, we have presented a novel solution to deal with the
collision avoidance problem for heterogeneous constrained vehicles
moving in a shared environment. We have proposed a control
architecture where each vehicle is equipped with a local set-theoretic
MPC tracking controller and a centralized traffic manager, exploiting
simple set-membership arguments, guarantees absence of collisions.
We have proved that the proposed solution is sufficient to guarantee
collision avoidance despite vehicle constraints, disturbance realization
and desired vehicle’s trajectories. Moreover, by modeling the poten-
tial collisions as a connectivity graph, we have proposed a strategy
that minimizes, at each time, the number of vehicles that need to be
stopped. Future works will focus on extending the proposed control
architecture to deal with nonlinear vehicle models and to reduce the
conservativeness of the collision avoidance check performed by the
traffic manager.
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[1] B. Paden, M. Čáp, S. Z. Yong, and E. Yershov, D.and Frazzoli, “A
survey of motion planning and control techniques for self-driving urban
vehicles,” IEEE Trans. on Intelligent Vehicles, vol. 1, no. 1, pp. 33–55,
2016.

[2] J. Wit, C. D. Crane III, and D. Armstrong, “Autonomous ground vehicle
path tracking,” Journal of Robotic Systems, vol. 21, no. 8, pp. 439–449,
2004.

[3] A. P. Aguiar and J. P. Hespanha, “Trajectory-tracking and path-following
of underactuated autonomous vehicles with parametric modeling uncer-
tainty,” IEEE Trans. on Automatic Control, vol. 52, no. 8, pp. 1362–1379,
2007.

[4] M. Egerstedt and X. Hu, “Formation constrained multi-agent control,”
IEEE trans. on robotics and automation, vol. 17, no. 6, pp. 947–951,
2001.
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[20] D. Angeli, A. Casavola, G. Franzè, and E. Mosca, “An ellipsoidal off-line
mpc scheme for uncertain polytopic discrete-time systems,” Automatica,
vol. 44, no. 12, pp. 3113–3119, 2008.

[21] J.-P. Hubaux, S. Capkun, and J. Luo, “The security and privacy of smart
vehicles,” IEEE Security & Privacy, vol. 2, no. 3, pp. 49–55, 2004.

[22] M. Bagherzadeh and W. Lucia, “Multi-vehicle reference tracking with
guaranteed collision avoidance,” in European Control Conf., 2019, pp.
1574–1579.

[23] F. Borrelli, A. Bemporad, and M. Morari, Predictive control for linear
and hybrid systems. Cambridge University Press, 2017.

[24] W. Lucia, D. Famularo, and G. Franzè, “A set-theoretic reconfiguration
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